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Abstract

Solving reasoning problems often requires performing a sequence of dependent computations,
and models trained on shallow instances may fail to extrapolate to problems requiring more
computation steps. Depth-recurrent Transformers present a potential approach: by iteratively
applying the same Transformer blocks, they can scale computation at inference time, which
may support depth extrapolation. In this thesis, we investigate whether organizing this latent
recurrence in a search-like manner improves task learning and extrapolation to unseen problem
depths. Building on the conceptual Search Transformer (ST) proposal by Nufiez-Molina
et al. [22], we develop a concrete, trainable architecture that structures computation as a
differentiable sequence of select-expand-append steps. The problem description and query
remain fixed as input vectors, while the model appends one latent search node at each step. We
compare ST with a similarly sized Universal Transformer (UT), which instead refines a fixed-
size collection of representations, on logical-deduction and path exact-cover decision problems.
Both models use predefined input encodings and are trained using only final decision labels.

ST’s mean out-of-distribution (OOD) accuracy exceeds that of UT by 5.7, 11.6, and 11.0 per-
centage points on the easy, medium, and hard logical-deduction datasets, respectively. On the
hard logical-deduction dataset, ST shows better sample efficiency, requiring a median of 3.84
million training examples across runs to reach a sustained validation accuracy of at least 90%,
compared to 53.76 million for UT. However, the performance advantage does not transfer to
the path exact-cover datasets. On the Convergent and State-Alias path exact-cover profiles,
ST’s OOD accuracy lags behind UT by 8.2 and 1.9 percentage points, respectively. Nevertheless,
some low-accuracy ST runs maintain high AUROC, suggesting that the two classes remain
well separated, but an OOD logit distribution shift degrades classification accuracy under the
fixed decision threshold. On the Disjoint profile, all five ST runs reach the final training stage
and achieve 89.7% mean OOD accuracy, whereas only one of the five UT runs reaches that
stage but achieves a higher OOD accuracy of 95.0%. Thus, ST shows more reliable convergence
while settling on a poorer solution than the converged UT run. Overall, the results show that
ST’s search-structured recurrence can provide an advantage on logical deduction tasks, but the
same performance advantage does not carry over to path exact-cover.
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1 Introduction

“I do not see how thinking could fundamentally be anything other than a
kind of trial action carried out only in the brain, in an imagined space.”

— Konrad Lorenz, Die Riickseite des Spiegels (1973)

Many problems require composing information over multiple sequential steps to make a deci-
sion. Examples include applying multiple logical rules to determine whether a fact is provable.
We use the term “depth” to refer to a task-specific proxy for this sequential complexity. In this
thesis, we study a neural network architecture for solving decision problems. Importantly, we
study whether a model trained on shallower problems can reuse its learned computation when
extrapolating to unseen and larger problem depths. Since problems with larger depths generally
require more sequential computation, we focus on parameter-shared recurrent architectures
for which the amount of sequential computation can be increased without increasing their

parameter count.

Parameter-shared recurrent architectures like Universal Transformers (UTs) [7] and Looped
Transformers (LTs) [11] have emerged as parameter-efficient alternatives to standard Trans-
formers for solving reasoning problems [28, 34]|. Generally referred to as latent recurrent
models, these architectures iteratively refine a collection of hidden representations using
parameter-shared Transformer blocks. The information accumulated across the recurrent
steps remains in the model’s continuous hidden state. This differs from the Chain-of-Thought
(CoT) [33] reasoning approach, which represents the intermediate outputs, such as partial

results, as discrete tokens.

This thesis studies an alternative latent recurrent architecture, called Search Transformer
(ST), based on the proposal by Nufiez-Molina et al. [22]. The proposal defines a high-level
search organization, but leaves several architectural choices unspecified and provides no
empirical evaluations. Unlike Universal Transformer (UT), which jointly refines a collection
of representations, Search Transformer (ST) maintains a fixed encoding of the problem and
an expanding collection of latent nodes. Conceptually, each recurrent step selects a previous
node, retrieves an action from problem encodings, generates a successor from the resulting
parent-action pair, and appends the successor as a new node. Node selection can use global
information, but we assume the transition to have Markov property: each candidate successor
depends only on its parent node and action, and not on the preceding search trajectory. This
gives ST a stricter search-like inductive bias than UT. For problems whose solutions can be
represented as sequences of local transitions, we hypothesize that this inductive bias makes
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learning the solution easier from data, potentially improving sample efficiency and training
reliability. Furthermore, reusing the learned computation for more steps may also improve
extrapolation to problems at unseen depths. UT serves as the primary baseline since it performs
latent reasoning using shared parameters but differs in how these internal computations are
organized. This comparison therefore tests whether the additional search-like inductive bias of
ST improves learning and depth extrapolation.

We retain the high-level select-expand-append search organization from [22], but we make
changes to the action, transition, retry, and readout mechanisms. We represent each action as
a soft pointer to problem memory. We simplify the transition function using a gated residual
update: a Multilayer Perceptron (MLP) computes an update from the parent-action pair, which
is modulated by a sigmoid gate and added to the parent node to obtain the candidate successor.
We also incorporate an availability mechanism that reduces the availability of previously used
node-memory pairs, encouraging the model to select a different memory element when a node
is revisited. We also modify the readout function to first score each generated node against
the query and then pool these scores to obtain the final prediction. We implement the node
selection as a differentiable relaxation in which we expand all frontier nodes and append the
weighted combination of their candidate successors using the selection weights. Thus, the
computation is organized as a search without constructing a discrete search tree.

To study the advantage of ST, especially the search-like internal computations, we restrict our
study to structured binary decision problems. The problem context and query are presented as
vector embeddings using a predefined encoder, and the models are trained using only the final
decision label, without supervision of intermediate states or search trajectories. This enables
us to compare the latent computation performed by ST and UT without additionally requiring
the models to parse the natural language inputs or generate answers autoregressively.

This thesis addresses the following questions:

1. How does ST compare with a similarly sized UT in terms of in-distribution performance
and extrapolation to unseen problem depths?

2. How do fixed and adaptive computation affect the performance of ST, and how does its
learned halting behavior vary with problem depth?

3. How do the action representation, node-selection policy, and readout mechanism affect
the learning and performance of ST?

We investigate these questions on two synthetically generated dataset families: logical deduction
and path exact-cover (Path-EC). Logical deduction is monotonic: once an atom is derived, it
remains available for subsequent deductions, and different derivation paths that produce the
same set of atoms correspond to the same logical state. Path-EC is instead path-dependent: a
search state must represent both the current graph vertex and the items collected along the
path to that vertex. Thus, reaching the same vertex via different paths leads to different search
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states. Hence, the two task families allow us to evaluate whether the effectiveness of ST extends
across structurally different reasoning problems or depends on a specific problem structure.

Our findings indicate that ST is capable of learning tasks from both families, but does not
consistently outperform UT across them. On all three logical-deduction datasets, ST achieves
higher average OOD performance than UT. On LD Hard, ST demonstrates better sample
efficiency under our training framework: it attains 90% validation accuracy after using a
median of 3.84 million training instances, compared with 53.76 million for UT, a 14-fold
difference. On Path-EC, ST learns non-trivial solutions across all three profiles; however, UT
attains higher OOD performance in each case. In the Convergent and State-Alias profiles,
several ST runs maintain high AUROC despite lower accuracy, suggesting that part of the OOD
gap results from the fixed classification threshold being poorly calibrated on OOD examples.
The Disjoint profile indicates a different trade-off: all five ST runs finish the curriculum and
converge to similar but lower accuracies, whereas only one of the five UT runs completes the
curriculum and achieves higher ID and OOD accuracy. Thus, ST is more reliable at completing
training on the Disjoint profile, but the successful UT run learns a better solution. Increasing
the inference-time search budget improves performance on LD Hard but not on Disjoint,
indicating that the benefit of additional computation depends on the computation learned for
the task.

This thesis makes the following contributions:

« A concrete and trainable adaptation of the conceptual ST proposal [22] for structured
decision problems, with components such as an action pointer, a readout paradigm, and
dynamic halting.

« Multiple controlled comparisons with UT across two task families.

« Ablation studies of the action representation, node selection, and readout, together with
analyses of inference-time computation.

Chapter 2 formulates the decision problems as state-space search and introduces components
and paradigms used in this work, such as Transformers, Multiple Instance Learning (MIL),
and dynamic halting. We also define the two reasoning task families used for evaluation. In
Chapter 3, we position Search Transformer relative to the original proposal, latent recurrent
Transformers, learned planning methods, and CoT reasoning with LLMs. Chapter 4 then makes
the architecture concrete by defining its search components, readout, learning objectives, and
adaptive computation. Chapter 5 first compares ST with UT on problems at depths seen during
training (ID) and at unseen depths (OOD), and then studies inference-time computation and
architectural ablations. Finally, Chapter 6 presents the main findings relative to the research
questions and discusses the limitations and possible directions for future work.



2 Background

This chapter introduces the core concepts needed to define Search Transformer and tasks used
to evaluate it. We first formulate the studied decision problems as state-space reachability
problems and outline an idealized bounded search procedure. This symbolic formulation
motivates the structuring of ST, but its internal search process should be understood as a
differentiable relaxation rather than an exact implementation. We then introduce Transformer-
based latent recurrence and differentiate between the fixed-state and expanding-state models.
The remaining sections cover the readout, adaptive halting, memory access, and curriculum
mechanisms used in the thesis. Finally, we define the two task families used to assess the
models.

2.1 Problem Solving and Reasoning as Search

We adopt the state-space search as an abstraction for problem-solving and reasoning tasks that
can be expressed with an initial state, operations, and a goal condition.

Formally, we define the reasoning problem as a tuple (8,4, 5o, Sg, T):

« S (State Space): A set of states. A state contains the information required to determine
its successor and whether the goal condition is satisfied.

A (Actions): A set of available actions.
So € 8 (Initial State): Initial state.
+ Sy C 8 (Goal State): A set of goal states.

« J . 8 XA — 8 (Transition Function): A function that maps a state—action pair to a

successor state.

2.1.1 Solving Decision Problems

We adapt the state-space search formulation for modeling the decision problems. Starting
from the initial state s, an action sequence a, ..., a;_; induces a state trajectory (s, S1, --- , Sk)
defined by

Siy1 = T (s, @y), i=0,..,k—1.

Then, the decision label is:
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1, if there exist k > 0 and ay, ..., ax_; € A such that s, € S,,

0, otherwise.

Thus, y = 1if at least one search trajectory reaches a goal state, whereas y = 0 means that no
such trajectory exists.

Search Process. The decision problem formulation above defines whether a solution exists,
but it does not specify how a search procedure finds a goal state. Here, we describe the general
search process using a persistent frontier.

In classical search, the frontier generally contains states that have been generated but not
yet expanded. Once a state is expanded, it is removed from the frontier. Here, we define a
persistent frontier. In our search formulation, an expansion applies one selected action to one
state. Therefore, expanding a state does not imply that all actions from that state have been
tried. We keep the expanded state in the frontier so that it can be selected again and expanded
with a different action. Throughout our search formulation, the term frontier refers to this
persistent frontier unless otherwise stated.

Let N; = [ny,...,n;_;] denote the ordered persistent frontier available at the beginning of

search step t > 1, where n; € § is the state stored at position i. Initially,

Ny = [ny], ng = So, U =@.

At step t, the search process selects an unused node-action pair:
(ir.a0) € {0, ..o, IN;| = 1} X A\ U,
where i, identifies the selected node and U; contains the set of node index and action pairs
already expanded.
It then generates and appends a successor:
n =T (ny,,a),

Nip1 = Ne | [,
Uit = U U{(i, ap)}

Here, | denotes sequence concatenation.

The above search procedure defines an idealized discrete search process. In ST, we represent
the persistent frontier with a growing list of latent nodes, and replace the hard node-action
selection with a differentiable relaxation.
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Running Example: Logical Deduction. We use the following logical-deduction instance
as a running example.

Facts: A, C

Rules: A—-B, BAC—-D
Query: D?

Label: 1

The task is to decide whether the atom D can be derived from the given facts and rules. We
map this logical-deduction instance to the state-space search formulation as follows.

« State space: § = 2{4.B.C.D}

Actions: A ={A - B,BAC — D}
Start state: s, = {A, C}
Goal States: S, ={s € § | D € s}

Transition function: For a state s € § and an action a € A, we define J7(;, -) as:

su{B}, ifa=(A— B)andA € s,
J(s,a) =1su{D}, ifa=(BAC — D)and{B,C}Cs,

s, otherwise.

Here, a state is represented by the set of atoms currently known to be true. For simplicity,
each action is denoted by the rule it applies. If the rule’s premises are satisfied in the state, the
transition function adds its conclusion; otherwise, the state remains unchanged.

Now, we can solve the problem by performing search in the state space. Below, we show one
possible search trajectory that reaches the goal.

1. Initialize the frontier as N; = [s,], where s, = {A, C}.
2. Select (sy,A — B) and generate s; = J(sg,A — B) = {A,B,C}. Then, N, = N; | [s;]-
3. Select (s;,B A C — D) and generate s, = J(s;,BAC — D) ={A,B,C,D}.
Then, N; = N, || [s5].
4. Since s, € S, this trajectory proves y = 1.

The trajectory above shows that the goal is reachable, but it leaves out the detail of the search
strategy used. For example, given the frontier N, = [sy, 5;], how is the next state—action pair
selected for expansion? This strategy becomes important when the search has to operate under
a limited computation budget.

Bounded Search. For a finite state space, an exhaustive search over all reachable states can
always determine if the goal is reachable from s,. However, exploring all reachable states may
require more computation than is available. Therefore, we consider search procedures that
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operate under a predefined search budget B, which sets an upper bound on the search effort.
The nature of this budget depends on the search procedure. For example, it may limit the
number of state-action expansions or the search iterations. In ST, the budget is represented by
the maximum search horizon T, measured in recurrent search steps.

Let V 5 denote the set of states generated using a fixed search strategy before the search budget
is exhausted. Then, we define the output of the bounded search as:

Jp=1VpnS, # 3|

Then
yp=1=>y=1, Pp=0%y=0,

So, finding a goal state proves that the problem has a positive label. However, failing to find
one only means that the search did not reach a goal state within its budget; but does not prove
that the goal is unreachable. Also, the above result only holds when the transition and goal
test are exact. ST instead learns a latent transition and goal test, so the above guarantee does

not fully translate to ST.

Heuristic Search. The set of states visited within a given budget depends on which state—
action pairs the search chooses to expand. Since bounded search can consider only a limited
number of expansions, these choices determine whether a reachable goal is found before
the budget is exhausted. For example, the logical-deduction formulation above contains 2"
possible states for n logical atoms. Although only a fraction of these states may be reachable,
exhaustively exploring them can still require more computation than the available budget
permits.

A heuristic estimates which state-action pairs are more promising and prioritizes them during

search. With a fixed budget, a useful heuristic increases the likelihood of reaching the goal.

2.2 Transformer Architecture

In this section, we introduce the Transformer [31] components used to implement ST and
explains how they support iterative computation. We first define attention and the Transformer
block. We then examine the sequential computation available in a fixed-depth Transformer and
describe how repeated application of shared components can extend it. Finally, we distinguish
latent recurrent models based on whether their state size remains fixed or grows across recurrent

steps.
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(a) A cross-attention Transformer block. (b) Scaled dot-product attention com-

puted at an attention head h.

Figure 2.1: The components of a Transformer. A Transformer block combines multi-head
attention with residual connections, normalization, and a feed-forward network.
Each attention head converts query-key compatibility scores into weights A;, used
to combine the values.

2.2.1 Transformer Blocks and Attention

Let V C R denote the representation space of the Transformer, where d,,, is the model
dimension. We define a cross-attention Transformer block as a parameterized function

fo i Vix V™ > pr

The Transformer block updates a sequence of input representations (X € V") using a memory
(M € V™) while preserving the sequence length and model dimension of X. Figure 2.1
provides an overview of the Transformer block and the attention operation computed within
each attention head.

Attention heads. An attention head updates each input representation by assigning weights
to the memory representations and combining their projected values. Let X € V" contain
n input representations and let M € V" contain m memory representations. We denote the
query-key dimension by dj and the value dimension by d,,. Now, we define a single attention
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head h € {1, ..., H}, where H is the number of attention heads, as:

Qh — Xth = Rnxdk’

K, = MWk € R™¥dk,

V=MW € R™xdv,
_ QK

Sn + By, € R™M,
vk

Ay, = Softmax,,, (S,) € R™™,

Oh =Ath (S RnXdU.

where,
W, Wk € Rdm*di WP g Rdmxdo,

are the parameters of the attention head h.

The entry [S h]”. measures the scaled compatibility between the representation of input at

position r and memory at position j. The Softmax is applied row-wise, and it converts these

scores into nonnegative weights [Ah]”. that sum to one over the memory positions. We obtain

the output for each query position r as

™M=

[Oh]r,; = [Ah]r,j[vh]j,:’

J

which is a convex combination of the projected memory values where the weights [A4; ] . are

.a
rj
input and memory dependent. Here, we used the notation [-]; ; to represent the element of

row i and column j of the input matrix.

In the above equations, B, € R™*" is an optional attention mask that assigns —oo (or suffi-
ciently negative value in practice) to query-key pairs that should not contribute to the output
computation. If no mask is required, we set By, = 0.

Since we obtain queries from X and key-values from M, this formulation describes cross-

attention operation. We obtain self-attention operation for an input X by setting M = X.

Multi-head attention. A single attention head computes the input-dependent convex com-
bination of memory representation in one learned projection space. Multi-head attention
applies multiple independent attention heads in parallel where each head uses independently
learned query, key, and value projections. It can therefore compare the input and memory
in a different projection space and produce a different output. Here we define a Multi-Head
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Attention with H heads as:

C = Concat(Oy, ..., Og) € RMxHdy
MHA((X, M; 6,n) = CW, € R"%dm,
with
W, € RHdvXdm_ it = {W,, 61, ..., O},
where

6 = {W,, Wk, W,

We obtain C by concatenating the output of the attention heads, which is then projected to the
model dimension d,,, with learnable projection matrix W,.

Transformer block. We now define a pre-norm variant of the Transformer block using
multi-head attention and MLP where the input to each sublayer is normalized and each sublayer
is followed by a residual addition:

G = X + MHA(Nx (X), Npr(M); 441,
Y=G+ MLP(Ng(G), fon), (21)
feX,M) =Y.

Here, G is the output of the attention sublayer and its residual connection. The operators
Ny, N, and Ng denote normalization operations, such as LayerNorm [2] or RMSNorm [36],
applied to X, M, and G, respectively. The MLP is applied independently to each position and
preserves the sequence length and model dimension.

A Transformer of depth L stacks L such blocks. Within each block, attention processes the
sequence positions in parallel, whereas information passes through the L blocks sequentially.
Below we examine this distinction and its relevance for reasoning and search.

2.2.2 Sequential Computation in fixed-depth Transformers

Different branches of a search may be expanded in parallel, but along an individual trajectory,
each successor s;,1 = J(s;, a;) can only be generated after its predecessor s;. Under this search
procedure, reaching depth k requires k dependent state transitions. Constructing this explicit
trajectory is part of our search formulation; other approaches may solve the same task without
representing such a trajectory. Since the required trajectory length can vary between problems,
we are interested in architectures that can scale their sequential computation depending on
the problem instance.

10
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Let us consider a Transformer fg with a fixed number L of layers where L does not depend
on input length. The Transformer f4 can process input of different sequence lengths, and
its total computation grows with the sequence size because more representations and atten-
tion interactions need to be performed. However, a single forward pass still applies only L
Transformer layers in sequence. So, increasing sequence length increases the computation
performed at those layers, but does not introduce additional sequential computation. Under
various assumptions including logarithmic numerical precision, Merrill and Sabharwal [21]
show that fixed-depth Transformers can be simulated by a polynomial-size, constant-depth
family of threshold circuits. This places its computation in TC® under those assumptions. This
provides a formal account of the bounded computation depth of a single forward pass.

One approach for scaling the Transformer’s sequential computation is with autoregressive
decoding. During autoregressive decoding, a Transformer generates one token, appends it to
the current sequence, and executes the same fixed-depth decoder again. Each generated token
therefore adds another dependent decoder call. LLM-based reasoning systems such as OpenAl
01[15] and DeepSeek-R1[6] use autoregressive decoding to generate intermediate reasoning
tokens before producing the final answer. The resulting generation process thus can be viewed
as a growing-state recurrence over discrete token representations.

A second approach is to use latent recurrent models where a shared Transformer component
is repeatedly applied to the continuous internal representations. If the component is applied
T times, its unrolled sequential depth grows with T while its total parameters remain fixed.
Furthermore, when T can vary between problem instances, the model can adapt its computation
to the problem. The following section formalizes this latent form of iterative computation.

2.2.3 Latent Recurrent Transformers

In this section, we formulate a unified view of latent recurrent computations with Transformers.
We distinguish models based on whether the state size (the number of stored latent vectors)
increases or remains constant over recurrent steps. In a recurrent model, the number of
recurrent steps determines how long the model computes, whereas the state update determines
how much intermediate information it retains. We therefore distinguish the models that update
a fixed number of latent vectors from models that append new state vectors.

Latent recurrent computation. LetV C R9m denote the representation space, where d,,
is the model dimension. We index the recurrent computation with 7 = 0,1, 2, .... Atstep 7,
the model maintains a latent state S, € V" (equivalently, S, € R"*4m), where n, denotes the

number of state vectors (latent tokens). Given an initial state S = X (the input embedding), a
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single recurrent step consists of:

Zr = Fy(Sy), (2.2)
Sey1 = u(Sy, Zo), (2.3)

where Fy : V" — V"7 is a Transformer (a stack of Transformer blocks) and u is a state update
operator. We refer to this computation as latent recurrence since each recurrence step receives
the continuous internal representation from the previous step as input and processes it to
generate the output in the internal representation itself without decoding it to any discrete
tokens or symbolic states.

Fixed-state latent recurrence. A model is fixed-state if the state size is constant:
n,=N Vrt
Equivalently, S, € RN*dm for all steps. A standard choice for u(-) is an overwrite update, e.g.,
u(S;, Zy) = Z;

which keeps the state shape fixed while allowing iterative refinement of the representation.
Universal Transformers are one example of fixed-state latent recurrence [7].

Expanding-state latent recurrence. A model is expanding-state if the state size grows over
the recurrent steps: n,,; > n.. A convenient choice for u is an append update:

u(Sy, Z;) = [ST;AO(ZT)]’

where [; -] denotes concatenation along the sequence length, and p(+) is a function that extracts
k new vectors from the current model activation Z,. This preserves the past state content while
adding new latent information.

Example: Storing Intermediate Results. Consider computing 2 + 3 + 5 + 7 by first
computing
n=2+3=35, rL=5+7=12, rs=n+r=17.

A fixed-state recurrent model maintains a fixed-size state S; € VN at every recurrent step. It
must therefore encode r; and r, within the same fixed number of state vectors before combining
them to obtain r;.

12
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An expanding-state model can instead append a new latent vector for each intermediate result:
S1=[So; ], Sy =[S ha], S3 =[Sy hsl,

where h; represents the intermediate result r;. Thus, the representations of r; and r, remain
separately available when the model computes the final result. Although both approaches may
solve this simple problem, they differ in how they store the intermediate computation: the
fixed-state model must retain the relevant results within a fixed number of vectors, whereas
the expanding-state model can preserve each result in a separate vector. The final computation
might be simpler with an expanding state model since it retains the necessary intermediate

results, but it also increases the memory and attention computation required at later steps.

The ST developed in this thesis is an expanding-state latent recurrent model. At each recurrent
step, it performs a search operation to generate a new latent search node and appends that
node to the existing state.

2.3 Multiple Instance Learning (MIL)

ST generates multiple search node representations, while it receives only a single binary label
for the complete problem. We therefore formulate its readout using the MIL framework. In
multiple-instance learning, a training example consists of a finite, unordered collection of
instances, called a bag, and one bag-level label. Only a single label for the entire bag is observed,
and the labels for individual instances are not available.

Let XX be the instance space and let O denote the space of bags over XX'. The training set is then
given by
D ={(0ny)ILs, O; ={Xi1 s Xim} € O, yi€d.

The task is to learn a bag-level classifier F : O — Y. Here, we focus on binary classification,
where Y = {0, 1}. The MIL setting alone does not specify how the instance-level information
determines the bag label. A common assumption, which motivates our main readout, is
the existential assumption. Under this assumption, each instance has an unobserved label
z;,j € {0,1}, and the bag label is

y; = max z;

1<j<m;

Thus, a bag is labeled positive if at least one instance has a positive label, and it is negative if all
instances have negative labels. Other MIL settings allow the bag label to depend on multiple
instances jointly. In the binary classification setting below, £(O) € R denotes a prediction logit
for the bag from which the prediction F(O) is obtained by applying a sigmoid and a decision
threshold.
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Amores [1] presents three multiple-instance classification paradigms. Here, we focus on the
Instance Space and Embedded Space paradigms because they correspond to the readout func-
tions evaluated in this thesis. The two paradigms model discriminative information at different
levels. The Instance Space paradigm assumes that the discriminative information is available
locally within individual instances. The instances are therefore scored independently, then
their scores are aggregated to obtain the bag-level prediction. In the Embedded Space paradigm,
the individual instance representations are first aggregated into a single bag representation,
and then the prediction is made using this representation. This allows the classifier to use

bag-level information formed jointly from multiple instances.

2.3.1 Instance Space (IS) Paradigm

Given a bag of instances O = {x,, ..., X,,,}, the goal of the Instance Space (IS) paradigm is to
learn an instance-level scoring function s : ' — R and obtain the bag-level logit by pooling
the instance scores:

£15(0) = Pool(s(x;), ... , (X))

Here, Pool is a permutation-invariant function, such as max pooling or LogMeanExp pooling.

Pooling Instance Scores. Let ¢; = s(x;) be the score predicted for instance x; and let
€ = [¢,,...,¢,,] be the scores for the bag.

Max pooling. The bag-level logit is the largest instance score:

Cmax(0) = lléléﬁ't ;.
This directly mirrors the existential assumption: a single high instance score can make the
bag-level logit high.

LogMeanExp pooling. 1t is a smooth alternative to the max pooling. It can be easier to optimize
because it distributes gradient across multiple instances, whereas max pooling may propagate
gradient only through the instance attaining highest score!.

1 < ¢,
¢1ve(0) = Tpool log m Z exp > Tpool > 0.

i=1

As T, — 0%, this operation converges to max pooling. Whereas, larger temperatures distribute
the contribution across more instances.

n case of tied score, it can propagate gradient through the tied instances depending on the implementation.
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2.3.2 Embedded Space (ES) Paradigm

Let O = {Xi,...,X,,} be a bag of instance embeddings with x; € RY. We first aggregate
the instance embeddings to obtain a single vectorial representation, which is then used for
classification:

®: O - RY g:RY 5 R, lrs(0) = g(®(0)).

® is a permutation-invariant pooling operation, and g predicts a bag-level logit from the
aggregated representation. Below, we present two pooling operations for instance embeddings.

We consider mean and max pooling operations:
m
1
Prnean(0) = m Z Xi [cDmax(O)]k = max [xi]ka k=1,...,d.
i=1 <m

Mean pooling averages the information across all instances, whereas max pooling performs

the elementwise maximum operation and retains the largest value in each feature dimension.

The main readout of ST follows the IS paradigm: each search node is scored against the
query before the resulting scores are pooled. The Embedded Space (ES) alternative first pools
the search-node representations and then performs query matching using the aggregated

representation. We evaluate this alternative in an ablation study.

2.4 Adaptive Computation

Recurrent models such as the one described in Section 2.2.3 perform a fixed amount of com-
putation for a fixed input size and recurrent horizon (number of recurrent steps). Thus, two
problems of similar size receive a similar amount of computation irrespective of their complex-
ity. Although computation can scale with input size, input size does not necessarily correspond
to the inherent problem complexity.

Consider two logical-deduction problems with the same fact A and the same rules A — B,
B — C,and C — D, but with different queries B and D. Shortest derivation of B requires one
rule application, whereas shortest derivation of D requires three. Thus, inputs of the same size
can have different derivation depths. A model with a fixed recurrent horizon T nevertheless
applies the same T recurrent updates to both inputs. This motivates a mechanism that allows
the recurrent horizon to vary with the problem instance.

In the following section, we describe one approach that enables the model to perform variable
amount of computation depending on the input. So, the model is not only trained to solve the
main task, but also to determine when to stop the recurrent computation.
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2.4.1 PonderNet

Here, we discuss PonderNet [3], a general framework for adaptive computation.

Recurrent Computation. We use the latent recurrent framework from Section 2.2.3. Let S;
be the latent state or representation after recurrence step ¢.

At each step t, PonderNet requires the recurrent model to produce a task prediction and a
conditional halting probability from its current state:

Ve =0u(S), A= hy(Sy) € (0,1).

0, is the readout function with learnable parameter w and hy, is the halting head with learnable

parameters .

Halting Distribution. Let H € N, be the random recurrent step at which the computation
halts. Then, we define A4, as the halting probability conditioned on the computation reaching
step t:

A, =Pr(H=t|H>1t).

Now, the unconditional probability of halting at step ¢ can be obtained as:

t—1

pe=Pr(H=0) =2, [[(1—2).
i=1

This represents the computation continuing through the first t — 1 steps and halting at step ¢.

This induces a generalized geometric halting-time distribution p = (py, p3, --.)

Finite Computation Horizon. When the halting distribution p is computed for a finite
horizon T, there can still be probability mass remaining for later steps, resulting in Zszl pi <1
Here, we present two approaches from PonderNet for obtaining a valid halting distribution
over the finite horizon.

Remaining Mass. This method assigns the remaining probability mass to the last computation
step:
D> 1<t<T,

T-1
1-— Z Di» t=T.
i=1

By doing so, this method forces the computation to halt at the last step if it has not halted
before.
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Prefix Normalization. The second method normalizes the probabilities over the finite horizon

as:
snorm __ Dt
pt - T .

Zi:l Di

This normalization corresponds to conditioning the halting distribution on the event that

the model halts by step T. We use p to denote the finite-horizon distribution obtained after
performing the correction using one of the methods. The specific method used in ST is described
in Chapter 4.

Training Objective. Using o,(:), we produce the task prediction at each step. Using the
finite-horizon halting distribution p from above, we compute the expected loss over the halting
distribution. Let

po(t:2,) = ,(1-2,)"", 4, €(©1),

be a geometric prior over the halting step, and let 5G(/1p) denote the prior after applying the
same finite-horizon correction. The PonderNet objective is

T
Lon(6y) = D B L0 D)+ BRL(PII Bg(4p)): B =0.
t=1
['reg

L rec

The first term £ .. (reconstruction loss) represents the expected prediction loss with respect to
the finite-horizon halting distribution p. The second term £, is a regularizer that biases the
predicted halting distribution toward a geometric prior. Using only the reconstruction loss may
cause the halting distribution to concentrate prematurely on a narrow range of steps, leaving
other computation depths with little probability mass and hence little training signal. The
regularizer above discourages this collapse and promotes exploration of different halting steps.

We refer to the ST variant equipped with this adaptive halting mechanism as ST-Ponder.
Section 4.4 describes its model-specific configuration and training objective.

2.5 Memory Pointers

In standard classification problem, a model predicts over a vocabulary of fixed size. Ptr-Net [32]
however predicts an index to the input sequence, so the number of possible outputs can vary
with the input size.

LetE = [eq,...,e K]T with e; € R be an indexed sequence of memory elements. At each
decoder step, the Ptr-Net scores each memory element using its current hidden state represen-
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tation 2 and normalizes these scores:

exp(¢)

€i = S(h"ei)a Di = =K <
ijl exp(¢;)

Here, s(-, -) is a scoring function and p; is the probability of pointing to position i.

A hard pointer selects or samples an index, whereas a soft pointer retains the full distribution.
Then, a soft/differentiable memory read is performed as:

K
a= Z bié;.
i=1

2.6 Curriculum Learning

Curriculum learning changes the training distribution over time by presenting examples in
a specific order to facilitate optimization [4]. Defining a curriculum requires two choices:
a difficulty measure for ordering examples and a pacing rule that determines when harder

examples enter training.

Difficulty Measure. For each training example, we define a functionp : X — {1,...,R}
that assigns the example to one of R ordered curriculum rungs. These rungs can be constructed
from one or more task-specific difficulty measures. At epoch k, let r, denote the highest active
curriculum rung. Then, the corresponding training set for epoch k contains all examples

assigned to a rung that does not exceed r:

D= {(xn’yn)}lryzl’ LDk = {(x,y) €D: P(x) < rk}-

Here D is the set of all available training examples and 2y is the subset of available training
examples at epoch k. Since the curriculum is cumulative, the examples from earlier rungs

remain available when r, increases.

Performance-Based Curriculum Pacing. Curriculum pacing determines how the active
rung changes during training. It can follow a fixed schedule or depend on the observed model
performance. We use a performance-based pacing rule that increases the active rung when an
epoch-level performance measure, such as training or validation accuracy, reaches a predefined
threshold. Let m;. be the performance score at epoch k and let 6, be the advancement threshold.
Then, the active rung for the next epoch is updated as

min(ry + 1,R), my > &,
Fre1 =
Tk» otherwise.
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The curriculum rungs used in this work are constructed using the task specific complexity
parameters. Section 2.7 defines these parameters, while Section 4.6.1 describes how they are
ordered into curriculum rungs during training.

2.7 Reasoning Tasks

In this section, we will look into two decision problems that are used to evaluate the performance
of ST. Both tasks ask whether a sequence of valid operations can reach a specific goal. They differ
in the information they must maintain during the search: logical-deduction problem requires
maintaining only the reached nodes, whereas, the path exact-cover requires maintaining both
the node and the set of items collected so far. Both datasets are generated programmatically
using “depth” as an input parameter and are solver verified. In addition, the model receives a

set of vector encoded objects as input rather than a natural-language description.

2.7.1 Logical Deduction

Let At be the finite set of atoms, F C At be the set of known facts, R be the set of deduction
rules, and q € At be the query atom. Each rule has the form B — h where B C At contains one
or two atoms whose conjunction forms the rule body and h € At is the rule head. Then the
task is to decide whether the query q can be derived by repeated application of available rules.

@.‘ ®\‘,_-__-\I ”-\\
r2 > L ,L-->( Hy).
p
AND - £ 7 AR ) N PR
3 \ B ,‘ N3 L
e AND < | o

(a) (b)

Figure 2.2: Forward-chaining logical deduction with query Q. (a) A positive instance with
facts {A, B, C}, where applying r;, ,, and r; derives H,, H;, and Q. (b) A negative
instance with facts {A, C, D}. The missing fact B blocks r;, so Hy and Q cannot be
derived, while r, and the distractor rule r; remain applicable. Dashed elements
show the blocked part of the proof.

Problem Depth. In logical-deduction, the problem depth refers to the shortest number of
steps required to derive the query in a positive instance. A negative example is obtained by
first generating a positive example of a specific “depth” and removing one of the required facts,
making query derivation impossible. The negative example therefore keeps the depth of the
original positive example and is used for the curriculum tier; so, this depth does not represent

the number of steps required to prove non-derivability.
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The positive instance in Figure 2.2 (a) has depth 3 since the shortest proof chain is of length 3.
The negative instance in Figure 2.2 (b) was generated from a positive instance of depth 2 by
removing the fact B required for deriving Q. It therefore retains the depth 2.

2.7.2 Edge-Labeled Path Exact Cover

Given a directed graph G = (V, Eg), item set C, an edge labeling [ : E; — €, and a target
item set C C C, the task is to decide whether there exists a directed edge sequence (e, ..., €,,)
from source node s to a target node ¢ with multiset of its labels equal to the target set C, i.e.

fiCe)), ..., l e, )} =fc | c e C}.

Every item in C must occur once on the path, and no item outside C may occur. For simplicity,
we refer to this problem by “Path Exact-Cover” or “Path-EC” throughout the document.

N

jeasccl

Figure 2.3: A representative example from the Disjoint Path-EC profile with target set
C ={a, b, c}. In the positive instance (left), the highlighted path from s to ¢ collects
a, b, and c exactly once. The paired counterfactual negative (right) is obtained by
exchanging two edge labels. This preserves the graph topology and global item
counts but removes every valid exact-cover path.

Problem Depth. We define depth as the size of item set: depth = |C|. We use this as the
difficulty measure since a valid path contains exactly |C| edge traversals, with one item collected
at each edge. In Figure 2.3, both examples have a target set of size 3, hence their depth is 3.
The highlighted path in the left figure has length 3 and collects the required items a, b, and c.
In the right figure, none of the paths collects the required items exactly once, hence it has a
negative label.

Both tasks can be formulated as a graph reachability in a task-specific state space. In logical-
deduction, a state is a set of atoms derived so far and the transition applies an applicable rule.
In path exact-cover, the state is the graph node and the collected items and transition traverses a
valid edge. More details on data generation for logical deduction is available on Appendix A.1.1
and for path exact-cover on Appendix A.1.2.
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In this chapter, we review previous work most closely related to ST. We first discuss recurrent
Transformer models that perform multiple computation steps in latent representations using
shared components and enable adaptive computation. We then review learning-to-plan meth-
ods that use an internal transition model to generate relevant information for downstream
tasks, providing architectural intuition for the successor-generation mechanism of ST. Finally,
we relate ST to token-based and continuous reasoning methods based on LLMs.

3.1 Recurrent Computation with Transformers

Recurrent Transformer architectures reuse shared Transformer components to process the
input over multiple computation steps. Depth-recurrent models are one variant in which
recurrence is applied over computation depth by repeatedly refining a collection of latent
representations. This is different from standard Recurrent Neural Networks (RNNs), where
the recurrence is typically applied over the sequence dimension. At each step, the shared
component receives latent representations from the previous step and produces updated rep-
resentations for the next step. Applying the Transformer component for T steps therefore
gives an unrolled recurrent depth of T without introducing separate parameters for each step.
This decoupling of parameter count from computation depth allows these models to use addi-
tional recurrent steps at inference time and also allows adaptive computation. The Universal
Transformer [7] and Looped Transformer architectures [11] are closely related models of this

form.

Dehghani et al. [7] introduced UT as a depth-recurrent Transformer that iteratively refines
a sequence of representations whose length remains fixed across recurrent steps. At each
recurrent step, it updates all positions in parallel using self-attention followed by a transition
function, with the parameters shared across the recurrent steps. The authors evaluated UT on
various algorithmic, language-modeling, and language-understanding tasks. On algorithmic
tasks, when evaluated on sequences longer than those used during training, UT substantially
outperformed the standard Transformer and Long Short-Term Memory (LSTM) baselines,
although it remained below the curriculum-trained Neural GPU [17]. The model also outper-
formed Transformer baselines on several language-related tasks, showing that the recurrent
architecture was applicable beyond synthetically generated algorithmic tasks. The authors also
introduced an Adaptive Computation Time (ACT)-based variant in which each position could
halt at a different recurrent depth; we discuss its results in the following section.
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Looped Transformer architectures place a Transformer (with one or more layers) in a loop that
allows the parameter-shared Transformer component to update the latent state (sequence of
representations) iteratively [11]. Each iteration receives the state produced by the previous
iteration, with some variants additionally injecting the original input or iteration information.
Yang et al. [34] showed that this structure can learn iterative algorithms for in-context data-
fitting problems. On the tasks they considered, the looped models achieved performance
comparable to standard Transformer baselines while using less than 10% as many parameters.
This provides evidence that weight sharing can give a parameter-efficient inductive bias for

learning iterative computation.

Beyond parameter efficiency, looped Transformer architectures have also been studied for
length generalization and reasoning. Fan et al. [8] considered algorithmic tasks that can
be expressed as repeated applications of an operation in RASP-L, a restricted programming
language for describing computations realizable by a fixed-depth Transformer. On copying,
parity, and addition, models whose number of loops increased with input length generalized
substantially better to longer instances than fixed-depth Transformers. However, their method
assumes that the required number of steps is available during training, and the step count
is also used during inference. On selected synthetic reasoning tasks, including addition and
multi-hop induction, Saunshi et al. [28] found that a shallow Transformer applied repeatedly
could nearly match a non-looped Transformer with the same effective depth while using fewer
parameters. At language-model scale, Geiping et al. [10] showed that a depth-recurrent model
could improve on several reasoning benchmarks, particularly in mathematics and coding,
when given more recurrent steps at inference. Together, these results show that recurrent

depth can support reusable computation in particular settings.

Nuiiez-Molina et al. [22] proposed Search Transformer as an expanding-state latent recurrent
Transformer. The core hypothesis was that reasoning processes can be formulated as search and
that organizing the test-time computation around differentiable node selection and successor
generation should provide a better inductive bias than less structured recurrent computation.
At each step, the model predicts which latent node to expand and which action to apply. It
then generates candidate successors and appends one successor to the existing nodes. The
Output Transformer takes the generated nodes as additional latent context for predicting the
output. The work contains the high-level proposal for the architecture without a concrete

implementation or an empirical evaluation.

Our work is an extension of the proposal by Ntfiez-Molina et al. [22] where we keep the overall
concept of node expansion and successor generation the same while making changes to various
other architectural components described in Chapter 4 so that it learns to solve the problems.
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3.2 Adaptive Computation and Learned Halting

Parameter sharing allows depth-recurrent models to use different numbers of updates with
a fixed set of model parameters. However, the number of updates still needs to be specified
in advance. A fixed number may be insufficient for a complex problem, while using the
same budget for a simpler problem can waste computation. Adaptive computation methods
instead learn when to halt for each problem instance. This makes the learning problem more
challenging because the model must learn both to solve the task and to allocate its computation.

Graves [12] introduced Adaptive Computation Time for RNNs, allowing a model to perform
a variable number of internal updates between receiving an input and producing an output.
At each pondering step, the model predicts a halting probability. These probabilities are
used to combine the intermediate states and outputs, while a ponder cost penalizes excessive
computation. On four synthetic tasks, ACT improved performance and learned to allocate
more computation according to task requirements. The performance gains were small on the
character-level language-modeling task, but the model consistently used more pondering steps
at harder-to-predict transitions, such as spaces between words and ends of sentences. This
suggests that the learned pondering reflected the structure and demands of the data.

Dehghani et al. [7] adapted ACT to UT so that each sequence position can halt at a different
recurrent step. Positions that halt early keep their current representation while the remaining
positions continue to be updated. Dynamic halting improved performance on several structured
tasks but slightly degraded performance on machine translation. On the bAbI tasks, the average
ponder time increased with the number of supporting facts required to answer a question,
suggesting that the model allocated more computation when more supporting facts had to be
considered.

Banino et al. [3] introduced PonderNet as an alternative to ACT. At each recurrent step, the
model predicts an output and the probability of halting conditioned on not having halted
before. These probabilities define a distribution over the step at which the model stops. Training
minimizes the expected task loss under this distribution and regularizes the halting distribution
toward a geometric prior. Unlike the ponder cost used by ACT, this regularizer encourages
the model to explore different computation depths while biasing it toward the prior’s expected
depth.

On the parity task, PonderNet achieved higher accuracy than ACT while using fewer computa-
tion steps. When trained on examples containing 1-48 nonzero elements and evaluated on
examples containing 49-96, PonderNet increased its average computation from around three
to five steps and maintained high accuracy, while ACT remained at chance level. This provides
evidence that PonderNet can increase its computation during extrapolation. On the bAbI
tasks, a Transformer using PonderNet solved all 20 tasks with lower average error and substan-
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tially fewer reported pondering steps than the UT baseline using ACT. These results support
PonderNet as a viable alternative to ACT for adaptive computation in recurrent architectures.

ST generates one successor node at each search step. If the new node matches the query, the
search can stop, and the model can predict a positive label. We equip ST with a PonderNet-style
halting mechanism and refer to this model as ST-Ponder. We study ST-Ponder with a focus on
whether its learned halting behavior varies with problem depth and whether adaptive halting
improves performance over fixed-step ST.

3.3 Learning to Plan

We compare ST with learning-to-plan methods [23] that apply an internal model repeatedly
before producing an action or a value estimate. These methods were developed for sequential
decision problems, whereas this thesis considers static structured problems that require a
binary decision. They also differ from ST in their training objectives and in how they use their
internal models. The comparison is therefore architectural: these methods demonstrate how
repeated application of internal transitions can generate useful information for a downstream

task and motivate different components of ST.

Imagination-Augmented Agents (I2A) [27] and the Imagination-Based Planner (IBP) [26]
use model rollouts to provide additional context to the policy network. In the evaluated
I2A architecture, an environment model generates a set of fixed-depth rollouts. A rollout
encoder then converts each trajectory into a summary of imagined outcomes, and the resulting
summaries provide additional context to the policy. The IBP learns whether to act in the real
world or perform an imagined transition using a learned model, which action to use for that
transition, and which previous imagined state to continue from. It accumulates the imagined
actions and outcomes into a plan context that influences subsequent imagined and real actions.
The reported experiments show improvements over model-free or fixed-imagination baselines
on several evaluated tasks, providing evidence that summaries of model-generated outcomes
can be useful for a downstream decision. ST follows a related high-level idea: its search-
structured internal computation repeatedly generates latent nodes and makes the accumulated
information available to the final readout function. Since the earlier nodes remain available
for selection, the architecture permits a parent to be revisited and a different successor to be
generated rather than restricting the computation to a single rollout.

Both I2A and the continuous-control IBP use learned dynamics models to predict the next
observation or state and, for I2A, the associated reward. 12A pretrains its model separately,
whereas the continuous-control IBP learns its model online from the agent’s experience using
supervised next-state targets; the maze study instead uses perfect dynamics. Results from
other planning methods suggest that predicting the complete next observation is not always
necessary. Value Prediction Networks (VPNs) [25] combine an option-conditioned abstract

24



3 Related Work

transition with outcome and value modules to predict rewards, discounts, and values rather
than future observations. TreeQN [9] recursively applies learned action-conditioned transitions
to construct a complete fixed-depth tree and then uses a predefined soft value backup to obtain
the root-action values. MuZero [29] also learns planning-relevant latent dynamics and uses
them for planning with Monte-Carlo Tree Search (MCTS). Although these approaches still use
environment-defined actions within their internal rollouts, their transitions operate entirely
in a learned latent space and are trained to produce information useful for the planner rather
than to reconstruct the observation. This is closer to ST, whose transition function takes a
latent node and generates a latent successor node conditioned on an action representation
retrieved from problem memory. In the reported experiments, the search nodes have no direct
semantic targets and are learned only through their effect on the final classification loss.

The value equivalence principle [13] provides a theoretical perspective on why task-directed
abstract models can be useful for value-based planning. Two models are value equivalent with
respect to a set of policies and value functions when they produce the same Bellman updates.
Consequently, a planner may not require a model that reproduces the complete environment
dynamics if a simpler model preserves the quantities required for those updates. Grimm et al.
[13] argue that this perspective underlies methods including VPNs, TreeQN, and MuZero.
The principle does not directly apply to ST, since the training setting considered here has
neither Bellman updates nor explicit value semantics. We use it only as an intuition for the
transition design: a latent successor node may be sufficient without having to reconstruct a
known problem state if it preserves the information needed for the final prediction. Thus, the
success of learned abstract models in planning provides motivation for this design choice, even

though these planning methods operate in a different setting.

3.4 Reasoning with LLMs

Generating intermediate reasoning tokens can improve the performance of sufficiently capable
models on some reasoning problems, a process commonly known as CoT reasoning [33].
Because ST and LLMs differ significantly in their training objectives, input representations, and
scale, we keep the comparison mainly architectural. In both cases, intermediate representations
are appended to a growing scratchpad and remain available when producing the final output.
We distinguish between two LLM-based reasoning paradigms: discrete CoT, which generates
intermediate tokens in language space, and continuous CoT, which feeds back real-valued

hidden representations [14].

LLMs can be used to generate explicit CoT tokens for reasoning through either prompting [18]
or training [6, 24]. In addition to providing more computation, generating CoT allows a model
to solve part of the problem or gather relevant information before outputting the solution. ST
and these methods share this notion of deriving useful information recurrently to assist the
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downstream task, although their mechanisms differ. Standard autoregressive CoT produces
one linear sequence within each decoding trajectory and does not by itself maintain earlier
states to which the process can backtrack or from which it can try alternative reasoning paths.
Although ST is not guaranteed to perform search and exploration in latent space, its architecture
permits revisiting earlier nodes and generating alternative successors.

Tree of Thoughts (ToT) [35] builds on a pretrained LLM by organizing CoT generation as
a search process. It is an inference-time method in which an off-the-shelf LLM is used to
construct and evaluate states and perform search over them, allowing the procedure to evaluate
multiple candidates and backtrack when necessary. This is similar to how ST can use its
selection process to return to previous nodes and explore an alternative continuation. The main
difference is that the selection and transition functions in the select-expand-append process of
ST are learned from the final prediction loss, whereas ToT uses an externally specified search
procedure over textual thoughts.

The search nodes generated by ST are latent vectors, so continuous CoT methods such as
COCONUT [14] are closer to ST in the sense that they produce continuous vectors and feed them
back into the model without decoding them into tokens. Although continuous thoughts are real-
valued vectors, they remain part of the representation space of a pretrained LLM. Discrete CoT
can be verbose or redundant [5, 30]. On the evaluated tasks, the authors report that COCONUT
uses fewer reasoning tokens than discrete CoT [14]. Zhu et al. [37] present theoretical and
empirical results suggesting that COCONUT-style models can generate continuous thoughts
that represent a superposition of multiple possibilities. Intuitively, they argue that when
a model has two promising paths, discrete CoT must choose one within a single trajectory,
whereas continuous CoT can encode both possibilities in the next continuous state.

In terms of scratchpad representation, continuous CoT provides the closest comparison to ST,
since both append continuous states without decoding them. In terms of search-like behavior,
ToT provides a closer parallel. Besides ToT’s use of a pretrained LLM, the main difference is
that ST learns the selection and expansion components, whereas ToT uses a predefined search
algorithm over textual thoughts. Thus, ST combines the concept of a continuous scratchpad
with an internal search-oriented controller and trains its learnable components using the final
decision loss. In addition, ST as implemented in this thesis requires its input to be encoded as
a set of vectors and does not operate directly on natural-language inputs.

3.5 Summary

Recurrent Transformer models provide one way to perform intermediate computation in latent
representations rather than generating discrete CoT tokens. Learning-to-plan methods offer
a complementary viewpoint, suggesting that the repeated application of a learned abstract
transition model can generate useful “imagined” outcomes for downstream tasks and that
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the transition can operate entirely in an abstract representation space without needing to
reconstruct the next observation. In particular, IBP learns to select a previous imagined
state to continue from, allowing its internal computation to revisit earlier states and create
branches. While these methods differ from ST in problem formulation and scope, they still offer
intuition for several of ST’s architectural ideas. This thesis therefore asks whether structuring
recurrent computation around learned node selection and an abstract transition function offers
a beneficial inductive bias for reasoning problems in contrast to the joint refinement of a fixed

collection of representations in UT.
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This chapter presents the ST architecture used in this work. The overall search formulation is
adopted from [22]. This thesis extends the original architecture by using memory pointers for
actions, a pooling operation with goal matching for output prediction, and a PonderNet-based
halting mechanism. Furthermore, we assume the reasoning tasks we solve in this work are
decision problems with a structured input so that the model receives an encoded set of vectors,
rather than having to learn the parsing itself.

4.1 Problem Formulation

The problems we solve in this work need some form of a non-trivial “reasoning” process. Here,
we define “reasoning” as a process of manipulating existing knowledge available in some form
of representation to reach a conclusion. Furthermore, the “reasoning” performed by ST follows
prescribed steps analogous to those used in search. Hence, the “reasoning” problems we solve
are those that can be represented as a search procedure where we start from an initial state
and, after some computation, need to decide whether the goal is reachable within the available
computation budget.

Although learning the representations from raw sensory data has been an integral part of Deep
Learning (DL) systems, our focus here is mainly on the ability of a recurrent DL-based system to
manipulate a given set of representation elements to make a decision. So, ST needs to discover
the implicit relationships in a given problem description and utilize recursive computation
to derive a solution. For the problems we solve, a problem context and a query are given to
the model. Then, the model needs to decide whether the query is provable or reachable using
the information from the problem context. So, we model the task as a binary classification
problem where class labels 1 and 0 represent “yes” and “no” decisions, respectively.

4.1.1 Problem Representation

Example: logical deduction

Facts: A, C

Rules: A—-B, BAC—-D
Query: D?

Label: 1
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Let & C R9 be the set of all possible elements of dimension d. Here, an “element” represents a
specific object, relationship, concept, or a combination of them. Using the elements, we define
a problem as a tuple (E, q), where E C & is the problem context given by the set of elements
and q € & is the query given by a single element.

The above example of logical deduction provides a textual description of the problem. To solve
this problem with ST, we need to translate the problem from textual form to a tuple of elements
(E, q@). In this work, we assume that there exists an encoding function (or an encoder) that
can be utilized to convert a problem in this form into a tuple of elements. For the deduction
problem, the encoding function can be of the forme : AtUXR — &, which takes an item
from the set of atoms At used to define facts and queries, or an item from the set of rules R,
and returns an element vector. The encoder is a domain-dependent function, and we refer to
Appendix A.1.1 and A.1.2 for more detailed descriptions of the encoders used in this project.

We make a distinction between problem context E and query q because a problem can change
significantly when a different query is asked in the same context. The problem context in the
above example is the set of known facts and rules. When it is combined with a specific query
such as “Is the atom D provable?”, the tuple of the two represents a problem instance that we
want the model to solve. If a different query such as “Is the atom B provable?” is asked in the

same problem context, the solution path changes drastically.

We represent a training example by a tuple (x, y) with x = (E, q), where E is a set of elements
representing the problem context, q is an element representing the query, and y € {0, 1} is the
decision label. For the above example, let E, = {e4,ec,es-p,€prc—p} be the set of encoded
elements for the given facts and rules, q, = ep be the encoded query, and y, = 1 be the decision
label. The model then receives x, = (Ey, qo) as input and y, as the target label.

Although we use a predefined, problem-dependent function as an encoder, learning the encoder
in an end-to-end manner is possible, and we consider this future work.

Problem Solving as Search. Here, we model the problem-solving process as a search
procedure that can be used by ST to solve decision problems. At any time step, we assume
that the model has access to a set of frontier nodes. Then, the model needs to select a node
from that frontier and an action/operator to execute at the selected node. Using the selected
node-action pair, the model performs an expansion operation to obtain a new node. We add
this successor node to the frontier, and the search process repeats.

The search process starts with a single “start” node in the frontier, where the start node is a
problem-specific element and its nature is explained later. In addition, the search is a goal-
directed process, where the goal is defined as an element representing the query q. That is, we
perform search in order to reach a node that is sufficiently close to the goal. In the example
above, the goal is a vector representing the query atom “D”. During search, the generated
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search nodes can contain information about atoms derived so far or newly derived atoms. To
test whether a search node proves the goal, we assume there exists a goal-matching function
m : N X €& — R that takes a search node and the query element as input and returns a real
number indicating the degree to which the search node contains the query element. The search
process terminates after reaching a search node that is sufficiently close to the goal or running
out of search budget.

If the search process finds a node that matches the goal with sufficient confidence, the model
outputs a “yes” decision; otherwise, it outputs a “no” decision. This aligns with the IS paradigm
we describe in Section 2.3.1. So, the question the model answers is: “Can we reach the goal in
this problem instance?” In logical deduction, the question becomes: “Can we prove the query
atom given the facts and rules?” In Path-EC, it becomes: “Can we reach the target node from
the start node while collecting the exact set of target objects?”

Below, we describe a more precise architecture to achieve this using neural network architec-
tures that can be trained in an end-to-end manner.

4.2 Overview of Notations Used

As defined above, € C R represents the set of problem elements and V' C R? represents the
set of search nodes. We use [K] to represent the integers from 1 to K, i.e., [K] = {1, ...,K}. We
use ¢t to represent the time step of the search process and T to represent the total number of
search steps, sot € [T]. We represent search nodes by n; and the list of search nodes available at
time step t with N; = ng.;_; = [ng, ... » 1;_1] € N*. Problem-context elements are represented
by e;, and the problem context is a set of K elements, E = {ey, ... ,ex} C &, with |E| = K. The
query is a single element represented by q € £. The symbol d represents the dimension of
the elements, the model dimension of the Transformer components, and the dimension of
the search nodes; i.e., e;, n;,q € R%. We use 05 € R and 1; € R? to denote the all-zero and

all-ones vectors, respectively, and omit the dimension when it is clear from context.

4.3 Search Transformer Architecture

In this section, we describe the main components and ideas surrounding the Search Trans-
former architecture. The goal of this section is to provide a mathematical model of ST that is
implementation-agnostic and can be implemented with different methods.

4.3.1 Memory Layout

We assume ST has access to a memory tape. A memory tape is a unidirectional sequence of
memory slots, where each slot can hold an object, which in our case is a d-dimensional vector
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Figure 4.1: One search step works by reading information available on the tape, performing
some computation, and writing a new item to the first available space on the right.
The query q, problem context E, and the starting node n, are already populated on
the tape. A search step t appends a node n,. The search process is iterative and is
carried out until (1) the search budget runs out, (2) a solution (either positive or
negative) is found, or (3) a halting condition is met, where each of these conditions
depends on the implementation.

of fixed-precision floating-point numbers. In addition, we assume the memory tape is infinite
in one direction, which we arbitrarily choose to be the right side of the tape.

Fixed Input Memory. The prefix of the memory tape is already populated with problem
elements comprising the problem context and the query, as shown in Figure 4.1. Without
loss of generality, we assume that the query is stored in the first memory slot and subsequent
memory slots store the problem context. The elements of the problem context have no inherent
ordering, so they can be stored in an arbitrary but fixed order in memory. We call this section of

memory the memory prefix, or problem description, which ST uses to guide the search process.

Expanding Scratchpad. ST usesa “read” operation to read memory elements from different
locations on the tape and uses an “append” operation to add new information to the first blank
space on the tape (when scanning from left to right). Specifically, ST uses these blank memory
slots to store the generated search nodes without having to modify existing memory slots. In
addition, we assume that ST has access to an infinite amount of memory on the tape to use as
a scratchpad. This assumption is generally not an issue when solving simpler problems, as we
do in this work, but might be problematic when solving problems that require a search over a

large state space.
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4.3.2 Search Loop
At a high level, a single search step performs the following operations:

1. Predict selection weights over the existing search nodes.

2. For each node, apply the action-usage mask to its base memory pointer and retrieve an
action from the problem-context encodings (memory).

3. Generate candidate successors for all node-action pairs in parallel.

4. Aggregate the candidate successors using the selection weights and append the resulting
node.

5. Update the action-usage values based on the contribution of each node-action pair.

The search process begins with a single “start node”, which is the only node available for
expansion in the first step. Each search step appends one new node while keeping all previous
nodes available for later expansion. Since both node and action selection are soft, multiple node-
action pairs can contribute to the new node. Thus, ST performs a differentiable relaxation
of search rather than a discrete search process. The following subsections describe each

component in detail.

4.3.3 Start Node Initialization

To start the search, we need a start node. For both logical deduction and Path-EC, we initialize
the start node as a zero vector. Below, we describe two possible approaches one can use to
initialize the start node.

Problem-Dependent Initialization. In problems such as planning or pathfinding, it is
generally natural to initialize the start node as the agent’s start state. This can provide a useful
inductive bias through which the model can learn more interpretable node representations.

We present this as one possibility, though we do not use this approach here.

Problem-Independent Initialization. In some situations, we can initialize the start node
with a zero vector, a fixed vector, or a learnable embedding. We use zero initialization in
this project. Zero initialization indicates that the start node contains no information, and
the transition function can utilize this to derive nodes containing useful information, such as
newly proven facts. In addition, this allows the selection module to revisit this blank node and
construct useful representations by trying different actions, allowing multiple problem-solving

trajectories.

4.3.4 Node Selection

At search step ¢, the model has access to the input elements E = {e,, ..., ex}, the query q, and
the frontier nodes ngy.,_; = [ny, ..., n;_1]. The selection function f estimates a categorical
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distribution over the frontier to determine which search node to expand next. Since the
node-selection module has access to the query, it can learn a goal-directed expansion.

We implement f using a Transformer block containing self-attention and cross-attention, as

shown in Figure 4.2.

At time step ¢, the selection logits are computed as follows:

giel = fsel(no:t—laE’ q) S

one selection logit per frontier node

(o] o] (a=) (6
I M

Selection module

Position-wise MLP

Problem context T
and query ’ Cross-attention

{e1,....,ex}U{q} T

Self-attention

Hoo

frontier vectors Ny = [ng, ..., ni_1]

Figure 4.2: Selection over the frontier nodes. Self-attention contextualizes the frontier nodes,
cross-attention reads the problem memory, and a position-wise MLP produces one
selection logit for each node.

4.3.5 Action Selection as Memory Pointer

A search node can represent a compressed set of relevant information, and an action represents
an operation that can be performed at that node. In standard search, the actions available at
a particular state are generally known. This has a natural meaning in planning, where the
available actions define the operations that an agent can perform, such as moving to the left or
right.

In this work, we represent the action as a memory pointer. The problem context E contains
elements that can serve as possible operations. For example, an action in a deduction task
can refer to a fact to retrieve or a rule to apply, while in the Path-EC problem it can refer to a
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specific edge to traverse. Hence, elements of the problem context can function as actions in
both tasks considered here.

For each node, the pointer defines a distribution over the possible actions (or memory elements).
When revisiting a node, we want it to use a different action so that it can expand another branch.
In a discrete setting, this could be implemented by sampling without replacement from that
node’s action distribution. Since we use soft action selection, we approximate this behavior
using the action-usage mask described in Section 4.3.7.

Following the pointer mechanism described in Section 2.5, we predict a distribution over the
indexed memory elements. Inspired by Transformer attention, we compute its logits using
multiple scaled dot-product pointer-scoring heads. The head logits are averaged before applying
Softmax, so the heads jointly produce a single pointer distribution.

Pointer Distribution. As defined earlier, E represents a problem context containing K
elements and does not contain the query element. Since E is a set and has no inherent order-
ing, we assign its elements a fixed order so that they can be addressed by a pointer. We use
E =[eg,...,e K]T € RX*4 (bold E) to represent the resulting list of elements.

For a node n;, we concatenate the node with the problem query q to obtain the pointer-query
representation z; = [n;; q] € R??, where [; ] denotes vector concatenation. The node represents
the current search state, while the problem query conditions which memory element is useful
for reaching the goal.

Following Transformer terminology, we project z; into the query space and E into the key space.
We then use scaled dot-product scoring to compute one pointer logit for each memory element.

The action module uses H pointer-scoring heads. For each head h € {1, ..., H}, it computes:

ri(h) = ng)zl—, project z; into the head’s query space, 4.1)
Kg’) = ngh)ET, project the memory elements into the head’s key space, 4.2)
T
o _ (&) 1
b = —F compute one pointer score per memory element. 4.3)

Ve
Here, Wy € Réx2d, Wi e pdixd 1M e pdi, k" € RA=K, and ¢ € RX.

The pointer logits from the heads are averaged to obtain the base action logits:

H

base __ l (h)

6 =4 Do (4.4)
h=1
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Using the base action logits, we define the unmasked soft action-pointer distribution for node
n; using Softmax:

_ exp(€base/ Tact) 5)

i,j :
Zk 1 eXp<€base/Tact>

base

Here, 7, > 0 controls the sharpness of the pointer distribution. During training, we anneal
it from its initial value of 1.0 to a lower value in the range 0.3-0.4, making the distribution
sharper. The resulting 777 defines the base action distribution over the memory elements. We
compute the base action logits once when the node is added and cache them for the remainder
of the search. Then, we use a manual node-action usage masking approach (Section 4.3.7) to
generate diverse actions when expanding the node again.

Memory Read. Let 711@ be the pointer distribution after applying the action-usage mask
(Section 4.3.7) for node n; at search step t. We obtain the corresponding action representation
using a weighted memory read:

a = Zn’ e, € RY. (4.6)
k=1

)

Thus, 7r( ) is the soft pointer over memory indices, while a( is a soft memory read that serves

as an action representation.

4.3.6 Candidate Expansion and Aggregation

A transition function f,, : N x RY — N takes a node-action pair (n, a) as input and returns
a successor node. The transition function is deterministic, so its output is fixed for a fixed
node-action pair. We represent f,,, with a neural network, specifically an MLP with a gated
update, as shown in Figure 4.3a.

®

Given a search node n; and an action representation a; ~ retrieved using Equation 4.6, we

compute the delta update as follows:

51" = MLPs(|n;; o).

Then, we add the delta update, controlled elementwise by a sigmoid gate, to the node to obtain
the successor:

4O = g+ o(MLEy([ms %5 50))) 0 6.

Here, [; ] denotes vector concatenation, ® denotes elementwise multiplication, and o is the
logistic sigmoid function.
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Figure 4.3: Candidate expansion and aggregation at search step ¢. Left: the transition module
maps one node-action pair (nl-, agt)> to a candidate successor ﬁgt). Right: the shared

transition module shown on the left, abbreviated as f.,,, expands all frontier nodes

in parallel. The selection weights wgél),i aggregate the candidate successors into the

single successor node n;, which is appended to the frontier.

Parallel Expansion. Let N, = [ny, ..., n,_1] be the list of nodes in the frontier. We perform

the node expansion for all frontier nodes in parallel. Let [agt), .. agt)l be the action representa-

tions obtained using memory pointers for the respective frontier nodes, and let [ A ), ey N (t )]

be the expanded successors obtained with 7 A(t) ftran(nl, (t ) Then, we aggregate all the
candidate successor nodes to obtain a single successor using Gumbel-Softmax [16, 20] as a
differentiable sampling method.

Let 61@ 1= (€§d). be the selection logit for node i predicted at step ¢ (obtained with the selection
1
module in Section 4.3.4). Then, we estimate the weight for each node in the frontier as follows:

o _ exp((4” +81)/7)
ekt Zt ! exp(<€( ) 4+ gj>/r),

iefo,..,t—1} 4.7)

7 is the temperature parameter that controls the sharpness of the distribution that we keep
constant at 1.0, and g; is a sample from the standard Gumbel distribution. Lowering r makes
the continuous relaxation closer to a discrete sample, while the Gumbel variables provide the
sampling noise.

During training, we add the Gumbel noise g; before applying Softmax, introducing stochasticity
while remaining differentiable. During inference, we remove the Gumbel noise (setting g; = 0)
and compute the selection weights directly using Softmax to avoid stochasticity. We keep the
selection soft at inference to avoid the mismatch between training and inference. Alternatively,
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training ST with temperature annealing or a straight-through estimator to enable discrete node
selection remains an interesting direction for future work.

Aggregation. Using the selection weights, we obtain a successor node by aggregating the
candidate successors:

n, = Zw(t) el

sel,i

Finally, we append the aggregated successor node n; to the list of frontier nodes (or, equivalently,
to the first empty memory slot) and iterate the same search loop until a stopping condition is
reached.

4.3.7 Update Action Usage

For each node, we compute the base memory-pointer logits when the node is added to the
frontier and cache them for the remainder of the search. If we reused the resulting distribution
without changing it, the same node would retrieve the same action representation and generate
the same successor. Since the node representation is fixed, we need to change the action
representation to generate different successors from the same node. We do this by applying a soft
mask to memory elements that have already contributed, which shifts the action distribution
when the model revisits a node.

If the node and action selection were discrete, then the selected node-action pair could simply
be marked as unavailable. However, under the soft selection of nodes and actions, several nodes
and actions contribute simultaneously to generate a successor node. We therefore maintain a
soft availability value for every node-action pair. We then use that availability value to update
the action selection logits at each time step, implementing a soft mask as follows:

o) = e factoclog( (= 1)),

where ;! ik ) is the remaining availability. When a node n; is added to the frontier, its availability

base

values are initialized as r; , = 1 for all memory elements k. £ is the base action pointer

logit generated as described in Equation 4.4. The parameter « controls the strength of the
availability penalty in the probability space.

We use é( ) to compute the action-pointer distribution using Softmax as follows:

7
f,g = softmaxk( lk)

act
base (t 1)
ﬂl k ( )

z n.base( (t- 1))
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)

The availability value r ( € [0,1] decreases as node i and memory element k are used. So,

we scale the base selectlon probability nbase by its remaining ava11ab1hty ( )) , and then

D _ 1 retains its base

renormalize over the memory elements. An unused action with ri,k
weight, while an action that has contributed before is progressively downweighted. The
parameter a controls the strength of this penalty, and the renormalization redistributes the

removed probability mass among other actions.

Updating the Remaining Availability. The remaining availability value is used to apply a
soft mask that penalizes memory elements/actions that have been used before. Essentially,
(t) € [0, 1] quantifies the remaining availability of the node-action pair at time step ¢ based

on the pair’s contribution to generating successors before this time step.

Let w"). be the selection weight assigned to node n; as given in Equation 4.7 and let

sell
) =P, =k |1, =)

be the conditional probability of selecting memory item e as the action from that node. The
soft contribution attributed to the node-action pair is then

t t t
i = Wiy = P, = A, = K).
Before any availability update is applied to node n;, its action distribution is the base distribution

798¢ defined in Equation 4.5.

We then update the remaining availability as follows:

Q= a6

Here, the term (1 - c ) denotes the fraction of previous availability that is retained after the
current contribution at time step t. A node-action pair with zero new contribution remains
unchanged, whereas a contribution approaching one removes most of its remaining availability.
For example:

rt-1 = 0.5, =01 = r®=05-(1-0.1)=0.45,
r=1 = 0.5, =09 = r®=05-(1-0.9)=0.05.

Thus, an action is not removed after it has made a partial contribution. Instead, repeated
contributions progressively reduce its probability when the same node is expanded again,
enabling the model to utilize different actions.
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4.3.8 Readout and Pooling Operation

After completing the search process, we obtain a set of search nodes. Although we treat them
as an unordered bag of objects, there exists an implicit hierarchical relationship between
the search nodes, in which later nodes are obtained by aggregating information from earlier
nodes. We treat each search node as a representation that can be used to answer the decision
question by comparing it with the goal. In other words, each search node can be viewed as
a compressed and refined representation of a state, generated in a goal-directed manner and
useful for answering whether the goal state is reachable. With this view, we treat the decision
problem over search nodes as a classification problem under the Multiple Instance Learning
paradigm described in Section 2.3.

More specifically, we use the instance-space paradigm defined in Section 2.3.1, where each
search node is scored separately for classification. Instead of using the node features to directly
classify whether the query has been reached, we use a matching function between each search
node and the goal vector. This allows a search node to carry a compressed representation of
the visited state without requiring it to contain explicit goal-reachability information, which is
instead computed at the readout stage.

Goal Matching. We define a parameterized goal-matching function m : V' X & — R that
takes a search node n; € IV and a query element q € £ and returns a score that indicates
whether the search node satisfies the query. We use a standard MLP with one hidden layer
that takes a search node, the goal vector, and a manually defined feature interaction |q — n;|,
and outputs a logit. Although we believe that this manual feature interaction could be avoided
by using a larger hidden dimension or more hidden layers, we retain it because the difference
between the goal and node features provides useful information for the task we are solving. In
addition, we exclude the start node from the goal-matching and pooling operations since it is
not informative for answering the decision problem.

In this work, we use LogMeanExp pooling as the main pooling operation, as described in
Section 2.3.1, whereas other operations such as max pooling and attention-weighted pooling
serve as alternative methods that can be used in future work. Figure 4.4 shows the goal-
matching and pooling operations used to obtain the final classification logit.
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Figure 4.4: Query-conditioned readout. Each generated search node is scored against the query,
and the resulting node logits are pooled into a single prediction logit.
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Finally, we would like to highlight that the embedded-space paradigm (Section 2.3.2) is an
interesting alternative in which we aggregate the information available in all search nodes and
perform classification based on the aggregated representation. We use this in an ablation study
of the pooling operation.

We present the computation performed by fixed-step ST in Algorithm 1. To keep the algorithm
compact, we use named procedures for operations that are described in detail in the preceding

sections.

4.4 Adaptive Computation for ST

We can divide the operations performed by ST into two phases: running the search for a fixed
number of steps and performing the pooling operation using the goal-matching scores of the
generated search nodes. The two phases are performed one after the other. A natural question
that arises is: “Can we perform the goal-matching operation during the search instead of doing
it at the end?” The dynamic halting approach for ST is motivated by this question.

Performing goal matching during search has several advantages. If we find a node that is
sufficiently similar to the goal, then we can halt the process early, saving time and computation.
In addition, the same mechanism can be used in the other direction: more complex problems
might require more search steps, allowing us to scale the inference-time computation. It also
aligns with many classical search algorithms where, upon visiting a node, it is tested against
the goal to determine whether the goal has been reached. Then, if the node satisfies the goal
conditions, the search process is terminated. At a high level, we adopt these ideas in the
framework of ST to allow goal matching inside the search loop and to halt the search process

when a node that is sufficiently similar to the goal is reached.
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Algorithm 1 Fixed-Step Search Transformer

Input: problem context encodings E = [ey, ..., eK]T, query encoding g, search horizon T
Output: binary prediction y € {0,1}

1 ny«<0

2 frontier « [ny]

3 base_pointer_logits < [COMPUTEPOINTERLOGITS(n,, E, q)]

4 action_availability « [1g]

5 fort=1,...,Tdo

6 sel_weights <~ COMPUTESELECTIONWEIGHTS(frontier, E, q)

7 action_pointers « APPLYACTIONMASK(base_pointer_logits,action_availability)
8 actions < READMEMORY(action_pointers, E)

9 successors < PARALLELEXPAND(frontier, actions)

10 n, < AGGREGATE(successors, sel_weights)

11 APPEND(frontier,n,)

12 UPDATEAVAILABILITY(action_availability, sel_weights,action_pointers)
13 if t < T then

14 L APPEND(base_pointer_logits, COMPUTEPOINTERLOGITS(%,, E, q))

15 APPEND(action_availability, 1)

16 8§ < QUERYMATCH([n4, ..., AT], q)

17 €4y < LOGMEANEXPPOOL(S)
18 9« 1[0(f,,) 2 0.5]
19 returny

We implement the dynamic halting mechanism using PonderNet [3] (see Section 2.4.1 for
details), and we call this model ST-Ponder. Below, we describe the approach we use to equip
ST-Ponder with the ability to predict the conditional halting probability and the decision output
at each search step.

44.1 Halting Head

We augment ST with a halting head that predicts the conditional halting probability at each step.
We implement the halting head with a component that is very similar to the goal-matching
MLP with a single hidden layer. At step ¢, the halting head takes the node n; along with the
goal/query q and returns the conditional halting probability:

Ay = o(MLPyg([n; q1))-
With 4; as the conditional halting probability, we predict the unconditional halting distribution

p using the approach described in Section 2.4.1 and use the prefix normalization approach to
correct the truncated distribution.
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4.4.2 Kullback-Leibler (KL) Regularization

As in the PonderNet paper, we utilize KL regularization to bias the halting distribution toward
a geometric prior distribution. We utilize this regularization especially at the start of training,
when it is often advantageous to make sure most of the generated search nodes are used for
output prediction. Without the regularization, the halting distribution can assign negligible
probability mass to later nodes, leading to fewer effective search steps and reduced contribution
from later nodes. We choose the parameter of the geometric prior

1
Ap ® 0.8

so that the mean of the untruncated geometric prior is approximately 80% of the total budget
T. We gradually decrease the regularization weight 8 — 0 using cosine annealing with a
predefined schedule, allowing the network to learn the halting distribution freely.

4.4.3 Prediction Using Search Prefixes

At each search step, the model with dynamic halting needs to predict an output logit in addition
to the halting probability. We obtain the output at step ¢ by applying the same pooling operation
used by fixed-step ST to all search nodes generated up to that step. Thus, the output at step ¢ is
the prediction that a fixed-step ST would make if its search were stopped after ¢ steps.

Let ny, ..., ny be the nodes generated after T search steps, excluding the start node n,, and let

s; = m(n;, q)
be the goal-matching logit of node n;. We define the output logit at step t as
€; = Pool(sy, ..., S;), t e[T],
where Pool is the LogMeanExp pooling operation described earlier. The resulting logits

(¢4, ..., €7) are then used in the PonderNet objective.

An alternative approach is to use only s;, the goal-matching logit of the node generated at search
step t. However, this does not align with our view of the output at step ¢ as the result of running
the search with a budget of ¢ steps, since a solution found earlier should still contribute to the
prediction. In addition, prefix-based prediction converged more reliably in our preliminary
experiments than this alternative approach, so we use it for ST-Ponder.

4.4.4 Halting During Inference

Atinference time, we need to use the halting probabilities predicted by the halting head MLPy,
to make the stopping decision. We adopt a threshold-based approach in which inference stops
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once the cumulative halting probability reaches a predefined threshold. Let ¢, be the cumulative
halting probability:

t

t
=, pi=1-JJa-2.
i=1

i=1
Here, p; denotes the probability of halting at step ¢, and c¢; denotes the probability of halting
by step t. Thus, it is intuitive to halt once the cumulative probability reaches a sufficient
level. We compute the cumulative probability from the unconditional and pre-correction
probabilities p; since they are available sequentially during inference. The normalized finite-
horizon distribution p requires predictions from all T steps and is therefore used only during
training.

Using c,;, we define the halting step as

thalt = min({t € {1’ cer Tmax} : Ct > 5halt} U {Tmax})

Thmax is the maximum search budget allocated for inference, which can differ from the budget
T used during training. Sy, € (0, 1) is a hyperparameter for which higher values generally
result in later halting and therefore more computation. If the cumulative halting probability
does not reach the threshold within T}, steps, the halting step is ¢, = Tinax-

At the halting step, ST-Ponder returns the prefix logit ¢, . Its positive-class probability is
o(¢y, ). Using a probability threshold of 0.5, the binary prediction is

V= ﬂ[o'(gthalt) > 0'5] = ﬂ[ethalt 2 0]'

4.5 Learning Objectives

We use only the final decision label as supervision. For fixed-step ST, we apply the Binary
Cross-Entropy loss to the final output. ST-Ponder instead predicts an output at each search
step and uses the PonderNet objective, which computes the expected task loss with respect to
the predicted halting distribution, together with a KL-regularization term.

4.5.1 Task-Level Supervision

We define the problem as a binary classification or decision problem, where D = {(x;, yi)}lii?
contains N o training examples, where x; = (Ej, q;) is the input instance, and y; € {0, 1} is the
target or decision label; 1 and 0 indicate “yes” and “no” decisions, respectively. Let ¢; be the
(pooled) logit output for an input instance x;. We then use Binary Cross-Entropy (BCE) to
define the task loss as follows:

Lk (X3, yis €1) = —[yi - logo(€;) + (1 — y;) - log(1 — a(¢;))]. (4.8)
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Here, o is the logistic sigmoid function.

4.5.2 Dynamic Halting Objective

We adopt the training objective of PonderNet [3] to train ST with dynamic halting. Let
P = (py,---» pr) be the normalized halting distribution and € = (¢4, ..., €7) be the output
logits for every time step t € [T]. We define the objective function as the expected loss with
respect to the halting distribution:

T
Laclis 1B, 0) = ) B Lras6is V1o €0) + BB B5(4p) (4.9)
t=1
Here, p(4,) is the finite-horizon geometric prior defined in Section 2.4.1.

4.6 Training

We present three methods used during training to improve convergence and stability. Curricu-
lum learning is used for all models, while fixed-step ST uses search-horizon scaling and all ST

variants use entropy regularization of node selection.

4.6.1 Curriculum Learning

For all training runs, we employ curriculum learning. For most configurations, the rungs are
ordered by problem depth. For the Disjoint Path-EC profile, we order them instead by the
pair (B, D), where B is the deceptive branch count and D is the problem depth. Within each
fixed value of B, the curriculum advances through all depths before increasing B. We make
all valid deceptive-prefix lengths P available within each (B, D) rung, so P is not a curriculum
dimension. Table 4.1 summarizes the resulting rung order.

Table 4.1: Ordered curriculum rungs used for each training configuration. In the Disjoint
profile, B is the deceptive branch count and D is the problem depth.

Configuration Ordered curriculum rungs

LD Easy, Medium,and Hard D=2->3 -4

Path-EC Disjoint (B,D): for B=0,1,2 in this order, D = 3 —» 4 — 5 — 6 within each B
Path-EC Convergent D=4-55-6

Path-EC State-Alias D=3-54-55-56

As described in Section 2.6, we use a performance-based curriculum scheduler. When the
training accuracy on the cumulative active training set reaches a predefined threshold of 0.9
over an epoch, the curriculum rung increases by one. Upon reaching a higher rung, we retain
all examples from earlier rungs. Hence, the amount of available data keeps increasing until

the model reaches the highest curriculum rung.
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4.6.2 Scaling Search Horizon

ST allows scaling the search during both training and inference. Increasing it during inference
can be useful for solving more complex problems. Increasing it during training, especially
at the early phase, gives the network more opportunities to explore different selection and
transition dynamics, which might lead to faster convergence. For fixed-step ST, we multiply
the configured search horizon T by a factor and anneal this factor to 1 over the first 12,000
training steps using a cosine schedule. The search horizon scaling showed better convergence
in our preliminary experiments, therefore we employ it for the fixed-step ST runs.

4.6.3 Entropy Regularization for Node Selection

During the early phase of training, the node selection policy may prematurely focus on a single
search node before it has learned a useful node selection. To avoid this, we encourage early
exploration by maximizing the normalized entropy of the selection distribution. Let pj, ; be
the predicted node-selection distribution for minibatch example b at search step t € {2, ..., T},
over the |N;| = t search nodes available at that step. Let £,,.. denote £, for fixed-step ST and
L, for ST-Ponder. We define the regularized training objective as:

T
1 H(py.)
L = Lpase _lent(s)m Z [Eb[ log|N;| | H(p) = _Zi: pilog p;.

t=2

Here, s is the training step and A.,,(s) > 0 is the entropy-regularization weight. Since the
objective is minimized, subtracting the entropy term encourages a higher selection entropy.
For all training runs, we decrease A.,(s) from 0.01 to zero over the first 12,000 training steps
using cosine annealing. Thus, the selection distribution starts diffuse and is later allowed to
become sharp depending on the task requirements. We obtained this hyperparameter through
a few experiments on selection collapse and did not tune it further.
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This chapter presents the experimental setup, datasets, training configurations, results, and
analysis of various experiments. We position ST as an alternative architecture to UT for
performing reasoning in a latent space with Transformer-based components. So, we compare
their performance in two task domains to understand their advantages and disadvantages. A
high-level question we want answered here is whether ST can match or exceed the performance
of UT on in-distribution and out-of-distribution tasks. We also implement ST-Ponder and
perform studies to understand its halting behavior. More specifically, we want to understand
whether ST-Ponder can utilize more compute and improve the performance of ST on the OOD
test sets.

We evaluate both models on three logical-deduction datasets with increasing difficulty and
three Path-EC dataset profiles. The Path-EC profiles are not intended to form a difficulty
hierarchy; rather, they present different challenges in graph search. All main experiments are
performed with five random seeds and we present the mean and standard deviation of the
performance scores, along with seed-wise results when relevant. All runs had a maximum
budget of 1 million training steps. With a batch size of 128, each model is exposed to up to
128 million examples. Though our training dataset sizes are on the order of tens of thousands,
we use a data augmentation method with random relabeling, which exposes the model to
unique examples that are helpful for learning important invariances. Although all training
runs have the same maximum budget, we stop a run to save computation when its ID and OOD
validation-set accuracies do not improve over the last 5,000 training steps or start to degrade.

We first provide the configuration and setup we use for running an experiment and evaluating
its performance. Then, we provide the main results with a detailed analysis of each dataset
class. Next, we study the effect of inference-time computation on ST using different fixed search
budgets and adaptive computation. Finally, we present the ablation studies to understand the
importance of different components of ST.

5.1 Experimental Setup

This section describes how ST and UT were trained and evaluated along with their model con-
figurations, benchmark settings, training procedure, and evaluation metrics. The information
provided in this section, combined with additional information in the appendix, allows readers
to reproduce our results.
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5.1.1 Benchmark Configuration

We use two synthetically generated dataset classes to evaluate the performance of ST and UT.
Descriptions of the two datasets are provided in Section 2.7, and additional information is
available in Appendix A.1. The two datasets evaluate different capabilities. Logical deduction
evaluates the models’ ability to perform multi-step rule composition to decide whether the
query is provable. Path exact cover evaluates the models’ ability to perform graph search, with
each dataset profile evaluating different structural requirements, including deceptive paths,
convergent paths, and path-dependent state aliases.

Table 5.1: Dataset configurations used for training and evaluation. The in-distribution (ID)
depths are the problem depths used for training, whereas the out-of-distribution
(OOD) depths correspond to problems requiring more steps to solve than the ID

problems.

Dataset ID depths OOD depths
LD Easy 2-4 5

LD Medium 2-4 5-8

LD Hard 2-4 5-12
Path-EC Disjoint 3-6 7-8
Path-EC Convergent 4-6 7-8
Path-EC State-Alias 3-6 7-8

We do not use problems of depth less than 2 for logical deduction as they do not require
composing more than one rule, so no internal representation is needed. Similarly, the depth in
Path-EC problems controls the size of the graph, so we choose the minimum depth that allows
us to encode the profile-specific property in the graph.

Depth and generalization. We provide a detailed description of depth for each problem in
Section 2.7. In simple terms, depth in logical deduction determines the proof length for positive
examples, whereas for negative examples, depth is a remaining artifact of their generation.
Depth for Path-EC is the size of the target cover set or the path length from the source to the
target node. We verify solvability of all positive and negative examples using a symbolic solver.
We refer to the set of problems with depths not seen during training as OOD depths, or simply
OOD. We also use the term extrapolation to refer to the model’s ability to solve OOD problems.
For positive logical-deduction examples, OOD problems require more steps to derive the query,
and in Path-EC, they require information propagation over a longer path between source and
target. Here, we give a symbolic interpretation in which each step applies a correct rule or
traverses the correct path; the actual behavior that the model learns can differ, and we analyze
it below. We emphasize the model performance on OOD test sets since one of our hypotheses
is that using a search inductive bias can enable learning useful dynamics and components with
extrapolation capability.
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5.1.2 Compared Models

We compare the performance of ST and UT with comparable parameter counts, where both
are given a fixed budget of 16 iterations. So, ST generates 16 successor nodes that are used
to produce its output, and UT updates its input embeddings 16 times using the attention
mechanism and an MLP. We would like to highlight that even though the two models use
the same iteration count, the computation performed by them differs. So, our comparison
mainly allows a comparable number of sequential computations for the two architectures. We
also compare the performance of ST-Ponder with fixed-step ST to evaluate whether adaptive
computation is useful or not.

The fixed-step ST and UT variants have approximately 1.9-2.0M and 1.8-1.9M parameters,
respectively, where the variability comes from the feature projection that depends on the
specific dataset. ST-Ponder adds a halting head of approximately 390K parameters. Each
dataset type has a different feature dimension, so the projection layer depends on the dataset
and model dimension.

We train all models with a fixed 16-step loop. This is 4X the maximum training depth in
logical deduction and approximately 2.7x the maximum training depth in Path-EC. So, it
should provide the models with enough recurrence to solve ID tasks. ST-Ponder is allowed
a maximum of 32 steps during inference, and its actual number of iterations depends on the
halting prediction. All models receive the same input obtained by encoding the problems.
Since the feature ordering does not matter, we use no positional embeddings in any of the
models.

5.1.3 Evaluation Metrics

This section describes the metrics used for model evaluation for both logical deduction and
Path-EC. In all cases, we use the threshold value of 0.5, so a prediction is labeled 1 when it
exceeds or matches the threshold; otherwise, it is labeled 0.

Pair Accuracy (PA). This metric applies to Path-EC, where we generate tasks as pairs of
positive and negative examples. Each pair is always assigned to the same dataset split. For a
dataset of pairs P, we compute the pair accuracy as follows:

PAP) = = 3 I[felx) = 1]1[fe(x") = 0].

|‘7)| (xt,x-)eP

Here, x* and x~ denote the positive and negative examples in a pair, respectively, and fg(x) € {0, 1}
denotes the predicted class. Thus, the PA of a dataset is the fraction of pairs for which both the
positive and negative examples are classified correctly.
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Accuracy (Acc.). Accuracy measures the fraction of predictions that are correct. All of our

main datasets are balanced, so it is also the balanced accuracy.

True Positive Rate (TPR).
examples that are classified correctly.

Also called positive recall, it measures the fraction of positive

True Negative Rate (TNR).

examples that are classified correctly.

Also called specificity, it measures the fraction of negative

Let TP, TN, FP, and FN denote true positive, true negative, false positive, and false negative
predictions, respectively. Then,

B TP + TN
"~ TP+ TN+ FP + FN’

TP
~ TP+ FN’

TN

Acc. = TN+ FP’

TPR TNR

Area under the ROC curve (AUROC).

higher score to a randomly chosen positive example than to a randomly chosen negative

AUROC measures the likelihood of assigning a

example. AUROC tells us about the separation of the two classes, where a higher value means
better separation. So, if a model performs poorly in terms of accuracy but has high AUROC, its
ranking remains strong despite the chosen classification threshold. This pattern can indicate
threshold miscalibration, which in some cases might be mitigated by calibrating the threshold

using the validation set.

5.1.4 Training and Optimization

We present the base configuration used for all experiments in Table 5.2. Unless otherwise

stated, these values are used throughout all experiments.

Table 5.2: Base training and optimization settings, listed in approximate order of importance
for interpreting and reproducing the training procedure.

Configuration Value
Optimizer AdamW [19]
Base learning rate 3x 107

Learning-rate schedule
Primary objective
Regularization

Batch size

Training budget

Weight decay

Curriculum learning
Gradient clipping
Search-horizon curriculum

Numerical precision

Linearly increased from 1078 to 3 x 10~ over 1,500 steps.

BCE

Selection entropy regularization for ST: cosine annealing from 0.01 to 0.0
in the first 12,000 training steps

128

Until convergence, with a maximum of 1 million training steps

0.1

Enabled and configured per dataset

Enabled with maximum norm 1.0

Enabled for fixed-step ST; 2x the number of steps at the start, annealed
to 1x over 12,000 steps

TF32 enabled
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5.1.5 Hyperparameters

We performed a basic hyperparameter search for both models separately using a single base
dataset from each dataset class: LD Medium for deduction and Disjoint for Path-EC. We per-
formed the hyperparameter search for learning rate, weight decay, and model dimensions. For
each parameter, three runs with different seeds were launched, and we selected the parameter
by manually analyzing the training and validation performance curves. For the learning rate,
we tested values 1073, 3 x 1074, 1074, 3 x 10~>; for weight decay, we tested 1073, 5 x 1072,0.1.
For model parameters, we varied the model dimension and the hidden layer dimension of
the Transformer MLP for ST and UT differently, and we chose configurations for the two
models that had good performance while having comparable parameter counts. For UT, we
performed the search over [(192, 512), (256, 1024), (384, 1536)], and for ST, we searched over
[(192,512), (256,1024)], where the first item in the tuple represents the model dimension and

the second item represents the MLP’s hidden-layer dimension.

For ST, we performed many iterations of architectural search over different components, gating
operations, goal-matching functions, pooling operations, and action representations during
the development phase. We do not include these experiments here, as they led to the final
concrete ST we present in this thesis.

Implementation. We implemented all models in PyTorch and ran each experiment on a
single GPU. Runs used either an NVIDIA A10 24 GB or an NVIDIA L40S 48 GB, assigned
based on their availability in the cluster, while the numerical precision, batch size, and opti-
mization settings were kept unchanged. We used Hydra for experiment configuration and uv
for dependency management. Training metrics and checkpoints were monitored with Weights
& Biases. Detailed information on the implementation environment and softwares is provided
in Appendix A.2.2.

5.2 Performance Comparison

This section provides a comprehensive performance comparison between ST and UT on all
datasets. In some analyses, we choose a specific dataset that is appropriate for our study or

useful to test our hypothesis.

5.2.1 Overall ID and OOD Performance

Table 5.3 shows the overall performance of ST and UT for all the datasets. Each experiment
was repeated with five seeds, and we present the average accuracy and standard deviation over
completed runs. We mark a run as complete if it reaches the final curriculum rung. A run
remains incomplete if it fails to reach the training accuracy threshold of 0.9 on a curriculum

rung and therefore does not advance to the final rung within the training budget. We report
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Table 5.3: Overall accuracy comparison of ST and UT on different dataset profiles. Acc. is
the model accuracy and Comp. is the number of completed runs out of five seeds.
Accuracy entries report the mean and standard deviation across completed runs;
when only one run completed, only its accuracy is shown.

Dataset UT ST

Acc. Comp. Acc. Comp.
In-distribution (ID)
LD Easy 0.970+0.001  5/5 0.998+0.001 5/5
LD Medium 0.994 +0.007 5/5 0.999+0.000 5/5
LD Hard 0.992+0.005 5/5 0.999+0.000 5/5
Path-EC Disjoint 0992 1/5 0.893x0.008 5/5
Path-EC Convergent 0.998 +0.001 5/5 0.998+0.002 5/5
Path-EC State-Alias 0.996 +0.003 5/5 0.998+0.002 5/5
Out-of-distribution (OOD)
LD Easy 0.928 £0.002 5/5 0.985+0.006 5/5
LD Medium 0.784 +0.056 5/5 0.900+0.008 5/5
LD Hard 0.642+0.069 5/5 0.752x0.011 5/5
Path-EC Disjoint 0.950 1/5 0.897+0.03 5/5
Path-EC Convergent 0.711+0.048 5/5 0.629x0.098 5/5
Path-EC State-Alias 0.986 +0.014 5/5 0.967=x0.039 5/5

performance only over completed runs because incomplete runs have not been exposed to all
training examples. We report the number of completed runs separately to indicate how reliably
each model completes training.

The in-distribution performance of ST and UT is comparable for the logical-deduction tasks,
whereas ST consistently outperforms UT on the OOD test sets of all three datasets. The ID
performance on the Path-EC Convergent and State-Alias profiles is comparable for the two
models. For the Disjoint profile, UT performs better than ST on both the ID and OOD test
sets; however, only a single UT run was complete, whereas all five ST runs were complete.
The OOD performance of ST and UT on the Path-EC datasets tells a different story, where UT
seems to perform well on all of them. To understand the discrepancy between the two, we
perform dataset-specific analyses below.

5.2.2 Logical Deduction: LD Hard

The logical-deduction dataset measures the model’s ability to compose proofs using the available
facts and rules. We present the models’ performance on the LD Hard dataset since it provides
the widest OOD range, from 5 to 12, which can reveal where the models’ performance begins
to struggle with extrapolation. The results on LD Easy and LD Medium are available in
Appendix A.3.1.
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Figure 5.1: Depth-wise performance comparison on LD Hard. Plots report the mean and one
standard deviation across five seeds. (a) reports accuracy, and (b) reports the area
under the ROC curve.

Both accuracy and AUROC, averaged over seeds, are higher for ST at all depths. UT shows
higher variance across seeds. Importantly, the higher AUROC for ST shows that ST, on average,
has learned better class separation, especially for OOD examples, while the ID performance is

almost the same for both models.

Post-hoc analysis of best runs. Since UT shows high variance in OOD performance across
seeds, we perform a post-hoc analysis to see whether UT can achieve similar performance to
ST on the OOD test set.

(a) OOD accuracy (b) 00D AUROC
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Figure 5.2: Average performance on the OOD test set over different seeds. Small points repre-
sent individual seeds, while large markers and whiskers show the mean and one
standard deviation across seeds.
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Figure 5.2 shows that one run of UT with seed 1 performs similarly to ST on the OOD test
set, whereas almost all runs of ST perform at around the same level. It highlights that UT is a
capable architecture for solving the logical deduction task, but it is more uncertain whether it
will find a generalizable solution or not.

Performance under query substitution. To recap, the decision problems we tackle in this
work are of the form (c,, q,,), where c,, is the problem context and g, is the query. For logical
deduction, the context consists of facts and rules, and the query is a single atom. Using an
existing test example, we can generate new problems by only changing the query.

Let A, = {a,, ..., ag} be the set of unique atoms present in an example e,, = (c,,, q,,) Where
¢, = (F,, Ry,) is the problem context with facts F,, and rules R,, and g, is its query atom. Then,
let

B, =A,\ E, ={by,...,by}.

We then obtain M problems by substituting each candidate atom b; for the query:

e’ = (cnb), i€ {1, M},

Here, the context c,, remains the same while we only change the query to one of the candidate
atoms. We exclude facts from the query since positive training examples all use derived atoms
as their queries, and including facts can obscure performance on actual deduction.

For the problem e,,, we then run a forward-chaining algorithm to obtain all derivable atoms.
Let D,, = {r, ..., 1.} be the set of derivable atoms with d(r;) representing the number of steps
required to derive them. Then, we assign each e(ni) the label 1 with a depth value of d(b;) if
b; € D,; otherwise, we assign the label 0. We refer to the examples with label 1 as derivable

and those with label 0 as non-derivable.

Figure 5.3 (a) shows that ST performs consistently better than UT at identifying both derivable
and non-derivable queries. ST obtains a balanced accuracy of 96.6 + 0.8%, in contrast to
77.6 = 8.1% for UT. Also, UT shows higher performance variability across seeds.

Figure 5.3 (b) shows that for test problems with derivable queries, ST consistently outperforms
UT with lower seed sensitivity. Depths 2-4 are ID depths used for training. Even at these
depths, UT shows lower performance than ST. This means that most UT runs that previously
achieved perfect ID performance have learned less robust computations that do not transfer
well, whereas almost all ST runs transfer better to problems generated in a different way. After
depth 5, UT’s performance falls below the random accuracy, meaning that the model is biased
toward negative predictions.
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Figure 5.3: Performance comparison on test problems obtained with query substitution. (a)
Overall recall for derivable queries and specificity for non-derivable queries. (b)
Derivable query recall for each proof depth. Small points denote five independently
trained seeds; large markers or lines show the mean, and whiskers indicate one
standard deviation. ST maintains higher recall with substantially lower seed sensi-
tivity, whereas UT becomes less reliable on deeper proofs.

Convergence speed and sample efficiency. In addition to this robustness, ST and UT also
differ in how fast they converge.

Figure 5.4 shows that both architectures eventually reach a sustained balanced accuracy of at
least 90% on the LD Hard dataset. However, across five seeds, ST requires a median of 3.84
million training examples to reach this criterion, compared with 53.76 million for UT. This
corresponds to a 14-fold difference between the medians. UT also shows higher seed-to-seed
variance in performance during training. Furthermore, ST starts improving from the random
level very early on. In contrast, the performance of UT remains at a random level even after
seeing more than 2 million examples. Hence, under the current training setup, ST is more
sample-efficient than UT.

Evidence Position. When performing a T-step search with ST, we can treat the output at
any step t < T as final and perform the classification. Using the predicted logit at each step, we
define a step as a stable-positive evidence position for an example if its prediction logit crosses
the zero threshold at this time step and remains positive for the remainder of the search. This
means that the prediction at each later step also remains positive. For this analysis, we double
the number of search steps from the standard 16 steps to 32.

Figure 5.5 shows the fraction of examples with stable-positive evidence for each step. Up to
depth 7, we see a clear correlation between the problem depth and evidence position. For
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problems of depth > 8, the evidence position is more diffuse and unclear. Since we see that at
lower depths the model finds evidence earlier, it could have stopped the search process earlier
than waiting for all 32 steps, motivating the adaptive computation approach for ST.

5.2.3 Path Exact-Cover

Here, we compare the performance of ST and UT on the Path-EC datasets. We are more
interested in their performance on the Disjoint profile, which contains multiple deceptive
branches that can have different lengths.

Disjoint Profile

The Disjoint Path-EC dataset contains multiple disjoint linear paths from the source node to
the target node. We fix the number of paths to 4. In addition, we make a few of those paths
“deceptive,” where a deceptive path contains consecutive items that belong to the target cover.
So, looking from the start node, a deceptive path looks similar to a true path. For each example,
we fix the length of the deceptive path that looks valid. So, a deceptive prefix of size 1 contains
the first item on the path that belongs to the cover, and no subsequent item does. The solution
can be obtained by starting from the start node or from the target node, so to make the deceptive
paths available for both approaches, we make them symmetric. Hence, the dataset complexity
for the Disjoint profile varies along three axes: problem depth d, deceptive branch count B,
and deceptive prefix length P. This factorization allows us to understand where ST is able to
work and where it fails, and may reveal interesting things. But, it also adds complexity to the

analysis.
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Figure 5.6: Performance comparison on the Disjoint dataset. All five ST runs and only a single
UT run completed the curriculum. We include results only from completed runs
here. (a) shows accuracy, and (b) shows pair accuracy.
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Figure 5.6 shows that UT outperforms ST consistently across all depths. As the depth increases,
we observe that the performance of UT decreases, with a larger decline on OOD examples.
In contrast, ST shows a slight improvement in accuracy as depth increases. A similar trend
is visible in the pair accuracy plot as well. This suggests that ST has learned a reproducible
but lower-performing solution, whereas the evaluated UT run learns a substantially stronger
solution that degrades more under depth extrapolation.
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Figure 5.7: Pair accuracy on the Path-EC Disjoint profile by depth, branch count, and prefix
length.

Figure 5.7 presents the breakdown of the pair accuracy. The performance of both models
on B = 0 is comparable, meaning both models are able to identify the existence of a path
containing the set of items when there are no deceptive paths. For B = 1, the ID performance
of UT is very strong, with slight degradation on OOD examples as the deceptive-prefix length
increases. ST, however, shows a modest and non-intuitive pattern in which, for a fixed P,
the performance increases as we increase the depth, and for a fixed depth, the performance
first degrades and then increases as P increases. It implies that ST may be performing global
information aggregation to solve the problem, rather than a search process in which a longer
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deceptive prefix and greater depth require longer searches that generally result in degraded
representations and lower performance. For B = 2, the ID performance of UT is still strong
with degradation as the deceptive prefix length increases. ST also shows the same trend, but
with much lower overall performance.

Counterfactual path-splice negatives. For the Disjoint profile, we first generate a positive
example. Then, we obtain its paired negative example by swapping one item from the solution
path with one item from a randomly chosen edge that is not part of the solution path. To
evaluate whether ST has learned to capture statistics specific to the way we generate the
negative example, we change our approach to negative-example generation. We take the
positive example and cut the solution path into two segments at a random point. Then, we
randomly choose another path from the source to the target and cut it at the same point. This is
possible since all paths are of the same length. Then, we make crisscross connections between
the two paths. Now, the positive example and its paired negative example, which we call a
“path-splice” pair, contain the same statistics about the edges, nodes, and edge items, but only
the label changes. We also validate the label using a symbolic solver.
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Figure 5.8: True negative rate on original and path-splice negative test examples. Five com-
pleted runs were used for ST and a single run for UT.

Figure 5.8 shows that UT retains the ability to detect differently generated negative examples
better than ST. ST shows high variance in the change in performance, with some runs falling
close to random guessing. The drop increases for both models on OOD examples, but the drop
is larger for ST. This means that, although ST shows better convergence on the problem, UT’s
converged run shows a better ability to distinguish the negative examples. We hypothesize that
this might be due to the soft selection of nodes and actions, where aggregating the successors
of multiple nodes creates a state that might make it difficult to distinguish whether the node

was generated by actually accumulating the objects along the path or only through node
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aggregation. Enabling ST to filter the relevant information obtained from the action pointer
and perform a more discrete selection by annealing the selection temperature or using straight-
through Gumbel-Softmax might be appropriate for the Path-EC problem. We leave these
problem-dependent modifications for future work.

Evidence Position for Disjoint B = 0. Similar to the logical-deduction analysis, we also
evaluate whether there exists a correlation between the number of search steps and the problem
depth. We only consider the dataset with no deceptive branches, where ST performs quite well.

Distribution of stable-positive evidence steps | B=0

ID TEST | Mean probability across seeds

N 2 4 6 8 10 12 14 16
Evidence step (N = never stably positive)

00D TEST | Mean probability across seeds

N 2 4 6 8 10 12 14 16
Evidence step (N = never stably positive)

Figure 5.9: The distribution of the positions at which the prediction logits for positive examples
exceed 0 and remain above 0.

Figure 5.9 shows no apparent correlation between the step at which ST finds evidence for the
positive label and the problem depth. This provides important information about how ST might
be solving the problem as this problem can be solved with a simple greedy search in which
one can just select the edge containing an item that belongs to the cover. At the end, if the
collected items match the required items, the label is 1; otherwise, it is 0. Also, the number of
search steps required here will be equal to the problem depth, and hence the solution position
will correlate with the search steps. Since we see no evidence of this, we can infer that ST is
using a different method to identify the existence of an exact cover.

Convergent Profile

The overall performance of ST is quite poor on the Convergent profile. Here, we look in detail
at why this is the case. We would like to identify whether it is a capability problem or something
else.

Figure 5.10 (a) shows the per-depth OOD performance for each seed. In Table 5.3, the average
accuracy difference between ST and UT on the OOD test set is around 10 percentage points,
with ST at the lower end. Figure 5.10 shows the seed variability in the accuracy of ST, especially
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Figure 5.10: Per-seed accuracy and AUROC performance of ST and UT on the Path-EC Con-
vergent profile.

for depth-7 test examples. UT’s performance is more stable across multiple seeds, and hence

its average accuracy is higher.

Figure 5.10 (b) shows the depth-wise AUROC comparison. Although ST still shows high
AUROC variability at both depths, it also shows higher values. So, ST runs have greater
variation while having the capability to learn better class separation than UT in some cases.
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Figure 5.11: Class-conditional logit distributions for the best- and worst-performing ST check-
points on depth-7 Path-EC Convergent examples.

We take the ST run with 0.5 accuracy in Figure 5.10 (a) and plot its logit distribution for depth 7
in Figure 5.11. The figure shows that the worst-performing ST still retains the ability to separate
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the positive and negative examples, though the logit distribution has shifted toward negative
values, resulting in low accuracy. It also has an AUROC of 0.933, indicating that the issue is
threshold calibration rather than a lack of discrimination ability. We perform a sweep over

100% A .
Best geed at t = 0: 94.4%

___________________________________

90%

80% - Post-hoc optimum
t* = -12.73, 88.3%

70% 4

Accuracy

60% !
Trainedl t = 0
50.0%

50% o
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Figure 5.12: Performance after threshold calibration for the weakest ST seed at depth 7. At the
trained threshold ¢ = 0, accuracy is 50.0%. Selecting a threshold t* = —12.73 on
the OOD validation set increases accuracy to 88.3%, with a TPR of 92.9% and a
TNR of 83.7%. The best seed achieves 94.4% accuracy at t = 0.

the threshold values using the OOD validation set and choose the threshold with the highest
validation accuracy. Figure 5.12 shows the test accuracy obtained by changing the threshold
and indicates that we can recover accuracy to a level close to the best-performing seed after
threshold calibration.

We provide further analysis of the OOD performance of ST and UT and a detailed comparison
in Appendix A.3.4.

State-Alias Profile

The performance of ST is better than UT on the ID test set but worse on the OOD test set of
the State-Alias profile. Here, we analyze why.

Figure 5.13 shows that both ST and UT achieve top accuracy and AUROC for depth 7 problems,
while ST shows higher variability across seeds. This accuracy variability is greater for depth 8
problems, where even with a high AUROC, the accuracy is lower for some seeds. This suggests
that both ST and UT have similar discrimination ability, while ST has worse threshold transfer
to higher depth problems, resulting in lower accuracy for some seeds.

We provide a more detailed analysis of the logit distribution for each seed and the thresholding
issue in Appendix A.3.5.
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Figure 5.13: Comparison of accuracy and AUROC for ST and UT on the OOD State-Alias
dataset.

5.3 Effect of Inference-Time Computation

Search Transformer, with its iterative computation, provides an opportunity for scaling compu-
tation at inference time. We study inference-time scalability under two different frameworks:
performance under a fixed computation budget, where all examples receive a fixed search
budget, and under adaptive computation, where the model learns to allocate a search budget

to each problem instance.

5.3.1 Fixed-Step Search Budget

We take the standard ST trained for a fixed budget of 16 steps on LD Hard and the Disjoint
profile and evaluate it with search budgets ranging from 1 to 64 steps to study the effect on

model performance.

Result on LD Hard dataset. Figure 5.14 (a) shows that increasing the inference-time search
budget from 16 steps to 24 steps improves OOD accuracy consistently across all five seeds by
5.0 £ 1.36 percentage points (mean + standard deviation across seeds). Increasing the search
budget beyond 24 steps shows no noticeable improvement. From 16 to 24 steps, TPR rises by
16.0 pp, while TNR falls by 6.0 pp. Thus, the additional search shifts the prediction logit toward
the positive class. However, AUROC also improves by 3.79 pp, showing that the gain is not

only due to a threshold shift but also to improved class separation.
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Figure 5.14: ST performance for different search steps: (a) compares accuracy for ID and OOD,
and (b) shows the AUROC result.

Result on Disjoint profile. The performance on both the ID and OOD sets of the Disjoint
profile is around 0.9. Here, we study the effect of scaling the inference-time computation on
this dataset.
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Figure 5.15: Performance on the Disjoint profile across different inference-time computation
budgets.

Figure 5.15 (a) shows that the ID and OOD accuracies reach a maximum of 0.89 with a 16-step
search. We then see a slight decrease in ID performance, which reaches 0.87 at 64 steps, while
the OOD performance is more stable at larger search budgets. Unlike the LD Hard result, the
scaling shows no sign of improvement with search budgets longer than the training budget.
The Disjoint profile also did not show a correlation between evidence position and problem
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depth. We hypothesize that since ST is not using iterative computation corresponding to the
size of the graph, longer search does not provide any useful advantage.

Additional results for search step scaling are provided in Appendix A.3.2.

5.3.2 Adaptive Computation

Adaptive-computation methods generally show better extrapolation ability in the literature [3,
7]. We compare ST-Ponder with fixed-step ST on the LD Hard dataset to study the effect of
adaptive computation. We focus our evaluation on the LD Hard dataset since fixed-step ST
demonstrated a clear correlation between proof depth and evidence position; in contrast, the
Disjoint profile exhibited diffused evidence positions, making the halting less applicable. We
train ST-Ponder with a fixed budget of 16 iterations. During inference, however, we allow at
most 32 iterations where adaptive computation can result in earlier halting. ST-Ponder halts

its search process when its cumulative halting probability exceeds 0.99.
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Figure 5.16: Comparison of fixed-step ST and ST-Ponder on LD Hard. Curves show the mean
and one standard deviation across five seeds, with faint markers denoting indi-
vidual seeds. (a) compares the accuracy of ST and ST-Ponder, and (b) shows the
expected number of steps taken for each depth.

Figure 5.16 (a) shows comparable ID performance, while ST-Ponder clearly performs better
on OOD examples, especially up to depth 7. Figure 5.16 (b) shows a clear upward trend as
we increase the problem depth, suggesting that dynamic halting has learned to allocate more
compute to problems requiring multiple steps. Although the variance among seeds is high, the
average trend across them is upward. Beyond depth 8, we see that the model does not allocate
more compute, and hence the performance also drops for larger depths. The performance
difference for depth beyond 8 remains, but it mainly comes from the additional computation
beyond the 16 steps used by ST-Ponder.
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5.4 Ablation Studies

This section presents ablation studies conducted to assess the importance of various ST compo-
nents. We use LD Hard as the primary testbed. For some components, we additionally use
other datasets when the LD Hard results do not provide sufficient insights into their role. We

explain these choices in the corresponding experiments.

5.4.1 Node Selection and Action Representation

We ablate two design choices of ST: the node-selection policy and the action representation.
For node selection, we compare the default “Learned” policy against a deterministic “Newest
node” policy that always selects the most recently generated node. For action representation,
the standard ST uses a pointer into problem memory. We compare this with two alternatives:
“Latent action” and “Node only”. The latent-action variant is based on the unconstrained
action representation proposed by Nufiez-Molina et al. [22]. In our implementation, an action-
head MLP predicts this vector from the contextualized node representation produced by the
selection module. The node-only variant removes the separate action prediction and instead
uses the node representation as the input to the transition module, which predicts a successor
using cross-attention to problem encodings. Together, the six configurations test whether
learned node selection is useful, whether a separate action representation is needed, and
whether grounding that action in problem memory provides a further benefit. We train all six
configurations on the LD Hard dataset.

Table 5.4: Results of the combined node-selection and action/transition-design ablation. Per-
formance entries report the mean and standard deviation across five seeds. For
runs that did not reach the final curriculum rung, performance is taken from the
final available checkpoint. Comp. gives the number of runs that completed the
curriculum out of five.

Node policy Action In-distribution Out-of-distribution Comp.

variant
Acc. TPR TNR Acc. TPR TNR

Learned Memory 1.000 +0.000 1.000 +0.000 0.999 +0.000 0.752+0.012 0.799 £0.049 0.706 +0.025 5/5
pointer

Learned Latent 0.503 £0.004 0.558 +0.075 0.448 +0.071 0.502+0.003 0.567 +0.078 0.437+0.078 0/5
action

Learned Nodeonly  0.508 £0.007 0.434+0.149 0.582%0.147 0.501+0.07 0.434x0.161 0.567+0.153 0/5

Newest node Memory 0.999 +0.000 1.000 +0.000 0.999 +0.00 0.737+0.017 0.767 £0.066 0.707 +0.033  5/5

pointer

Newest node Latent 0.505+0.004 0.638+0.120 0.372+0.119 0.501 +0.004 0.643 +0.136 0.360+0.137 0/5
action

Newest node Nodeonly  0.543+0.006 0.528+0.052 0.558£0.053 0.532+0.003 0.677+0.052 0.387+0.055 0/5
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Only the two configurations using the memory pointer complete the LD Hard curriculum,
with all five runs completing under both selection policies. Neither the latent-action nor the
node-only configurations complete it, and their accuracies remain close to random chance.
This suggests that grounding the action in problem memory is crucial for learning LD Hard
under our training setup. Among the memory-pointer configurations, the two selection policies
achieve nearly identical ID performance. Learned selection improves average OOD accuracy
from 73.7% to 75.2%, a difference of 1.5 percentage points. Thus, LD Hard provides substantial
evidence for the memory pointer, but only limited evidence for learned node selection.

Ablating the selection policy on the State-Alias profile. The preceding LD Hard result
shows that learned selection provides only a small improvement on the OOD test set. Logical
deduction can be solved through forward chaining; therefore, it may be sufficient to expand
only the newest node. So, the State-Alias profile offers a stronger test because reaching the
same graph node via different paths may represent different states, which can make selecting

the earlier nodes potentially useful.
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Figure 5.17: Accuracy and AUROC comparison of the standard learned node-selection policy
and the newest-node policy on the Path-EC State-Alias profile.

Figure 5.17 shows similar ID performance, but the newest-node ST exhibits lower average
OOD accuracy and AUROC. Together with the LD Hard result, this indicates that the benefit of
learned selection is task-dependent. It offers only a minor improvement when a newest-node
chain is sufficient, but a larger benefit on State-Alias, where access to earlier latent nodes for

selection may be useful.

A more detailed depth-wise comparison and per-seed results are provided in Appendix A.3.6.

Learned action vector vs no separate action. Because both the latent-action and the node-
only variants failed to complete training on LD Hard, those results do not provide a meaningful
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comparison for the two action representations. We therefore repeat the comparison on LD
Medium, where both variants complete training, to determine whether a learned latent action
offers any benefit after successful learning.

Table 5.5: Ablation results comparing the latent-action and no-action variants on LD Medium.
The reference row reports the standard ST configuration over five seeds, while the
ablation rows report the mean and standard deviation over three seeds. Comp. gives
the number of completed runs.

Node policy Action In-distribution Out-of-distribution Comp.
variant

Acc. TPR TNR Acc. TPR TNR

Reference configuration (standard ST)

Learned Memory 0.999 +0.000 1.000 +0.000 0.999 +0.000 0.900 +0.008 0.864 +0.043 0.937+0.030 5/5
pointer

Ablation variants

Learned Latent 0.985+0.002 0.993 £0.001 0.976 +0.005 0.845+0.002 0.807 +0.014 0.884+0.012 3/3
action

Learned Node query 0.997 +0.001 0.997 +0.001 0.996 +0.002 0.840+0.008 0.773+0.034 0.907=+0.019 3/3
(no action)

Newest node Latent 0.993 +£0.001 0.996 +0.001 0.989 +0.002 0.846 +0.005 0.790 +0.004 0.903 +£0.006  3/3
action

Newest node Node query 0.996 +0.001 0.997 +0.002 0.994 +0.001 0.837+0.016 0.791+0.056 0.883+0.024 3/3

(no action)

All latent-action and node-only variants complete training on LD Medium. However, their
OOD performance remains similar, showing no clear advantage from learning a separate latent-
action vector. Both variants exhibit lower performance than the memory-pointer reference,
suggesting that grounding the action in problem elements is more advantageous than adding
an unconstrained action representation under our training settings.

Change in Model Parameters. The variant with Learned selection and Latent action needs
the selection module to predict the selection logit and the action vector. The selection module
without the final prediction heads has approximately 395K total parameters. The selection head
has around 100K and the action head has around 115K learnable parameters. The node-only
variant passes the search node directly to the transition module, removing the entire selection
module under the newest-node policy but only the action head under learned selection. The
learnable parameters of all ST variants trained in Table 5.4 can be computed by adding or
removing the respective components.

Together, these ablations demonstrate that the memory pointer is the most reliably beneficial
action representation considered here. Learned selection offers a marginal improvement on
LD Hard but demonstrates a clear advantage on State-Alias, suggesting that its usefulness
depends on the task being solved.
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5 Results

5.4.2 Readout Paradigm

We use the IS paradigm (Section 2.3.1) for the main experiments. This choice is motivated
by the intuition that each node can individually represent the set of proved atoms and hence
should have sufficient information for query matching. Furthermore, because we use the
LogMeanExp pooling operation, the information regarding a proved atom can exist in any
search node. Here, we study the effect that the choice of readout paradigm has on our final
results. We use the LD Hard dataset for this study. We repeat each experiment with three
seeds, and report their mean and standard deviation. We only vary the readout function while
keeping everything else fixed for all experiments.

Table 5.6: Readout paradigm ablation on LD Hard. Each entry reports the mean and standard
deviation over three training seeds.

Readout In-distribution Out-of-distribution

Acc. TPR TNR Acc. TPR TNR
IS: LogMeanExp 1.00+0.00 1.00+0.00 0.999 +0.00 0.752+0.012 0.799 +£0.049 0.706 +0.025
ES: Mean 1.00 +0.00 1.00+0.00 0.999 +0.00 0.773 +0.000 0.968 +0.019 0.578 +0.019
ES: Max 1.000 +0.00 1.00+0.00 1.00+0.00 0.776 +0.004 0.997 +0.002 0.556 +0.006

IS: LogMeanExp is an instance-space paradigm in which LogMeanExp is used for pooling the
prediction logits of individual nodes. ES: Mean and ES: Max are the mean and max pooling
operations performed using the node embeddings, which are then used with the matching

function to produce the prediction logit.

Table 5.6 shows similar in-distribution performance across all three readout variants. The Mean
and Max variants have better out-of-distribution accuracy. However, both of these variants
appear to be biased toward positive predictions, with high TPR and low TNR. Our standard
approach shows more balanced performance across the positive and negative labels. Hence, for
logical deduction, the use of different MIL learning paradigms does not seem to have an effect,
while we believe the instance-space paradigm provides a more interpretable and intuitive
readout for ST.
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6 Conclusion

In this thesis, we investigated whether structuring the latent recurrent computation in a search-
like manner offers a useful inductive bias for learning and extrapolation on structured decision
problems. Building on the conceptual ST proposal of Nufiez-Molina et al. [22], we developed a
concrete, trainable variant and compared it against a similarly sized UT on logical deduction
and Path-EC decision problems.

6.1 Summary

Across the Easy, Medium, and Hard logical deduction datasets, ST achieves average out-of-
distribution accuracy 5.7, 11.6, and 11.0 percentage points higher than UT, respectively. On
the LD Hard, ST reaches a sustained 90% validation accuracy after seeing a median of 3.84
million training examples, compared with 53.76 million for UT, meaning that UT requires
approximately 14 times as many examples under this criterion. Under query substitution, ST
maintains a balanced accuracy of 96.6 + 0.8%, in contrast to 77.6 + 8.1% for UT, which also
varies more across seeds. However, this advantage does not extend to the Path-EC problems.
Both models achieve comparable ID accuracy on the Convergent and State-Alias profiles, but
the average OOD accuracy of ST is lower by 8.2 and 1.9 percentage points, respectively. Several
ST runs nevertheless retain a high AUROC, suggesting that part of these performance gaps
can be explained by poor threshold transfer. The Disjoint profile presents a different trade-off:
all five ST runs reach the final curriculum rung and plateau at approximately 90% accuracy,
whereas only one of five UT runs reaches the final rung. That run nevertheless exceeds the ID
and OOD accuracy of ST by 9.9 and 5.3 percentage points, respectively.

The recurrent nature of ST allows us to vary its computation budget during inference. We study
this by varying the number of search steps for a fixed-step ST trained with 16 steps and by using
ST-Ponder with learned dynamic halting. On the LD Hard, increasing the fixed budget from
16 to 24 steps improves OOD accuracy by 5.0 + 1.36 percentage points, although increasing it
further does not show noticeable improvement. In contrast, increasing the budget beyond 16
steps does not improve performance on the Disjoint profile. ST-Ponder also achieves higher
OOD accuracy than the fixed 16-step model on LD Hard and allocates progressively more steps
as problem depth increases until approximately depth 7, after which the allocation saturates.
Together, these results show that additional search steps are beneficial only when the learned
computation generates useful nodes when running the search for longer.
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6 Conclusion

We ablate the node-selection policy, action/transition configuration, and readout mechanism to
identify which components contributed to the performance of ST. Compared with the newest-
node policy, learned selection provides a marginal improvement in OOD accuracy on LD Hard
but yields substantially larger gains in accuracy and AUROC on the State-Alias profile. This
suggests that its benefit depends on the structure of the task, particularly on whether access
to prior latent nodes is useful for the task. Among the action/transition configurations tested
on LD Hard, only the memory pointer variants complete the curriculum, indicating that the
standard memory-pointer configuration is important for reliable learning in our training setup.
On LD Medium, the latent-action and node-only variants perform similarly, providing no
evidence that a separate unconstrained action vector improves performance in this setting.
Finally, all readout variants achieve comparable ID performance, but the mean and max
embedded-space readouts are strongly biased toward positive OOD predictions. Thus, neither

of the two provides a uniformly better alternative to the standard instance-space readout.

Overall, the results show that ST is a viable latent recurrent architecture; however, its advantage
over UT depends on the specific task. The advantages observed on the logical deduction tasks
suggest that search-structured latent recurrence can facilitate learning and extrapolation,
whereas the Path-EC results show that this same organization does not necessarily yield
stronger solutions across various problems.

6.2 Limitations and Future Work

In this thesis, we represent a problem as a set of context vectors and a single query vector,
and we restrict the output to a binary decision. This formulation allowed us to isolate the
study of search-structured latent computation from input parsing and output generation, while
limiting our conclusions to problems whose relevant elements are already explicitly encoded.
As shown in Section A.4, an ST variant operating directly on token inputs is difficult to train
using decision labels alone, although intermediate-state supervision improves its learnability.
Future work could therefore combine ST with a learned input encoder and investigate whether
token-based training can be made reliable.

While we define the computation performed by ST as search, the current implementation
is more of a “soft” approximation of a discrete search process. At each step, all candidate
parents are expanded, assigned soft selection weights, and aggregated to create the new node.
The resulting node may therefore combine information from several candidate successors
rather than being a single discrete transition. Future work could explore harder node selection
through temperature annealing or a straight-through Gumbel-Softmax estimator. Currently,
we employ a manual action masking rule that forces the model to use a different action when
revisiting a node. Future work could instead condition the action selection on the actions
previously used for that node, allowing this retry behavior to be learned.
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A.1 Reasoning Problems

Here, we describe the benchmark datasets in detail, the configurations used to generate them,

and the approach used for encoding the problems.

A.1.1 Logical Deduction

Logical deduction consists of a set of facts, a set of rules, and a query. They are generated using
three configurations that share the same generation procedure but differ in vocabulary size,
number of facts and rules, and the range used for out-of-distribution evaluation. Table A.1
compares these configurations, and Table A.2 gives the corresponding split sizes.

Table A.1: Logical-deduction configurations used in the experiments.

Parameter LD Easy LD Medium LD Hard
Atom vocabulary size 24 32 64

Facts per example 6 10 18-24
Rules per example 8 16 28-36

ID depths 2-4 2-4 2-4

OOD depths 5 5-8 5-12

All three configurations allow one or two atoms in a rule body. A proof rule is unary (containing
a single atom in the body) with probability 0.20, whereas a distractor rule is unary with
probability 0.25. For a binary distractor (a rule body with a conjunction of two atoms), the
probability of constructing a hard-unreachable rule is 0.55. A hard-unreachable rule contains
one provable body atom and one atom that is guaranteed to be unprovable, so that the rule is

partially satisfied but cannot derive its head.

Table A.2: Logical-deduction split sizes. The datasets contain the same number of examples
for each depth and label. The OOD totals differ because the three configurations
cover different numbers of OOD depths.

Per depth
Split and label LD Easy LD Medium LD Hard
Training 4096 24576 24576 24576
ID validation 1280 7680 7680 7680
ID test 1280 7680 7680 7680
OOD validation 640 1280 5120 10240
OOD test 640 1280 5120 10240
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Problem Generation

The three configurations contain independently generated positive and negative examples; the
examples are not grouped into positive-negative families. The negative-generation procedure
is described below.

For generation, we fix an atom vocabulary, which is a list of atom strings. The atom strings do
not contain any semantic information, so they could also be generated programmatically, for
example, as a,, ... , a,, where v is the vocabulary size, without affecting the model’s performance.
An example consists of a set of facts and a set of rules. A fact is a randomly chosen atom from
the vocabulary. A rule consists of the rule body and its head. We restrict the rule body to
contain either one or two atoms, with the number chosen randomly during dataset generation.

The rule head contains a single atom.

Data generation takes a “depth” parameter, which determines the length of the proof chain from
one of the known facts to the query atom. Data generation proceeds by creating a sequential
chain of atoms from one fact to the query, both of which are chosen randomly. From the chain,
a rule is generated by using one atom from the chain and another atom randomly chosen from
remaining atom set. Since second atom choice is randomly determined, some of the rules in

the chain can have a single antecedent.

After generating the required starting fact and subsequent rules to prove the query, additional
rules and facts are added as distractors to the example. This generates the positive example.
We obtain a negative example by replacing one of the required facts with a randomly chosen
one. We generate both positive and negative examples independently, so when the negative is
obtained by replacing the fact, the original positive example does not get added to the example
set. This is different from the approach we take for Path-EC, where a positive example and its
counterfactual negative are generated together and added to the same dataset split.

Input Encoding

The logical deduction problem consists of facts, rules, and a query. We encode each of them as
a rule-like object. A fact has an empty body and stores its atom in the head field, whereas a

query additionally activates a query flag.

Let A — cbe arule where A C V and 1 < |A| < 2. All atoms come from a fixed-size ordered
vocabulary V. We encode each object using two vocabulary-sized vectors, one for the body and
one for the head, followed by a binary query flag.

Rule Body is encoded as a multi-hot vector where the position i is set to 1 if the i atom is in
the body: a; € A. Rule Head is encoded as a one-hot vector where the position of the head
element is set to 1.
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We concatenate the rule-body vector, rule-head vector, and query flag to obtain a feature vector
of dimension 2N,, + 1. For facts and queries, the rule body is a zero vector and the rule head
contains the one-hot vector of the corresponding atom. The query flag is one only for the query
object.

Example ordered vocabulary V = (a, b, c,d)
Body Head Query
multi-hot (N,) one-hot (N,) bit(1)

a b ¢ d a b c¢ d

Fact b —lloloflofofo|l1|[o|o]l o]

Rule anc—d—||1]|o|1]offo|ofo|1]o0]]

Query d —llololojofoflofof1]f1]]

Feature dimension: N, + N, +1 =2N, +1

Figure A.1: Feature encoding of logical-deduction objects for the ordered example vocabulary
V = (a, b, c,d). The body block is multi-hot, the head block is one-hot, and the
final scalar marks the query object. Facts and queries have empty bodies. For a
vocabulary of size N,, each feature vector has dimension 2N, + 1.

Example Problems

The following examples show one positive and one negative LD Hard problem at generation
depth 2 in the human-readable representation produced by the generator. These are two
independently generated examples rather than two members of the same family. The model
receives the vector encoding described above. After each example, we show only the rules
relevant for determining its label.

Positive example.
Facts: busy, tender, proud, blushing, witty, fearless, tense, innocent, crowded,
foolish, worried, horrible, mysterious, amused, disobedient, bright, wrong,
alert, helpful, sincere, frightened, mean, zealous

Rules:

condemned -> weary

friendly -> naughty

worried and disobedient -> strange
busy and naughty -> comfortable
victorious -> talented

good and rude -> glamorous

witty and foolish -> pessimistic
diplomatic and crowded -> troubled
worried -> frantic

versatile and frightened -> perfect
lucky and fearless -> curious
loving and disobedient -> diplomatic
perfect and rude -> fancy
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attentive and frightened -> shy
curious and wrong -> elated
friendly and hypocritical -> muddy
mysterious and tender -> victorious
alert and hypocritical -> aggressive
strange and alert -> condemned
foolish and crowded -> lucky

bright and alert -> cruel

wrong -> lonely

alert -> joyous

bright -> bad-tempered

blushing and foolish -> friendly
stormy and rude -> modern

blushing and lucky -> easy

alert and bright -> hurt

sincere -> elegant

helpful and powerful -> fine

Query: easy Label: 1 Generation depth: 2

Here, foolish, crowded, and blushing are facts. The query is therefore derived using two

rule applications:

foolish A crowded — lucky,

blushing A lucky — easy.
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Negative example.
Facts: disobedient, crowded, lonely, easy, tense, condemned, loving, frightened,
victorious, naughty, mysterious, aggressive, curious, cruel, amused, muddy, shy,
modern, busy, fancy, horrible, hilarious, bright

Rules:

glamorous and frantic -> weary
innocent and hilarious -> elated
strange -> zealous

foolish and curious -> pessimistic
fearless and frantic -> tender
bright -> bad-tempered

talented -> jittery

friendly and easy -> elegant
mysterious -> helpful

bad-tempered and cruel -> attentive
bright and friendly -> mean
strange and busy -> foolish
worried and powerful -> sincere
aggressive and horrible -> proud
cruel -> quaint

modern -> glamorous

rude and hilarious -> wrong

shy and innocent -> fearless

witty and hurt -> lucky

modexrn -> good

foolish and naughty -> comfortable
comfortable and proud -> stormy
strange and lonely -> troubled
alert and attentive -> witty
loving and powerful -> hypocritical
diplomatic and mysterious -> hurt
joyous and rude -> blushing

lonely -> fine

innocent -> talented

condemned and versatile -> perfect

Query: pessimistic Label: @ Generation depth: 2

The query rule requires both foolish and curious. Although curious and busy are facts,
strange is neither a fact nor the head of another rule. The two relevant rule applications are

therefore blocked in sequence:

strange unavailable = foolish not derived = pessimistic not derived.

A.1.2 Path Exact-Cover Problem

The goal of the Path-EC dataset is to test the graph-traversal capability of ST. The dataset follows
a specific structure shown in Figure 2.3. The Path-EC benchmark contains three profiles that
test different structural requirements. They are not intended to form an ordered difficulty

hierarchy.
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Disjoint profile. The Disjoint profile has three parameters that control the task structure.
The fixed parameter K is the number of paths that lead from the source to the target vertex.
The other two parameters, B (branching) and P (prefix length), are varied to obtain different
conditions.

Deceptive Branches (B) denotes the number of deceptive branches that originate from both
the source and target nodes and contain valid items in their paths up to the path length of P.
This generation is symmetric, so if there are B deceptive paths, each with P valid prefix items,
from source to target, the example has the same number of deceptive branches and the same
prefix size from the target node. This prevents the model from using a shortcut by choosing
whether to perform the graph search from the source or target depending on the location of
the deceptive branch.

Total Decoy Paths (K) is fixed and denotes the number of decoy paths from the source to the
target, in addition to the witness path. For a given value of B, there are B deceptive paths in
each direction and therefore 2B deceptive paths in total. The remaining K — 2B paths contain
only items outside the target set and can be rejected immediately. In contrast, a deceptive path
initially contains valid items, so the model may need to explore it before returning to an earlier
search state.

Convergent profile. In the Disjoint profile, all K paths are disjoint, so there is no edge
linking any two paths. The Convergent profile instead contains paths that can diverge and later
converge within the graph. We keep the problem simple by setting P = 1, so that each internal

deceptive branch has exactly one target-set item before it can return to the witness path.

State-Alias profile. This profile specifically tests “alias” states. An alias state is a state that
can be reached from the source or target, where both paths contain valid items up to this point.
After this, one of the paths is invalidated because it contains a repeated item between this node
and the goal. The task therefore requires tracking not only the visited graph node but also the
items covered so far.

Problem Generation

The configurations used for the reported Path Exact-Cover datasets are shown in Table A.3.
Table A.4 gives the corresponding split sizes.

The problem generation approach directly follows from the problem structure, where we
randomly sample the edge labels (items) and vertex labels and construct a graph with specific
properties, where the locations of deceptive paths, items, and alias paths are chosen randomly.

Families never cross dataset splits. The Disjoint profile uses master seed 2102, whereas the
Convergent and State-Alias profiles use master seeds 2103 and 2104, respectively.
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Table A.3: Configurations used to generate the Path Exact-Cover benchmark profiles. Here, D
is the target-set size and the required path length, K is the number of decoy paths, B
is the number of deceptive paths in each direction, and P is the length of a deceptive
path’s valid segment.

Profile Controlled structure ID depth OODdepth K B P

Disjoint, B=0 Root-to-goal decoy paths without 3-6 7-8 4 0 0
deceptive alternatives

Disjoint, B=1 Root-to-goal decoy paths with one 3-6 7-8 4 1 0,...,D-1
deceptive path in each direction

Disjoint, B=2 Root-to-goal decoy paths with two 3-6 7-8 4 2 0,..,D-1
deceptive paths in each direction

Convergent Decoy paths that diverge and con- 4-6 7-8 4 2 1
verge within the witness path

State-Alias Different collected-item sets 3-6 7-8 - - -

reach the same graph node

Table A.4: Path-EC split sizes. Each family contains one positive example and its paired coun-
terfactual negative, and therefore contributes two examples. The two per-depth
columns apply to every profile; the profile columns report the total number of ex-
amples across the corresponding depth range. The three Disjoint conditions are
combined when training the single Disjoint model.

Families Examples Disjoint Disjoint Disjoint State-
Split per depth perdepth B =0 B=1 B =2 Convergent Alias
Training 600 1200 4800 4800 4800 3600 4800
ID validation 240 480 1920 1920 1920 1440 1920
ID test 480 960 3840 3840 3840 2880 3840
OOD test 448 896 1792 1792 1792 1792 1792

Input Encoding

Here, we present the approach we took to translate the path exact-cover problem from the
directed graph to a set of elements. We achieve this by encoding the graph as a set of edge
objects followed by one query object. For a given maximum number of nodes N,, and maximum
number of items N;, we concatenate the current-or-goal, item, edge-source, edge-destination,
and query-start vectors in this order. The four node vectors have size N,,, whereas the item
vector has size N;, giving a total feature dimension of 4N,, + N;.

For an edge u 5 v, we activate item c, source node u, and destination node v; the remaining
blocks are zero. For a query with start node s, goal node ¢, and target item set C, we activate ¢
in the current-or-goal block, every item in C, and s in the query-start block. The edge-source
and edge-destination blocks are zero for the query. Thus, the item block represents the edge
label for an edge object and the target item set for the query object. When representing a search
state, the first two blocks instead store the current node and the items collected so far.
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Ordered nodes V,, = (s, t); items V; = (a, b)
Current/ Item Edge Edge Query
goal bits source target start
N, N; N, N, N,
s t a b s t s t s t

Edgesit =llolo|l1]off1|of|lo|1]|][ofo]]

Query (s,t,{a}) —[{o|1||1]|o||lo|o||lo|o|[1]|0]

Feature dimension: N, + N; + N, + N, + N, =4N, + N;

Figure A.2: Feature encoding of a Path-EC edge and query for the ordered node vocabulary

a
V, = (s,t) and item vocabulary V; = (a,b). The edge s — t activates its item,
source, and target positions. The query (s, t, {a}) activates the goal, target-item, and
query-start positions. Each feature vector has dimension 4N,, + N;.

Example Problems

Figures A.3 and A.4 show one small generated family for each Path-EC profile. Each family
contains a positive example and its solver-verified counterfactual negative. For readability, the
generated item identifiers are renamed to letters; the graph structure and the counterfactual
label exchange are kept unchanged.
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Profile Positive - y =1 Counterfactual negative - y = 0
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Figure A.3: Path-EC Disjoint example families at depth D = 3. In each row, the negative
example is obtained by exchanging the two labels highlighted in yellow. This keeps
the graph structure, query, and global item counts fixed but removes the exact-cover
witness. Increasing B replaces immediately rejectable decoy paths with paths that
begin or end with target items.
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Profile Positive - y =1 Counterfactual negative - y = 0
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Figure A.4: The Convergent profile (top row) introduces alternative decoy paths that diverge
from and later converge with the witness path. The State-Alias profile allows
different valid collected-item sets to reach the same alias node v, shown with a
double outline. Therefore, the current graph node alone is not sufficient to describe
the search state; the state also requires the cover up to this point. In each row, the
right panel is obtained by exchanging the two labels highlighted in yellow and is
the solver-verified counterfactual negative of the example on its left.
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A.2 Supplementary Experimental Setup

A.2.1 Model Configuration

Both ST and UT take a sequence of multi-hot feature vectors as input. The feature dimension
depends on the dataset and its vocabulary size. For logical deduction, the feature dimension for
an atom vocabulary of size N, is 2N, + 1. For Path-EC, let N; be the size of the item vocabulary
and N, the size of the node vocabulary. The feature dimension is then 4N,, + N;. For all models,
we have a linear feature projection that maps a feature vector of any dimension to a predefined
model dimension. The input dimension and the feature projection used by ST and UT are
available in Table A.5.

Table A.5: Input feature dimensions and their projection into the latent model space. Both

architectures use the same input features and a bias-free linear projection; only the
output dimension of the projection differs.

Dataset Input dimension ST projection UT projection
LD Easy (N, = 24) 49 R - R192 R4 — R384
LD Medium (N, = 32) 65 RS — R192 RS — R384
LD Hard (N, = 64) 129 R129 - R192 R129 — 384
Path-EC profiles (N,, = 40, N; = 16) 176 R176 — R192 R176 — R384

After the input projection, ST uses a latent dimension of 192 and an MLP hidden dimension of
512, whereas UT uses a latent dimension of 384 and an MLP hidden dimension of 1536. The
fixed and adaptive variants of each architecture across all datasets retain these dimensions.

Tables A.6 and A.7 summarize the main model parameters.

Table A.6: Main model parameters used for ST and ST-Ponder. Both variants use the same
configuration, except for the additional halting head used by ST-Ponder.

Parameter Value
Latent model dimension 192
MLP hidden dimension 512
Expansion-controller layers 1
Attention heads 8
Key/value dimension per head 32/32
Action-pointer heads 8
Action-pointer key dimension 32
Transition and readout hidden dimension 512
Activation function SiLU
Dropout 0
Positional encoding None
Ponder halting-head hidden dimension 512 (ST-Ponder only)

A.2.2 Implementation Environment

Table A.8 shows details of the environment used for implementation.
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Table A.7: Model parameters used for UT.

Parameter Value
Latent model dimension 384
MLP hidden dimension 1536
Shared Transformer layers 1
Attention heads 8
Key/value dimension per head 48/48
Activation function SiLU
Dropout 0
Positional encoding None

Table A.8: Software and hardware environment used for the experiments.

Component Configuration

Framework PyTorch 2.10, built with CUDA 13.0
Python 3.11.14

Operating system Ubuntu 22.04.5 LTS

GPU model NVIDIA A10 24 GB or NVIDIA L40S 48 GB
Number of GPUs 1

Experiment configuration Hydra 1.3.2

Dependency management uv 0.9.11

Training monitoring Weights & Biases 0.24.2

Data processing and analysis  pandas 3.0.0

Figure generation

Reproducibility

Matplotlib 3.10.8 and Seaborn 0.13.2

Seeds are specified, and deterministic settings are enabled. Experiments
with N seed runs use seeds 0,1, ...,N — 1.
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A.3 Supplementary Experimental Results

This section provides supplementary experimental results for Chapter 5.

A.3.1 Depth-wise Logical-Deduction Results

This section supplements the LD Hard analysis in Chapter 5 with depth-wise results for the
LD Easy and LD Medium configurations. The figures compare the fixed-computation variants
of ST and UT.

(@) Accuracy (b) AUROC
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O
=
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—
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Proof depth Proof depth

Mean *+ 1 SD; faint points are individual seeds
== ST == UT

Figure A.5: Depth-wise accuracy and AUROC on LD Easy.

Figure A.5 shows that both models achieve very high accuracy at ID depths, while ST outper-
forms UT at the OOD depth 5 in both accuracy and AUROC. In addition, ST shows lower seed
variance than UT, indicating better learning stability with ST.

Figure A.6 shows that both architectures perform well on ID test examples, with ST showing
slightly better performance at higher depths. At OOD depths, ST clearly shows better average
performance across seeds with low seed variability. ST also achieves higher AUROC consistently
across depths, indicating stronger class separation that transfers to the OOD depths.

A.3.2 Additional Fixed-Budget Results for LD Hard

Figure A.7 shows that longer search generally improves model performance. For depths greater
than 7, we see that more search does not really improve the performance. Figure A.7 shows an
overall performance improvement when increasing the search budget from 16 to 24 steps. We
plot the logit distributions of these two search budgets in Figure A.8. It shows a shift in the
logit distribution of positive cases. This means that the model has been able to identify more
positive examples with very few false negatives.
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Figure A.6: Depth-wise accuracy and AUROC on LD Medium. The curves report the mean
and one standard deviation across five seeds. Proof depths 2-4 belong to the ID
test set, whereas depths 5-8 belong to the OOD test set. The horizontal dotted line
indicates chance accuracy.

A.3.3 Additional Fixed-Budget Results for Path Exact-Cover

Figure A.10 shows the logit distributions on the OOD test sets for each run. For depth 7, the
model has consistently high AUROC, so it has retained the ability to distinguish the two classes.
The AUROC for depth 8 has decreased significantly, indicating the loss of distinguishing
ability between the two classes. However, one seed (seed 0) retains a high AUROC for depth 8,
indicating that ST can retain class discrimination while still having an issue with threshold
calibration for OOD examples.

A.3.4 Seed Sensitivity on the Convergent Profile

Figure A.11 shows that UT consistently transfers its classification threshold to depth 7 and also
shows better class discrimination at depth 8 for most seeds. However, as a post hoc analysis,
Figure A.10 shows that the best-performing ST runs have a higher AUROC than all UT runs:
seeds 0 and 1 at depth 7, and seed 0 at depth 8. This further highlights that ST, though capable
of learning a generalizable discrimination function, often struggles to transfer the matching
function responsible for predicting the classification logit to problems not seen during training.
We consider learning a generalizable matching function (node classifier) to be future work.

A.3.5 Additional Per-Seed Results for the State-Alias Profile

Table A.9 provides a detailed performance comparison on the State-Alias profile. Overall, ST
shows higher AUROC scores for both OOD depths, while its lower average accuracy results

84



A Appendix

Proof depth training budget

100.0% 100.0% 100.0%

100.0% = 100.0% 100.0%

ID test

100.0%

100.0%

100.0%

100.0%

99.9%

100.0%

100.0%

99.8%

50.0% 50.0% 50.0% 56.5%

50.0% 50.0% 50.0% 55.6%

00D test

8

12
Fixed search budget (expansions)

16 24

32

48 64

100%

80%

60%

40%

Mean test accuracy across seeds

20%

0%

Figure A.7: Heatmap showing the model accuracy when evaluated at different search budgets

24 expansions

for each problem depth.

(a) 16 expansions (b)

i)

2

$ 0.2 1

©

2

5 0.1

@®©

Q

o

a

0.0 i T T ; T T T
-20 -10 0 10 20 -20
Output logit

OOD test | mean = 1 SD across seeds
- Negative examples

~10
Output logit

- Positive examples

10

20

Figure A.8: LD Hard output-logit distributions at different search-step budgets.

85



A Appendix

Path depth training budget

100%

il 50.0% 1% 100.0% 100.0% 100.0% = 99.9% 99.9% 99.9% 99.9%

80%

50.0% 98.5% 99.7% 99.7% 99.7% 99.7% 99.6% 99.5%

ID test
w

60%

99.6% 98.7%

(@ 50.0% 50.8% 88.8% 99.7%

40%

7 IEXA

Mean test accuracy across seeds

20%

00D test

8 50.7% 53.3% 52.2% 51.5% 51.0% 50.7% 51.2% 51.8% 52.1%

0%
1 2 4 8 12 16 24 32 48 64
Fixed search budget (expansions)

Figure A.9: Path-EC Convergent accuracy by path depth and search-step budget.

Seed 0 Seed 1 Seed 2 Seed 3 Seed 4
: 0.25 i i ] H H
AUROC 0.983 : AUROC 0.998 : 0.16  AUROC 0.942 : AUROC 0.932 : 016 AuROC 0.859
0.10 H ' ' '
' ' 0.14 ' 0.20 ' 0.14
: 0.20 : : :
0.08 : : 0.12 : : 0.12
- : 015 : 0.10 : 015 H 0.10
2 H H H H
£7 0.06 ! 1 H
g5 ! 0.08 : : 0.08
ee 0.10 : i 0.10
0.04 : : 0.06 : 0.06
f 0.04 : 0.04
0.02 0.05 : 0.05
0.02 : 0.02
0.00 0.00 0.00 » 0.00 0.00
0.175 H . H N H L i
AUROC 0.921 : 035 auroc 0576 : 020 AUROCO0.699 : 035 auroc 0.591 : 0175 AUROC0.698
0150 0.30 ’ ' 0.30 :
: : 0.150
0.125 0.25 \ H
0.15 H 025 H
©2 00 : : 0125
2o 0.20 H 0.20 H
gg : : 0.100
88 o075 015 010 ] 015 ! 0.075
0.050 0.10 : 0.10 :
0.05 ' : 0.050
0.025 0.05 ' 0.05 : 0.025
0.000 0.00 0.00 . 0.00 0.000
-20 -10 0 10 -20 -0 0 10 -20 -10 0 10 -20 -0 0 10 -20 -10 0 10
Output logit Output logit Output logit Output logit Output logit

Dashed vertical line: trained decision threshold
0 Negative label [0 Positive label

Figure A.10: Class-conditional output-logit distributions of individual ST seeds across the OOD
depths of the Path-EC Convergent profile.

from a threshold-transfer issue. This is evident in the seed 3 ST run, where even with an almost
perfect AUROC, the accuracy is only 84.4%, which makes the average lower.
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Figure A.11: Class-conditional output-logit distributions of individual UT seeds across the
OOD depths of the Path-EC Convergent profile.

Table A.9: Per-seed OOD performance of ST and UT on the Path-EC State-Alias profile. Each
depth contains a balanced test set of 896 examples.

Run Examples ST UT
Depth Seed Total Positive Negative Acc. AUROC Acc. AUROC
7 0 896 448 448 0.996 1.000 0.992 0.996
7 1 896 448 448 0.999 1.000 1.000 1.000
7 2 896 448 448 1.000 1.000 0.978 0.989
7 3 896 448 448 0.967 0.999 0.990 0.996
7 4 896 448 448 0.981 1.000 0.991 0.999
8 0 896 448 448 0.981 0.997 0.990 0.994
8 1 896 448 448 0.993 1.000 1.000 1.000
8 2 896 448 448 0.988 1.000 0.948 0.976
8 3 896 448 448 0.844 0.997 0.987 0.998
8 4 896 448 448 0.920 0.964 0.984 0.998
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A.3.6 Node-Selection Ablation on the State-Alias Profile

Figure A.12 shows that both the accuracy and AUROC of newest-node ST are lower on average
for all OOD depths while being close in ID. At depth 7, the accuracy is lower, but the AUROC
for some seeds seems to match that of ST with learned selection, although the variance is high.
For depth 8, some seeds retain high class separation, but their performance is still below that
of ST with learned selection. The variance for newest-node ST is higher across all depths.
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Figure A.12: Depth-wise test performance of the learned node-selection policy and the newest-
node policy on the Path-EC State-Alias profile. Panels report (a) accuracy and (b)
AUROC for ID depths D = 3-6 and OOD depths D = 7-8. Small markers show
individual seeds, while large markers and error bars show the mean and sample
standard deviation across five seeds.
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Table A.10: Per-seed OOD performance of the learned and newest-node selection policies on
the Path-EC State-Alias profile. The variants differ only in their node-selection
policy; both use the memory-pointer action representation. Each depth contains
896 examples, balanced between the two labels. All metrics are reported on a 0-1
scale.

Run Learned selection Newest-node selection

Depth Seed Acc. AUROC TPR TNR Acc. AUROC TPR TNR

7 0 0996 1.000 0.998 0.993 0.945 1.000 1.000 0.891
7 1 0999 1.000 1.000 0.998 0.931 0.999 0.864 0.998
7 2 1.000 1.000 1.000 1.000 0.866 0.999 0.732 1.000
7 3 0967 0.999 0.998 0.935 0.961 0.998 0.922 1.000
7 4 0981 1.000 1.000 0.962 0.980 0.997 0.984 0.975
8 0 0981 0.997 0.998 0.964 0.688 1.000 1.000 0.375
8 1 0993 1.000 0.989 0.998 0.512 0.668 0.025 1.000
8 2 0988 1.000 1.000 0.975 0.500 0.599 0.000 1.000
8 3 0844 0.997 1.000 0.688 0.550 0.714 0.100 1.000
8 4 0920 0964 0.915 0.924 0.730 0.871 0.484 0.975

Table A.10 provides a per-seed breakdown of performance for OOD depths 7 and 8. We see
that seed 0 retains high AUROC for both OOD depths, whereas the other seeds show poor
performance in both accuracy and AUROC. So, newest-node ST could learn a generalizable
solution, but on average, it performs worse than the learned selection.

A.4 Search Transformer with Token Inputs

This section presents our preliminary study using a Search Transformer architecture closer to
that proposed by [22]. This preliminary study motivated changes to the ST architecture, such
as the action pointer and readout pooling, as well as to the task representation, which uses a
vector encoding of the problem instead of a tokenized problem description.

A.4.1 General ST Architecture

We refer to the architecture used here as general ST. This architecture is much closer to the
conceptual formulation given by Nufiez-Molina et al. [22]. The standard ST architecture used
in this thesis can be seen as a specialization of this general ST through the following changes:

1. Defining the action as a memory pointer.
2. Simplifying the transition module using an MLP with a gated update.
3. Generating output with a pooling operation rather than with an output transformer.

Action definition. The general ST keeps latent action definition that is predicted by the

Expansion Transformer along with the selection logit. Expansion transformer is analogous to
our selection module where in addition to the selection logit, it also predicts an action vector
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for each search node. So, we obtain Expansion transformer by augmenting selection module
with an action head that utilizes the contextual representation of each node to predict action.
So the selection logit head and action head use the same contextualized representation but
predict two different quantities.

Transition Component. We adopt the standard transition transformer, which takes the
concatenated state—action representation as input. This representation attends to the input
tokens and is updated to obtain the successor node. This is the standard Transition Transformer
from [22], so we refer to the proposal paper for more details.

Output Generation. The output transformer from [22] can generate outputs autoregressively.
Since we solve a decision problem, we generate a single output with two possibilities. The
output transformer takes the [CLS] token as input and outputs the classification logit. We
concatenate the input with the generated search nodes and provide this sequence, together
with the final [CLS] token, to the output transformer.

A.4.2 Model Configuration

All three components of general ST are standard Transformers. ET is defined as a stack of self-
attention, cross-attention, and MLP layers. It takes search nodes as input to self-attention and
input embeddings as input to cross-attention. TT uses cross-attention only, where node-action
pairs are provided as input and can attend to the problem tokens. OT is a standard Transformer
decoder.

A.4.3 Dataset

We use a simplified logical-deduction task. Each problem contains a single known fact, and
every rule is a unary implication a — b. The task is therefore equivalent to reachability in a
directed graph, where the fact is the start node and the query is the target node. We call this
the linear-deduction dataset as the proof paths are linear from source to target. Table A.11
shows the dataset properties and split sizes.

Table A.11: Dataset configuration and split sizes of the linear-deduction dataset.

Property or split Depths Value
Atom vocabulary - 24
Facts per problem - 1
Unary rules per problem - 1-8
Training examples 1-4 16,384
ID test examples 1-4 4,096
OOD test examples 5-6 10,240

The following is one example:
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Facts: stormy

Rules: stormy -> wrong
aggressive -> tense
wrong -> aggressive
diplomatic -> cruel
frightened -> helpful
tense -> glamorous
cruel -> jittery
jittery -> frightened

Query: glamorous
Label: 1
Generation depth: 4

The label and generation depth in the above example are metadata provided only for illustration,

and the model does not have access to them.

We represent this problem as a sequence of tokens as follows:

[FACT] stormy [END]

[RULE] stormy [IMPLIES] wrong [END]
[RULE] aggressive [IMPLIES] tense [END]
[RULE] wrong [IMPLIES] aggressive [END]
[RULE] diplomatic [IMPLIES] cruel [END]
[RULE] frightened [IMPLIES] helpful [END]
[RULE] tense [IMPLIES] glamorous [END]
[RULE] cruel [IMPLIES] jittery [END]
[RULE] jittery [IMPLIES] frightened [END]

[QUERY] glamorous [END]

The main difference from the standard task formulation is that the inputs are not encoded as
vectors, but rather provided as a sequence of tokens to the learnable embedding layer.

A.4.4 Training Objective

We use the standard task-level training objective defined in Section 4.5.1 for the control experi-
ment. We also consider intermediate-state supervision, which we describe in this section.

Intermediate-State Supervision

In many problems, it might be possible to obtain intermediate states that need to be reached
when solving a problem. In such cases, we can add an auxiliary supervision signal by training
ST to generate search nodes that represent those intermediate states. The advantages of
this approach include better convergence due to the additional learning signal and more

interpretable search nodes.
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Generating intermediate supervision targets. For each positive example, we use a sym-
bolic solver to recover the shortest ordered proof chain from the initial fact to the query. If
the shortest proof depth of the query is d, the chain contains d + 1 atoms: the initial fact
followed by the atom derived after each of the d rule applications, where the final atom is the
query. We use these atoms in their derivation order as the intermediate supervision targets.
Since negative examples do not have a proof chain for the query, we train them with only the

task-level classification objective.

Projection into a shared representation space. Let A, = [ay,...,q,,] be the ordered list
of intermediate target atoms. For each target a;, we obtain its embedding e; = E(q;) using the
same embedding layer as the input tokens. Since the target embeddings and search nodes may
exist in different representation spaces, we use two learned linear layers to project them into a
shared matching space and compute their matching cost using negative cosine similarity:

T

cle;,n;) = —————» z; = Wee; + by, s; = Wyn; + by,
IZill21551l2

where W,, W, € R%m*dm and b,, b, € R%m are learnable parameters. Both projections preserve
the model dimension d,,. z; is the projected target representation and s; is the projected

search-node representation.

Greedy Monotonic Assignment. We use a greedy monotonic assignment algorithm where
we choose best matching search nodes for each intermediate state greedily. We also experi-
mented with the Hungarian matching algorithm, but we are not including it here as the simple
monotonic matching provides similar convergence while providing faster computation. The
matching preserves the given state order across the generated nodes, such that a state occurring
later in the derivation is matched only to a node generated after those matched to earlier states.
Let j; denote the index of the node matched to z;, with j, = 0. We sequentially assign each
intermediate state to the closest available node as

ji= arg min c(z;, ng), i=1,..,m,
ke{ji_1+1,...,T—m+i}

where ties are resolved by selecting the earliest node. The upper bound T — m + i reserves

enough nodes for the remaining intermediate states. Consequently,
I1<h<jp<<jm<T,
and the matched nodes are given by

Mint = [njl’ veey njm].
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Auxiliary objective. Given the matched nodes M;,, = [y, ..., ], Where y; = n;,, we
define the auxiliary loss as

m

1
'Cint(ZintaMint) = E Z C(Zi’lui)' (Al)
i=1

Combined objective. For the fixed-step experiments considered here, the task and

intermediate-state objectives at training step t are combined as
L(t) = £task + lint(t)Lint’ (AZ)

where L, is the final binary classification loss and 4;,/(f) € R controls the weight of the
auxiliary loss. We initialize A;,(0) = 1.0 and anneal it to 10~ over the first 8,000 training steps.
We then keep it fixed at 10~ for the remaining training steps.

A.4.5 Results

We compare the performance of general ST with and without intermediate-state supervision.
In addition, we also train a similar sized UT as a diagnostic measure. The UT here does not
use intermediate-state supervision, so its equivalent comparison is with the general ST with

only the task level supervision.

Table A.12: Performance comparison of ST, ST with state supervision, and UT on the linear-
deduction dataset with token inputs. Each entry reports the mean and standard
deviation over three training seeds. Comp. denotes the number of runs reaching
the final curriculum rung out of three.

Model In-distribution Out-of-distribution Comp.
Acc. AUROC Acc. AUROC

UT 1.0+0.0 1.0+0.0 0.998 +0.002 1.0+0.0 3/3

ST 0.519+0.017 0.541+0.022 0.503+0.007 0.492 +0.025 0/3

ST (with state supervision) 0.985+0.012 0.999 +0.001  0.873+0.105 0.989 +0.014 3/3

Table A.12 shows that UT reliably learns the task using only decision label supervision, achiev-
ing near-perfect ID and OOD performance across all three runs. In contrast, the general ST
remains close to chance in both accuracy and AUROC, and none of its runs reaches the final
curriculum rung. Adding intermediate-state supervision substantially changes its learnability:
all three runs complete the curriculum and achieve an ID accuracy of 98.5 + 1.2% with an
AUROC of 0.999 + 0.001. Its average OOD accuracy falls to 87.3 + 10.5% and AUROC to
0.989 + 0.014, showing high variance in accuracy across seeds. The three state-supervised ST
runs achieve OOD accuracies of 75.14%, 93.7%, and 92.9%, and AUROC:S of 0.99, 0.97, and
0.99, respectively. This shows that intermediate-state supervision can produce solutions with
strong OOD class separation, while accuracy is not reliable across seeds.
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We treat this as a preliminary experiment, rather than a direct comparison with the main
findings, because it uses a simplified dataset and solver-generated intermediate targets. Never-

theless, these results suggest that intermediate-state supervision is a promising approach for
improving the learnability of ST.
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