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Abstract

Description logics are knowledge representation formalisms with applications in areas includ-
ing generalized planning. This thesis studies the synthesis of description logic formulas from
examples using both symbolic and neural methods.

First, it presents a general symbolic algorithm for constructing description logic formulas in
the form of decision lists. It also introduces an encoding that links description logic to B-RASP.
The main contribution is a novel neural architecture, Neural Description Logic Machines
(NDLM), designed to operate on description-logic-structured data represented in terms of
concepts and roles. NDLMs are trained in a supervised manner and can process inputs of
arbitrary size. In addition, the expressivity of a class of NDLMs is shown to be exactly captured

by a corresponding description logic.

Both the symbolic approach and the NDLM architecture are evaluated on the 1D-ARC bench-
mark, a one-dimensional simplification of the ARC challenge, where both solve a majority
of the tasks. The thesis also formulates action model learning from potentially incomplete
state-action transition sequences as a description logic synthesis problem. NDLM:s successfully
represent the action dynamics in several domains and generalize to larger instances than those
seen during training. Further experiments on additional description logic synthesis tasks
highlight both the capabilities and limitations of the approach.
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1 Introduction

Learning logical classifiers or formulas from examples is a long-standing problem in artificial
intelligence, particularly in the subfield of Inductive Logic Programming (ILP), and it also
arises in the context of planning. In planning, data is often represented in terms of logical
predicates, for example in STRIPS-style representations. Description logics (DLs) [1] provide a
principled framework for representing knowledge in such formalisms and offer a favorable
trade-off between expressive power and computational tractability. In particular, DLs have
been successfully applied to learning generalized policies in planning domains [2]. However,
the combinatorial explosion of possible formulas typically restricts symbolic approaches to
formulas of relatively low complexity. Neural approaches, on the other hand, can learn more
complex formulas but often lack interpretability and may require large amounts of data.

This thesis explores the problem of synthesizing description logic formulas from a small number
of examples. First, a symbolic enumerative approach is presented that searches for DL-formulas
within a fixed hypothesis space that are consistent with the provided examples. Due to the
combinatorial growth of the hypothesis space, this approach is inherently limited to formulas
of low complexity. To overcome this limitation, neural approaches are considered.

A construction is presented that translates arbitrary DL-formulas into programs in the Boolean-
Restricted Access Sequence Processing Language (B-RASP) [20]. B-RASP has been shown to
be expressively equivalent to masked hard-attention transformers. However, this translation
appears impractical as the number of layers of a corresponding transformer would grow rapidly,
which motivates a more direct neural approach.

The main contribution of this thesis is a neural architecture called Neural Description Logic
Machines (NDLM) that separates data into concepts and roles and operates on these distinct
tensors in a manner that mirrors the evaluation semantics of description logics. The resulting
architecture is capable of representing expressive DL-formulas and can be trained end-to-end

using supervised learning and gradient descent.

To empirically ground the architecture, the 1D-ARC dataset [19] is used as a benchmark.
The 1D-ARC dataset is derived from the Abstraction and Reasoning Corpus (ARC) [4] and
requires reasoning about one-dimensional arrays of colored cells. The proposed methods are
evaluated on this dataset, demonstrating their ability to learn logical formulas from examples.
Additionally, pathfinding in mazes and the problem of learning action models from observed

state-action trajectories are considered.
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This thesis is structured as follows: Chapter 2 introduces the relevant background concepts,
including an overview of the B-RASP language, description logics, and SYNTH as an action
model learning algorithm. Chapter 3 formally defines the learning task, and formulates differ-
ent instances of the task. Chapter 4 reviews related work, including Neural Logic Machines
and Graph Neural Networks. Chapter 5 presents the enumerative approach for learning DL-
formulas, the B-RASP encoding, and finally the NDLM architecture, which constitutes the
main contribution of this thesis. Chapter 6 evaluates these approaches empirically on several
benchmarks. Finally, Chapter 7 summarizes the findings, discusses limitations, and outlines

potential directions for future research.



2 Background

This chapter introduces relevant background knowledge used throughout this work. This
includes Boolean-Restricted Access Sequence Processing Language (B-RASP) (Section 2.1),
a programming language related to the expressivity of masked hard-attention transformers.
Furthermore, relevant concepts from the field of description logics (Section 2.2) are presented.
Section 2.3 give a brief introduction to Multilayer Perceptrons (MLPs) and Gradient Descent.
Finally, classical planning and the task of action model learning is introduced in Section 2.4.

2.1 B-RASP

B-RASP is a programming language that is used as an intermediate language to translate
masked hard-attention transformers into Linear Temporal Logic (LTL) and vice versa [20].
These formalisms are shown to have equivalent expressive power. In the following, the syntax
and semantics of this programming language are introduced, and relevant results regarding
its expressive power are presented. LTL and the formalization of masked hard-attention
transformers are not introduced here, since they are not the focus of this work. Definitions
can be found in [20].

A B-RASP program assumes a single input string w € £*, where X is a finite alphabet. From
this string, initial vectors Q, are derived for each o € Z, such that Q, ; = §,,, ;. Here, & denotes
the Kronecker delta (i.e. §, , = 1iff x = y and 0 otherwise).

The use of B-RASP in this work operates on a slight variation of this input format. The Q,
vectors are not used; instead, it is assumed that the input is given as a finite set of Boolean
vectors. This does not change expressivity, as the content of these initial vectors can be encoded
into a finite alphabet %, after which the vectors can be derived from the resulting Q. vectors.

Given these initial vectors, a B-RASP program consists of a sequence of lines, where each line
defines a new Boolean vector B, ; as a function of previously defined vectors B, ... , B;.

The set of functions that can be used to define B, is restricted to two types of operations:

position-wise operations and attention operations.

Position-wise operations are Boolean functions of zero or more vectors B, ..., B,. For each
position i, the value of the new vector is obtained by evaluating this Boolean function on the

i-th entries of its input vectors, i.e.,

Bealil = fRIEL, ..., Bli])
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for some Boolean function f. Thus, these operations are applied entrywise and independently
at each position i.

Attention operations allow for communication or interaction between positions. To achieve
this, the operation consists of multiple functions that determine, for a given position i, the
position j from which the value is taken and how the information at position j is used to
determine the value at position i. Additionally, a default value is specified for the case that no
such position j exists.

Syntactically, these operations are of the following two forms:
By li] := [MG, ), SG, PIVG, j) = D)
Beyali] = Pppy[MC, ), SG DIV j) = D()

where

« M(i, j) is a binary mask function (i < j,i > j,or T),
« the score predicate S(i, j) and the value predicate V(i, j) are Boolean combinations of

{RIil, ... Blil. ALjl, -, Bl j1s

« D(i), the default value predicate, is a Boolean combination of {A][i], ... , B[i]}.

The semantics of these attention operations are as follows. For each position i, the first index j
(for <) or the last index j (for pp) is selected such that both the masking predicate and the
scoring predicate are satisfied. If such an index j exists, the i-th entry of B, is obtained by
evaluating V(i, j); otherwise, it is given by the default value D(i).

For language recognition tasks, the output of the program is determined by a designated output
vector B,;, where the input string w € {0, 1}"* is accepted iff E,,;[n] = 1, i.e. the last entry of
the output vector is 1.

The use of B-RASP in this work also deviates from this standard definition. The output is not a
Boolean decision; instead, one or more full output vectors are considered as the output. The
task usually involves learning a mapping from input to output vectors such that the output
vectors are consistent with the provided examples.

The following two examples illustrate the use of B-RASP and its two available operations.

Example 1: This first simple example constructs a vector Ry; ¢; from an input vector B, such
that all entries are shifted one position to the right compared to P,,, and the first entry is always
0.

Bpipelil :=Ppjlj < i, 1]B,[j] : 0
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In this operation (for i > 0), j is evaluated to i — 1, as it is the largest position strictly smaller
than i that satisfies the scoring predicate. The value is then taken from B,,[ j]. If no such j exists
(i.e. for i = 0), the default value 0 is used.

Example 2: Next, a B-RASP program is presented that constructs a Boolean vector Eyqct1y one
from an input vector B,, such that B 411y one is 1 everywhere iff there exists exactly one 1 in
By.

R[i] := Ppylj < i By[jl11 2 0

B[i] := 4lj > L.Baljl1 : 0

Bi] := =R[i] A 2R[i] A Byli]
Bxactty onelil := [T, B[j]]1 : 0

B and P. represent whether there exists an entry with value 1 to the left or right of position i,
respectively. If neither exists and B, is true, then B, is 1 at position i, indicating that there is
exactly one 1 in the input vector. If this is successful, and there is in fact one position that is 1,
this 1 is distributed to all positions, resulting in Byacs1y one being 1 everywhere. Otherwise, it
evaluates to 0.

The main results presented in [20] regarding the expressive power of B-RASP state that, for a
given language L C X*, the following statements are equivalent:

« There exists a masked hard-attention transformer that recognizes L.
« There exists a B-RASP program that recognizes L.
« There exists an LTL formula that recognizes L.

Thus, B-RASP, LTL, and masked hard-attention transformers all have the same expressive

power.

2.2 Description Logics

In this thesis, Description Logic (DL) is used as a formal language for representing structural
properties of examples and for synthesizing formulas that characterize desired outputs. It
provides a compact and semantically precise way to combine primitive concepts and roles into

more expressive formulas.

DL[1] refers to a family of formal knowledge representation logics used to represent the
knowledge of an application domain in a structured way. DLs represent knowledge in terms of
concepts and roles, i.e. unary and binary predicates, respectively. Concepts represent properties
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of individuals as sets of objects in the domain, while roles represent relationships between
individuals as sets of pairs of objects.

Among other applications, especially in semantic web and knowledge representation tasks,
description logics have also been used successfully to represent general policies in classical
planning domains, where learned policies classify state transitions by observing quantitative

changes in the evaluation of DL formulas [2].

In knowledge representation, a common distinction is between the ABox (assertional box) and
the TBox (terminological box). The ABox contains ground facts describing what is known,
whereas the TBox contains general rules about the domain [1]. This is not the perspective
adopted in this work. Instead, the use of DL in this thesis is slightly reframed. The tasks
considered here include an initial set of concepts and roles whose denotations are fully known;
these are called primitive concepts and roles. The goal is then to synthesize one or more
formulas in a given description logic from training examples. These examples specify the
evaluation of the primitive concepts and roles on a finite set of individuals, together with the
desired evaluation of the target formulas. The formulas are constructed from a fixed grammar
that provides operators for combining concepts and roles with the given primitive symbols.
This is formulated as a learning problem in Chapter 3.

While tasks such as satisfiability checking or subsumption checking are computationally
tractable only for restricted fragments of DL, evaluating a DL formula on a finite interpretation

is generally efficient (model checking).

The implementation of the symbolic approach relies on the DLplan library® [7], which offers
tools for working with DL and planning problems, in particular those expressed as STRIPS
states. It provides a function to exhaustively generate a pool of DL formulas for a set of STRIPS
states such that no two formulas have the same evaluation on all of these states. The library
also offers a wide range of DL operators, allowing for fairly expressive description logics.

Formally, a description logic formula is defined over a signature of primitive concept names N¢
and role names Ng. The grammar of the formulas is defined by a set of operators that can be
applied to these primitive symbols and to previously constructed formulas. An interpretation
I = (A, ") consists of a non-empty domain A and an interpretation function . The interpreta-
tion function maps concepts to subsets of A and roles to subsets of A X A. Concepts in N are
directly mapped into a subset of A, and roles in Ny are directly mapped into a subset of A X A.
The denotations of formulas consisting of logical operators are defined recursively based on
the semantics of the operators used to construct them. The domain A is assumed to be finite in
this work, and the evaluation of a formula F by an interpretation I is denoted as F I,

lgithub.com/rleap-project/dlplan
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Figures 2.1 and 2.2 summarize the semantics of the operators supported by the DLplan library

and used throughout this thesis. All of these operators are available for formula construction,

although some are disabled by default in the standard configuration. The experiments using

the DLplan library follow these standard settings.

Figure 2.1: Semantics of concept operators in the DLplan library. Operators marked with * are

disabled by default.
Concepts Semantics
some(R, C) some(R,C)! :={aeA|3beC!: (ab)eR}
all(R, C) all(R,C)' :={a€A|VbeA: (a,b)eR = beCl
and(Cy, C,) and(C,,C,)' :=cIncl
bot, 1l =9
+dif f(C1,C) | dif f(C1,C)' =Ci\C)
eq(Ry,R) eq(R1,R,)’ ={ae€A|VbeA: (ab)eRl < (a,b)eR]
not(C) not(C)! :=A\C!
x0r(Cy, Cy) or(Cy, G, =clucl
xprojection(R) projection(R)I :={beA|3a€A: (ab)€ER]
xsubset(Ry,R,) subset(Rl,Rz)I :={a€A|VbeEA: (a,b) e Rl = (a,b) € R}}
top, topl =A

Figure 2.2: Semantics of role operators in the DLplan library. Operators marked with * are

disabled by default.
Roles Semantics
and(Ry,R,) and(R,,R,)’ :=RINR}

xcompose(Ry, R,)

#dif f(R1,R)
id(C)
inverse(R)
*not(R)
x0r(R;, R;)
restrict(R, C)
*topy
transitive_closure(R)

:={(a,c)eAXxA|IbEA : (a,b) €R}
A(b,c) € RL}
=R\ RS

compose(R;, RZ)I

dif f(Ry, Ry)

id(C)' :={(a,a)|aeCl}
inverse(R)' :={(b,a) | (a,b) € R"}
not(R)) :=AxA\R!
or(R;,R,)! :=RIUR}
restrict(R,C)' :={(a,b) € R | b e C1}
topl =AxA

ey I oy
transitive_closure(R)’ = ’transitive closure of R”

The logic induced by all of these operators except transitive_closure is referred to as £. The

extension obtained by additionally allowing transitive_closure is referred to as £+.
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As a small example, consider the family interpretation shown in Figure 2.3. The domain is the
set of all persons. The primitive concept names are No = {woman, man}. The primitive role
names are Ny = {child, married}, where child relates a person to their children and married
relates a person to their spouse. The interpretation of these primitive concepts and roles is
given by the following sets:

A = {Lea, Finn, Sindy, Franz, Vivi, Karla}.

The primitive concepts are interpreted as
woman! = {Lea, Sindy, Vivi,Karla} and man' = {Finn, Franz},
and the primitive roles are interpreted as

child’ ={(Franz, Vivi), (Karla, Vivi),
(Finn, Lea), (Finn, Sindy), (Vivi, Lea),
(Vivi, Sindy)},

married’ ={(Vivi, Finn), (Finn, Karla), (Franz, Karla), (Karla, Franz)}

married [ Karla

child

married

child

Figure 2.3: A small family.

The following examples illustrate formulas in £ and £* using the family interpretation from
Figure 2.3.
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« Role: Grandchild

Grandchild :=compose(child, child)
=child o child
Grandchild! ={(Franz, Lea), (Karla, Lea), (Franz, Sindy), (Karla, Sindy)}.

Concept: Persons that have a daughter (some child is a woman)

HasDaughter :=some(child, woman)
=3child.woman

HasDaughter! ={Karla, Vivi}.

Role: Mother (relates a person to its mother)

Mother :=restrict(inverse(child), woman)
=Child_l |woman

Mother! ={(Vivi, Karla), (Lea, Vivi), (Sindy, Vivi)}.

Role: Sibling (a child of one’s parents that is not oneself)

Sibling :=dif f(compose(child, inverse(child)), id(top_c))
=(child o child™) \ id(top_c)
Sibling" ={(Sindy, Lea), (Lea, Sindy)}.

¢ Role: Ancestor

Ancestor :=transitive_closure(inverse(child))
=(child™)"
Ancestor! ={(Lea, Finn), (Lea, Vivi), (Lea, Franz), (Lea, Karla),
(Sindy, Finn), (Sindy, Vivi), (Sindy, Franz), (Sindy, Karla),
(Finn, Franzg), (Finn, Karla),
(Vivi, Franz), (Vivi, Karla)}.

« Concept: All persons with no children

Childless :=not(some(child, top,.))
=-3child.T,
Childless!' ={Lea, Sindy}.



2 Background

2.3 Multilayer Perceptrons and Gradient Descent

Multilayer perceptrons (MLPs) are a class of feedforward neural networks that consist of
multiple layers of fully connected neurons. In each layer a linear transformation is applied to
the input, followed by a non-linear activation function that is applied entrywise. The output of
one layer serves as the input to the next layer, allowing for the modeling of complex relationships
between inputs and outputs. MLPs are usually trained using gradient descent, where given
some training data input and target outputs the gradient of some loss function is computed
with respect to the parameters of the network. These parameters are updated by moving small
steps in the direction of the negative gradient, which is expected to reduce the loss. This process
is repeated iteratively until convergence, i.e., until the loss function reaches a minimum or a

predefined number of iterations is reached.

This simple process is improved by introducing some modifications including a regularizer
that penalizes large weights, or by using a momentum term that adds a fraction of the previous
gradient to the current update. These modifications can help to speed up convergence and
improve the generalization performance of the model. Experiments use the Adam optimizer
[11], which is a popular variant of gradient descent that incorporates adaptive learning rates
and momentum.

2.4 Planning and Action Model Learning

Classical planning is a branch of artificial intelligence concerned with finding a sequence of
actions that transforms an initial state into a desired goal state. A common formalism for
representing such problems is STRIPS [8]. A STRIPS planning task is a pair P = (D, I), such
that D describes information about the domain and I represents information about a concrete
instance following the dynamics described in the domain. The domain D specifies a set of
predicate symbols and a set of action schemas. An action schema a(x) consists of a set of
preconditions Pre(a), an add list Add(a), and a delete list Del(a):

a(x) = (Pre(a), Add(a), Del(a)).

For lifted actions, the preconditions, add list, and delete list are sets of predicates that contain
variables from %. Grounding the variables X with objects from the instance I yields a concrete
action a, where the variables are replaced with specific objects from O.

The instance is represented as a tuple I = (O, sq, g), Where O is a finite set of objects, s, is the
initial state, and g is the goal condition. A state is represented as a set of grounded predicates

over the objects O.

10
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Let P denote the set of all grounded predicates. Then a state is given by s C P. Under the closed
world assumption, every predicate not contained in s is considered false. The goal condition
g is also represented as a set of grounded predicates and a state s is considered a goal state if
gCs.

Applying a grounded action a to a state s produces a successor state y(s, a) defined as
y(s,a) = (s \ Del(a)) U Add(a).

Thus, predicates in the delete list are removed from the state, and predicates in the add list are
added. An action a is applicable in a state s if its preconditions are satisfied, i.e., Pre(a) C s.
The objective of a planner is to find a sequence of applicable actions that transforms the initial

state s, into a state s,, such that g C s,,, i.e. s, is a goal state.

One of the problems considered in this thesis is the task of learning action schemas from
observed states and action traces. This is formulated as learning description logic formulas that
capture the preconditions and effects of actions from a set of observed state-action trajectories.
An additional challenge considered here is that actions may be only partially observed, such that
some of their arguments are not visible. This follows the setting of the SYNTH [9] algorithm,
in which state-action trajectories from a hidden STRIPS+ domain are observed.

STRIPS+ is a variant of STRIPS in which some action arguments may be omitted. An argu-
ment can be omitted if it occurs only in the preconditions and, given the remaining arguments,
replacing it with an existentially quantified variable does not change action applicability. Alter-
natively, an argument may also occur in an effect, but in that case the corresponding object
must still be uniquely identifiable from the remaining arguments. These conditions ensure
that removing such arguments does not change the behavior of the action, while still allowing
the underlying STRIPS+ domain to be learned from incomplete state-action traces.

As an example, consider a Blocksworld domain with predicates on/2, clear/1, ontable/1,
handempty/1, and holding/1, and action schemas pickup(x), putdown(x), stack(x,y), and
unstack(x, y). The blocksworld domain and an instance definition in PPDL syntax are provided
in the Appendix (Chapter A).

In a STRIPS+ formulation of this domain, some arguments may be omitted under the con-
ditions described above. The pickup action cannot be simplified, because the argument x
is needed to identify the object being picked up. The putdown action can be simplified to
putdown/0, because the argument x is not needed to identify the object being put down: it
is the only object currently being held. The stack action only requires the second argument,
because the first argument can be uniquely identified as the object currently being held. The
unstack action allows two different simplifications: Given the first argument, the second can
be dropped as it can be uniquely identified to be the object underneath the first one, i.e., the

11
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unique object y satisfying on(x, y). Conversely, given the second argument, the first can be
uniquely identified as the object on top of the second argument and can hence be dropped.

The SYNTH algorithm derives the preconditions and effects of actions of a hidden STRIPS+
domain from observed state-action trajectories. The algorithm learns the missing arguments
via conjunctive queries and finds minimal preconditions matching the observed trajectories.

12



3 The Learning Task

The following formulates the learning task considered in this thesis formally and introduces
the different problems that are investigated as instances of this general learning task.

Given are a set of primitive concept and role names N, and N,..

The hypothesis space is the set of all description logic formulas in £ over primitive concepts
and roles N, and N,. These are formulas constructed by the operators defined in Figures 2.1
and 2.2.

The learning algorithm is given a set of training examples of the form E = {(I;, F1!), ..., (I,,,, F'm)}
of finite description logic interpretations and their evaluations of some unknown formula
Fel.

The task is to find some formula F’ € £ that is consistent with the training examples, i.e. such
that F'li = Fliforalli € [m].

Additionally the found formula F’ should generalize to unseen interpretations, i.e. F’I = F! for
(all) finite interpretations I over N, and N, (or some test set). While this is desired, it generally

can not be guaranteed in this setting.

In the following, different problems are formulated as instances of this general learning task.

3.1 1D-ARC

The 1D-ARC dataset [19] is a benchmark derived from ARC [4]. It consists of 18 tasks over
one-dimensional arrays of colored cells, where each cell takes a value in {0, ..., 9}. Each task
provides three training examples and one test example. In total, each task contains 50 such
input-output instances, each consisting of three training pairs and one test pair. The objective is
to infer a transformation from input arrays to output arrays that is consistent with the training
examples and generalizes to the test example.

This dataset is used as a benchmark for evaluating the approaches presented in this thesis. It is
sufficiently diverse to cover a range of nontrivial transformation patterns, while remaining
simple enough that many tasks can be represented by logical formulas of relatively low com-
plexity. It therefore provides a suitable testbed for assessing the expressiveness and practical

usefulness of the proposed methods.

13
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Figure 3.1 shows the first example of the task 1d_move_Ip. In this task, the transformation
shifts all colored cells one position to the right and sets the leftmost cell to black.

Move 1 Pixel
Figure 3.1: Input-output example from the 1D-ARC task 1d_move_1p.

To formulate the problem as an instance of the learning task we make the assumption that the
output color can be identified by some hidden description logic formula that is unknown.

The following presents a encoding, where each cell of the image and each color is represented
as an object. The initial coloring and the neighborhood structure of the cells are represented
by roles and a single target cell is marked as a concept. The output is then a single concept
indicating the color of the targeted cell in the output image. This encoding is used both as
input to the DLplan library and to the NDLM networks. Since the DLplan library assumes
STRIPS states, concepts and roles are naturally mapped to unary and binary predicates. Let
there be input-output image pair (Img, Img®) with Img = (Img, ..., Img,) € [10]" and
Img°® = (Imgs, ..., ImgS) € [10]". We consider the problem of predicting the output value
Imgf of pixel t € [n]. Then the description logic interpretation I = Iy, , = (A, ') describing
the image is defined as follows.

For each i € [n] an object cell; and for each color ¢ € [10] an object color, is created in the
domain. Let A = {cell; | i € [n]} U {color, | c € [10]} be the set of all these objects. Then the
image is encoded into primitive concepts cell, color, target, and color; for i € [10] and roles at
and conn, with the following denotations.

o celll ={cell; |i € [n]}

« color! = {color, | c € [10]}

« color! = {color,} (for each color c)

« target! = {cell,} (indicates that cell t is a target cell that should be predicted)
« at! = {(cell, color,) | Img; = c}

o conn! = {(cell;, cell;,;) | i € [n— 1]}

Then, the learning task is defined by concept names N, = {cell, color, target}U{color, | i € [10]}
and role names N, = {at,conn}, the hypothesis space is the set of all description logic for-
mulas over these primitive concepts and roles. For the three training image transformations
(Imgy, Imgg), (Img,, Imgy), (Img,, Img9), the training examples are given by the interpreta-
tions Iy, ; and the corresponding color of pixel t in the output image Imgy,.
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E= {(Ilmgo,i’{COZorImgg,i}) | i € [[Imgol]}

C

IImgl,i’{COZorImg‘I’,i}) | i € [[Img|]}

(
(Irmga.i-Leolormge }) 1 i € [[Img, 1}

C

The experiments are conducted either on a reduced setting that uses only the first of the 50
train-test versions, or on the full dataset, which includes the three training examples from each
of the 50 versions together with all 50 corresponding test examples.

3.2 Mazes

Spies et al. [17] study the ability of transformers to learn to solve mazes and investigate how
the learned representations can be interpreted. They show that transformers can learn this
task and that their internal representations can be interpreted as causal models.

The input is encoded as an adjacency list together with the start and goal positions. Each
undirected edge in the adjacency list is represented as a token sequence, for example

0,00, <, 1,0, ;,
corresponding to an edge between cell (0, 0) and cell (1, 0).

The following figure shows a simple example of such a 4 X 4 maze, where the agent starts in
the bottom-left corner and the goal is in the top-right corner.

-

S

Spies et al. further train transformer architectures with different positional encoding schemes.
Training is performed on datasets of 5 X 5 and 6 X 6 mazes, while evaluation is carried out on
7 X 7 mazes.

They analyze the trained models using linear probes and sparse autoencoders and find that the
learned features encode maze connectivity rather than merely memorizing token sequences.
By intervening on these features, they show that the model’s behavior changes in a way that
is consistent with the causal role of these features in decision-making. This suggests that the
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model learns an internal representation that captures the underlying structure of the maze and
supports reasoning about paths and connectivity, rather than simply memorizing input-output
mappings. This interpretation is further supported by the model’s ability to generalize to mazes
larger than those seen during training.

The problem of finding a path in a maze can also be formulated as an instance of the general

learning task:

The mazes for generating a training set are generated using a DFS algorithm, as used by Spies
et al.[17] in their work. This creates connected acyclic mazes on n X n grids. To translate this
into a description logic interpretation, each cell is treated as an object and a single primitive
role encodes the adjacency between these cells. Additionally two primitive concepts encode
the current position of the agent and the position of the goal.

Thus primitive concepts N, = {pos, goal} and a single primitive role N, = {conn} are used to
encode the maze.

A n X n maze with connectivity relation E C {(c;,¢,) | ¢1,¢; € [n]z}, start cell
s = (x5, ¥5) € [n] X [n], and goal cell g = (xg, yg) € [n] X [n] is encoded by an interpretation
I = (A, "), where the domain A = {cell;; | i, j € [n]} consists of the n? cells.

Additionally, there are primitive concepts pos and goal and a primitive role conn with the
following denotations.

+ pos’ = {cell, , }; indicates the current position of the agent.
. goall = {cellxg,yg}; indicates the position of the goal.

« conn® = {(cell;;, celly ;) | ((i, ). (i, ') € E}; encodes the connectivity between the

ij°
cells, such that there is an edge between two cells if they are directly connected.

The training set is obtained by, for multiple mazes, considering a path from the start cell to the

goal cell and treating each step of this path as a training example. The task is then to learn a

formula that predicts the next position of the agent given the current position, the position of

the goal, and the connectivity structure of the maze.
Results of the experiments conducted on the maze problems are presented in Section 6.4.

For general graph reasoning problems, with potentially initial node labels, the adjacency matrix
of the graph can be used to directly encode the graph as a role. Initial and target node labels
can be encoded as concepts. Section 6.3 make use of this encoding to investigate the logical
limitations of the different network configurations on a set of selected small graph problems.
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3.3 Action Model Learning

The goal of this task is to learn an action model from transition examples. The scope is limited
to STRIPS and STRIPS+ domains containing only nullary, unary, and binary predicates,
but no higher-arity predicates. Each state can then be represented as a description logic
interpretation, where objects in the state correspond to objects in the interpretation, unary
predicates correspond to concepts, and binary predicates correspond to roles. Nullary predicates
are also allowed and can be encoded as a concept that either contains all objects, if the predicate

is true in the state, or no objects, if the predicate is false in the state.

Actions are also encoded in the input. The action arguments, either all or only a subset, are
represented as concepts. For each argument, there is one concept that contains the object

assigned to this argument.

The task consists of two problems, learning the preconditions and learning the effects, both of

which are formulated as instances of the general learning task:

For each action schema one task is to learn the preconditions of the action. In the training
set positive and negative examples are provided, where in positive examples the action is
applicable in the state and in negative examples it is not. The training examples are given
by the description logic interpretations encoding the state and the action arguments, and the
target output is a single concept that is either satisfied by all objects in the state (if the action is

applicable) or by no objects (if the action is not applicable).

Learning the effects is also formulated as instances of the learning task. Given the interpreta-
tions encoding the state and action arguments, the targets are obtained from the difference
between the given state and the state observed after applying the action. For each action
schema and each predicate two formulas are learned. The first one captures the add effects,
containing all objects or pairs of objects that are added to the state by applying the action, while
the second one captures the delete effects, containing all objects or pairs of objects that are

removed from the state by applying the action.

The data generation for the experiments follows a DFS algorithm through the state space,
starting from the initial state and expanding all applicable actions. These transitions are then
grouped by the action schema to create distinct training sets for each action schema. The test
set is generated by applying the same procedure in one or more different instances of the same

domain.

Negative examples for the precondition learning are generated by initially generating a set of
random ground actions and in each of the states observed in the DFS-sampling for applicable
actions, evaluating which of these actions are not applicable. Then the action state pair is
added as a negative example to the training set of the corresponding action-schema.
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As an example, consider the STRIPS domain blocksworld from Section 2.4 with predicates on/2,
clear/1, ontable/1, handempty/0, holding/1 and action schemas pickup(x), putdown(x), stack(x, y)
and unstack(x, y).

Following, illustrates how states and actions are encoded as the description logic interpretations
used to create the learning sets of the learning tasks.

Consider an instance with blocks a, b, ¢ and the initial state where a is on the table, bison a, ¢
is on the table, and the hand is empty:

so = {on(b, a), ontable(b), ontable(c), handempty, clear(a), clear(c)}. In all interpretations the
domain is chosen to be A = {a, b, c}.

Now only the action pickup is considered. Assume we are just provided with a single positive
examples (sq, pickup(c), s;) and one negative example (s, pickup(b), @), where s; is the state
obtained by applying pickup(c) in s,.

Then, the learning task for the preconditions of pickup as defined above is given by following

learning set: E = {(I, A), (I, @)}, where I, and I; are the interpretations encoding the state

and action arguments of the positive and negative example, respectively.

The interpretation I, = (A, -T) captures s, and the action pickup(c). It is defined by following

assingments of the primitive concepts and roles:

« clear! = {a, c}; indicates that blocks a and c are clear.

« ontable! = {a, c}; indicates that blocks a and c are on the table.

« handempty' = {a,b, c}; indicates that the hand is empty.

« holding! = @; indicates that no block is currently held.

« on! = {(b,a)}; indicates that block b is on block a.

« argl = {c}; indicates that the argument of the action schema is assigned to block c.

For the effect network assume that only a single example (s, pickup(c), s;) is provided.

The learning sets for the add effects for each predicate are given by the following sets of

examples:

Eclear gy = 10> D)}
Eontableygy = {0, D)},
Enoldingqq = 1o, {€H},

Enandemptyqqq = (o> D)}
Eongaq = {o, D}
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And the learning sets for the delete effects for each predicate are given by the following sets of
examples:

Eclear g1, = 10> D)}
Eontablegoiore = {o, {eDh},
Epoldinggorere = 10> @)}

Enandemptygorore = {o,{a,b,ch)},

Eondelete = {(107 Q)}

Such learning sets are created for all action schemas and all predicates, leading to a total of
|A| - (2 - |P| + 1) learning tasks for a domain with action schemas A and predicates P.

Our method for solving the learning task has the capability of learning multiple concept and
role formulas in parallel, given the same set of Interpretations, this is used in the experiments,
such that only 2|A| models need to be trained, one for the preconditions and one grouping all
formulas describing the effects of each action schema.
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Following presents a brief overview of related work particularly the Neural Logic Machines
(Section 4.1) a work closely related to the methods developed in this thesis. Furthermore,
Graph Neural Networks are presented in Section 4.2 as these are also tightly connected to this

work.

4.1 Neural Logic Machines

Neural Logic Machines (NLMs) are a neurosymbolic architecture for learning from relational
data in a way that resembles logical reasoning. Their input and hidden states are represented as
tensors grouped by predicate arity. This preserves structural information and enables operations
that respect relational structure: unary tensors encode properties of individual objects, binary
tensors encode relations between pairs of objects, and higher-order tensors encode higher-arity
relations.

Each NLM layer applies a small set of differentiable operations for relational reasoning. The
expansion operation maps a k-ary tensor to a (k + 1)-ary tensor by adding one dimension
through repetition, allowing reasoning over an additional argument. The reduction operation
maps a (k + 1)-ary tensor back to a k-ary tensor and can be interpreted as aggregation or
quantification over the added dimension (e.g., max pooling for existential-style behavior, min
pooling for universal-style behavior). The permutation operation rearranges tensor dimensions
to reason over different argument orders. After these structural operations, an MLP updates
tensors of each arity to learn task-specific transformations.

A key property is that MLP weights are shared across all entries of tensors with the same arity,
which makes NLMs object-permutation equivariant and applicable to varying numbers of
objects.

Dong et al. [6] demonstrate the effectiveness of NLMs on tasks such as family-relation inference,
shortest-path problems, and Blocksworld planning. Their results show stronger generalization
to larger instances than several neural baselines. A central limitation, however, is scalability:
the computational cost grows quickly with both predicate arity and the number of objects.

Zimmer et al. [21] propose an extension of NLMs that replaces the MLP component with logical
modules, allowing explicit and interpretable logical formulas to be learned. This architecture
performs comparably to the original NLM on the same tasks, while also providing explicit
logical formulas that can be extracted from the learned model. Although scalability issues
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during training persist, the resulting formulas are directly interpretable without additional
post-processing.

4.2 Graph Neural Networks

GNNs are a class of neural networks designed to operate on graph-structured data. They
learn to represent nodes, edges, and entire graphs by iteratively passing messages between
neighboring nodes and updating node representations based on these messages. This allows
GNNs to capture complex relationships and dependencies in graph data, making them suitable
for tasks such as node classification, link prediction, and graph classification. While GNNs have
proven successful in many applications, they are inherently limited in their ability to distinguish
certain graph structures. This class of limitations is formalized by the Weisfeiler-Lehman (WL)
test of graph isomorphism, which provides a theoretical framework for understanding the
expressive power of GNNs[14]. While there are extensions of GNNs that can overcome some

of these limitations, they often come with increased computational complexity.

There are many variants of GNNs that have been proposed to address specific challenges or
to improve performance on certain tasks [10]. For example, Graph Convolutional Networks
(GCNs)[12] apply convolutional operations to graph data, while Graph Attention Networks
(GATs)[18] use attention mechanisms to weigh the importance of neighboring nodes. Each of
these variants has its own strengths and weaknesses, and the choice of which to use depends

on the specific characteristics of the problem being addressed.

According to Morris et. al.[14], a general definition of Graph Neural Networks is following:
Initially, each node is embedded into some vector space, usually R4 for some d € N. Then,
for each node v in the graph, the updated representation is computed by aggregating previous
representations of its neighbors using some permutation-invariant and differentiable function.
This is combined with the previous representation of the node by some other differentiable

function. Formally functions fapggz and fcI(/)an/Lb’ parameterized by learnable weights W} and W5,
are used to compute the new representation of node v into R'*¢ for some e € N at layer ¢ as

follows:

FOW) = fag i (FEPO). faga((fDW)  u € NY)).

In a simple implementation of this general architecture, each neighbor’s representation is
multiplied with some learnable weight matrix and a sum aggregation function is applied. The
current node’s representation is also multiplied with a learnable weight matrix and added to
the aggregated messages, followed by applying a non-linear activation function. Formally, for
each node v in the graph, its representation at layer ¢ is updated based on the representations
of its neighbors at layer ¢ — 1 by the following update rule:
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f(”(v)=G(W{(t)'f“‘”(v)+ > Wz“’-f“—”(m).

ueN(v)

where f()(v) € R¢ is the representation of node v at layer ¢, N(v) is the set of neighbors of
node v, Wl(t) € R4 and W2(t) € R4 are learnable weight matrices, and o is a non-linear

activation function [14].

The initial embeddings of the nodes can capture node labels and some variants allow edge
features to be incorporated. Thus, GNNs could in principle be applied to description logic
reasoning tasks, operating on a complete graph with node and edge labels, where nodes
correspond to individuals, which are labeled with concepts, and edge labels correspond to
the role evaluations. However, the logical limitations of GNNs do not allow learning all of
the relations expressible in the target description logic £. In particular, GNNs only modify
node representations, while edge representations remain fixed, disallowing the learning of role
formulas. Even when only concept formulas in £ are considered, these may contain roles as
subformulas, which require reasoning about three nodes, which is not possible in a GNN style
architecture. This follows from the relation between GNNs, the WL test, and its relation to C?

logic, which only allows reasoning about pairs of nodes [3].
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This chapter presents three approaches to learning description logic formulas from examples.
The first approach is a symbolic enumerative method that constructs decision lists of DL-
formulas consistent with the given examples. The second approach encodes DL-formulas in
a neural architecture using B-RASP programs. The third approach is a novel differentiable
architecture designed to learn DL-formulas directly from examples.

These approaches build on one another. The symbolic method provides a precise and inter-
pretable baseline, but is limited by the combinatorial growth of the search space. The B-RASP
encoding shows that DL-formulas can, in principle, be represented within a transformer-like ar-
chitecture. Motivated by the limitations of the encoding into B-RASP, a dedicated differentiable
architecture is then developed, whose expressivity is investigated.

Finally, the NDLM architecture is compared to Graph Neural Networks and Neural Logic
Machines.

5.1 Symbolic: Enumerative DL Decision-List Learning

This section presents a symbolic algorithm for learning a decision list of description logic
formulas. This algorithm is later used as a baseline to situate the performance of the NDLM
approach on the 1D-ARC dataset. A decision list is an ordered sequence of DL-formulas,
where each formula is evaluated successively until one formula applies to the current input. In
1D-ARGC, the targets of the learning task are always a single object, i.e. the color of the target
cell. Hence, the decision list is evaluated until a formula returns a non-empty set.

The method is an implementation of a greedy algorithm [5], originally studied in the context of
learning referring expressions but also used for learning decision lists of logical formulas [13].
The formulas in the list are selected from a pool of candidate formulas, which are generated by
the DLplan library introduced in Section 2.2. The algorithm iteratively selects the formula that
correctly predicts the correct objects for the largest number of remaining unsolved training
examples and appends it to the decision list. All training examples that are correctly covered
by this formula are removed from the set of remaining examples, and the process is repeated
until either all training examples are solved or no applicable formula remains.

The corresponding pseudocode is given in Algorithm 1. Line 5 calls the DLplan library to
generate a pool of candidate formulas. The complexity parameter controls the maximum
complexity of the generated formulas, which is defined as the number of operators in the
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Algorithm 1 Greedy algorithm for finding a decision list of DL-formulas in Pseudocode.

1 Input: S=[(s_1, c_1), ..., (s_n,c_n)]

2 # s_i:strips states

3 # c_i: color to predict for target in s_i

4

5 F« DLPLAN_GENERATE_FEATURE_POOL (S, complexity)
6

7 feature_hierarchy=[]

8

9 while True:

10 best_feature <« None

11 max_solved « []

12

13 for f in F:

14 applicable « True

15 solved_states « []

16 for s, ¢ in S:

17 if len(f.evaluate(s))==1 and f.evaluate(s)[0]==c:
18 solved_states.append(s)

19 elif len(f.evaluate(s))!=0:

20 applicable « False

21 break

22 if applicable and len(solved_states)>len(max_solved):
23 best_feature « f

24 max_solved « solved_states

25 if best_feature == None oxr len(S) ==

26 break

27 S «< S \ max_solved

28 feature_hierarchy.append(best_feature)

29

30 feature_hierarchy, len(S)== 0

formula. The rest of the algorithm iterates until no applicable formula is found or all training
examples are solved. The loop in line 13 iterates over all remaining candidate formulas to find
the one that solves the most training examples. For each candidate formula, the inner loop in
line 16 finds the training examples that are solved by this formula. Then, the best formula is
selected as the one that solves the most training examples, and these examples are removed
from the set of remaining examples (line 27). Finally, the selected formula is appended to the
decision list (line 28).

The described algorithm is tailored to the 1D-ARC dataset, where the target is always a single
object. The algorithm can be adapted to other settings by changing the way the applicability of
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a formula is evaluated, such that potentially multiple objects can be predicted for each training
example.

The experimental setup and the empirical evaluation of this approach are described in Sec-
tion 6.1.

5.2 Neural 1: DL-formulas to B-RASP

This section explores how the equivalence between B-RASP and transformers can be utilized
to obtain a transformer architecture that is able to represent certain DL-formulas. Towards this
end, the first step is to encode DL-formulas in B-RASP. First, a given interpretation is encoded
in the B-RASP format. Then, B-RASP programs can be constructed to represent the individual
DL-operators, which can be combined to represent more complex DL-formulas.

The general idea is to encode concepts by boolean vectors of length n, where the i-th entry
indicates whether the i-th object in the domain is an instance of the concept. Roles are encoded
by their adjacency matrix, which is given as n boolean vectors of length n, where the a-th
vector encodes the outgoing edges of the a-th object in the domain. DL-operators can then
be encoded as B-RASP programs that manipulate these vectors and matrices to produce new
vectors and matrices that represent the result of applying the operator.

The encoding assumes a fixed domain size n € N and a fixed signature of concept names
Nc ={Cy, ..., Ci} and role names Ng = {Ry, ..., R;}.

Let I = (A, ) be a description logic interpretation, where A is a finite non-empty domain with
n elements. First, fix an enumeration of the objects A = {objy, ..., 0bj,}. Then, the input for
the B-RASP program is constructed as follows.

For each concept C; for i € [k] create a vector F, € {0,1}" such that
1 ifobj; € C,

il =
0 otherwise.

The roles can be represented by their adjacency matrix, which is given as n vectors of length n.
For each R; for j € [I] create n boolean vectors PRj,a € {0,1}" for each a € [n] such that

1 if (obj,,0bjp) € R,
sz,a[b] = a. J
0 otherwise.
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To capture the full expressivity of £, the input additionally needs the identity matrix, which
can be represented by n boolean vectors By , € {0, 1}" for each a € [n] such that

1 ifa=b,

0 otherwise.

The encoding of the roles is the main reason why the resulting transformer is restricted to a
fixed number of objects, as the number of vectors needed to represent the roles grows linearly
with the number of objects. The input contains in total k + (I + 1) - n boolean vectors of length
n. Tables 5.1 and 5.2 show how each of the description logic operators of the £ logic can be
expressed in B-RASP. (Refer back to Figures 2.1 and 2.2 for the semantics of these operators).

Table 5.1: Translation of description logic concept operators into B-RASP. Assume given con-
cepts C, C1, C2 and roles R, R1, R2.
lifi=a
let T, :=[1,...,1] €{0,1}"* and e, € {0,1}" withe,; := oel be the a-th
else

unit vector.

Concept operator | B-RASP translation
some(R, C) Ri] := Py T el jIIR()) © Tylil, fora € [n]
Pli] := Vg, Rali] A RLLI]

all(R, C) B[i] := —Cli]
B[i] : = some(R, R)|i]

P[i] := -B][i]
and(Cy,Cy) | Pli] := B [i] A By ]

|
|
bot, P[i] := 1]i]
dif f(C1,Cy) | Pli] :=Re,[i] A R, [i]
eq(Ry, Ry) Pli] := N\I_ (Rialil <= Ryqlil)
not(C) Pli] := ~R[i]
or(Cy, Cy) Pli] := B [i] V By, [i]
primitive(C) P[i] := R[i], where C is cell, color, target
|
|
|

projection(R) | P[i] := \/Zlea[i]
subset(R1,R;) | Pli] := A\I_ (Riqli]l = Rylil)
top, P[i] := T[i]

Some example explanations of certain table entries are given next.

For some(R, C), the construction is split into two steps. First, for each target object a, the
selector expression computes intermediate vectors P, that evaluate whether a satisfies CJ[j].
Second, these object-wise results are combined with the role rows to obtain a single concept
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Table 5.2: Translation of description logic role operators into B-RASP. Assume given concepts
C, C1, C2 and roles R, R1, R2.

let T, :=[1,...,1] €{0,1}"* and e, € {0,1}" withe,; := éifli - be the a-th
else
unit vector.
Role-operator B-RASP translation
Fora € [n] :
and(Ry, Ry) Bli] 1= By ali]l AR, qli
compose(Ry, R,) Byplil 1= W[ T eal jllBk, , L] = LI
Rl1] := \Vi_, Bupli] A Bryoli]
dif f(R1,R;) Bli] 1= By alil A 2Hg, oli]
id(C) Bli] = Fe[i] Aegli]
inverse(R) Bypli] o= il Tn’ea [11Bplj] = LIi]
Bli] 1= \/y_, eplil A Bqli]
not(R) Bli] 1= 2B qli]
or(Ry, Ry) Bli] 1= Ry alil V B, alil
restrict(R, C) R[i] := B qli] A R[]
top(R) Rli] :=T[i]
transitive_closure(R,C) | —

vector P, which evaluates for a source object i whether there is an edge in R such that the target
a satisfies C. This is exactly the semantics of some(R, C).

The row for all(R, C) uses the standard duality with existential quantification:
all(R, C) = =some(R, 7C).

Hence, the translation first computes Ry : = —C, then applies some(R, B), and finally negates
again.

For compose(Ry, R,), the intermediate terms F, j, represent the edges (a, b) of R, in all entries.
Then the second step combines these by evaluating whether there is some intermediate node
b such that there is an edge from a to b in R; and an edge from b to i in R,. This realizes the
semantics of role composition.

The translation of inverse(R) follows the same idea: it creates intermediate vectors E, , indi-
cating the entries of F, and then the final result is obtained by assigning the i-th entry of E,

the value 1 if there is some b such that B, ,[i] is 1, which means that there is an edge from b to
ainR.
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The operator projection(R) maps a role back to a concept by taking, for each position, a
disjunction over source objects a. Intuitively, an object is selected iff it participates in at least
one R-edge.

One can then construct a B-RASP program for any DL-formula by recursively translating each
operator in the formula to its corresponding B-RASP code using the constructions in Table 5.2.

However, this construction has a drawback. The resulting transformer is restricted to a fixed
number of objects and role operations require number of objects many steps, as for each object
a new vector needs to be constructed to represent the new adjacency matrix row. Moreover,
the repeated application of identical operations across objects is unlikely to be learned effi-
ciently and would require extensive training data, potentially including all object permutations
and would using the construction from Yang et al.[20] lead to O(n?) layers for a single role

composition operation.

Remark: Sarrof et al.[16] investigate a similar problem, where they deal with operating on
a variable vocabulary size in planning problems. The alphabet is split into a fixed finite set,
capturing the symbols constant in the domain, and a countable set used to identify objects. They
then proceed by reformulating the transformer architecture and derive a symbolic programming
language capturing the expressivity of the resulting architecture.

As these are quite recent results, their implications could not be fully investigated in the context
of this thesis, but they suggest that it might be possible to obtain a transformer architecture
that is able to represent DL-formulas without being restricted to a fixed number of objects.

To address this limitation, the repetitive operations and role representation can be captured
explicitly. This motivates a different approach, the next section introduces a dedicated differen-

tiable model designed to capture description-logic operations more directly.

5.3 Neural 2: Neural Description Logic Machines

This section introduces Neural Description Logic Machines (NDLM), a neural architecture that
is in principle capable of representing arbitrary description logic formulas in £. The sections
first presents the architecture design, including input formulation, layer structure, and internal
operations and the training procedure. Then the expressivity of the proposed architecture is
analyzed in detail.

We again start with a description logic signature N = {Cy, ..., C.} and N = {Ry, ..., R,}. Then,
to define how an interpretation is encoded as the input, let I = (A, ") be an interpretation,
where A is a finite non-empty domain of n elements. Again, the objects in A are enumerated as
A = {objy, ..., obj,}. Note that the size of the domain is not fixed ad-hoc, but the architecture
can handle varying domain sizes.
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The main idea is to split the data into two parts: one to represent the concepts and one to
represent the roles. For the concepts, a tensor C € R“*" is created such that concept C; € N
fori € [c] is encoded in the i-th row of the matrix:

Ci,j .

0 otherwise.
The roles are encoded in a tensor R € R™"™*"_ For i € [r], the i-th role R; € Ny is represented
by the i-th slice of the tensor, which is an n X n matrix encoding the adjacency matrix of the

role:

1 if (obj;, objy) € RI,
Rijk =

0 otherwise.
In the following enc(l) = (R, C) refers to this encoding for a description logic interpretation
I. The entries of the tensors are in R instead of {0, 1}, as before, to allow the manipulations
of the data to encode the description logic operations differentiably. This separation between
concepts represented as vectors and roles represented as matrices is preserved throughout the
architecture, and the output preserves it as well, such that the network is able to represent
multiple concept and role formulas in parallel.

A NDLM network consists of a number of layers k € N, each transforming the concepts
and roles from the previous layer into new concepts and roles. Each layer has its own set of
learnable weight matrices and bias terms for transforming concepts and roles. The depth of
the network is defined as the number of layers k. The output of the network is determined by
applying each layer sequentially. Each layer predicts a fixed number of hidden concepts and
roles. In the experiments, the number of hidden concepts and roles is equal and is referred to
as the width of the network. The final layer produces some desired number of output concepts
and roles depending on the specific task.

Formally, a NDLM model N is a function N : R€in*" x RFoutXnXn _, RoutXM x [RroutXNXn_ Tt

consists of multiple layers that are applied sequentially:
N(C,R) = (Layer o Layer,_; o ... o Layer )(C, R)

The layers are parameterized by weight and bias matrices. For hidden dimensions c;44.;, and
Midden> €ach layer is parameterized by its own set of weight matrices and bias terms. The first
layer is a function

Layerl'W W,b.b,. - RCinXN w RFinXNXN _; RChiddenXN x RFhiddenXNXn
»WesWWrsUeVr
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with weight and bias terms W, € R¢in*XChidden W/ € R'in*"hidden b, € RChidden and b, € R"hidden,

The layers i = 2 to k — 1 are functions

Layert.w w . b.b, - RChiddenXn ¢ R hiddenXNXN _; RChiddenXN x [RFhiddenXNXN
’ (3] rsYc-vr

with weight and bias terms W, € RChiddenXChidden, W, € [R'hiddenXThidden b, € [RChidden and
br € RFhidden

The last layer is a function

Layerk;Wc,Wr,bc,br . RChiddenX" w RVhiddenXNXN _, RCout XN s [RFoutXnxn

with weight and bias terms W, € RChiddenXCout W, € RFhiddenXTout b, € RCut and b, € RFout,

5.3.1 Structure of a Single Layer

Algorithm 2 Pseudocode of a single layer. o indicates concatenation along the first axis.

1 Single Layer of the Network Layer(C,R;W,, W,,b.,b,):
2 Given: concepts: C € R™",

3 roles: R € RO"™Xn,

4 weight matrices: W, € R, W, € Rr"

5 bias terms: b, € R, b, R"

6

7 C, < ConceptRoleAttention(C, R)

8 R, < RoleRoleAttention(R)

9
10 C, < RoleAggregation(R)

11 R, « ConceptExtension(C)

12

13 Cintermediate < C°Cy0Cy

14 Rintermediate < Ro Rl ° RZ

15

16 Cour < ConceptFFN(Cintermediates Wes be)
17 Rout < ROleFFN(Rintermediatea W, by)

18

19 Output: Cuyu, Rout
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Input Stage 1: Generation phase Stage 1 outputs Stage 2: Entry-wise FFN

ConceptRole
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®)

Figure 5.1: Information flow through a single layer

Each layer can be divided into two stages, which are visualized in Figure 5.1. The first combines
concepts and roles to construct new ones. This uses a set of fixed and differentiable operations,
such that the gradient can pass through them. In this stage, new concepts are derived by
the operations ConceptRoleAttention, which combines concepts and roles to produce new
concepts, and RoleAggregation, where a role is aggregated into a concept. Additionally, new
roles are derived by the operations RoleRoleAttention, which computes an approximation
of role composition, the ConceptExtension operation, which generates roles that indicate
whether the target object of an edge is in a given concept, and finally RoleTranspose, which
inverts/transposes of the current roles. All these operations are then concatenated with the
original concepts and roles, such that the resulting collection of concepts and roles contains
the original ones as well as the newly derived ones. The second stage applies a single layer of
entrywise feedforward neural networks (ConceptFFN and RoleFFN) to both the concepts and
the roles, mapping the collection of intermediate concepts and roles to a smaller number of
concepts and roles. Both stages are discussed in detail in the following sections. See Listing 2

for pseudocode of a single layer and Figure 5.1 for a graphical illustration of the layer structure.

We consider two variants of NDLM, called relaxed mode (NDLM") and strict mode (NDLM?).
Both use the same input and output representation, layer structure, and entrywise feedforward
networks. They differ in the fixed set of operations that combine concepts and roles in the
first stage. These are the operations performed in lines 8-12 in Algorithm 2. In the following,
superscripts " and ® indicate the relaxed and strict variants of operations, respectively. In relaxed
mode, standard arithmetic operations are used, including sums and matrix products. Strict
mode more closely resembles the logical operations by utilizing min/max-based operations.
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ConceptRoleAttention:

In the relaxed mode, this operation computes matrix-vector products for all pairs of roles and
concepts. This can be interpreted as moving all objects in a concept along the edges defined
by a role and then summing all incoming edges, weighted by the entries in the role matrices.
This is similar to the message-passing operation in graph neural networks, with the distinction
that the underlying graph on which the network operates is not static but learned, and the
messages are weighted by real-valued edge weights.

Given c and r as the number of concepts and roles,

ConceptRoleAttention” : R x R'*NMX1n — RErXn,

(C.R) ~(R; - (G)")

1<ic+j<c-r

T\ . . T, .
Here (Ri . (q) ) is a matrix-vector product and (q) is the transpose of vector containing the
j-th concept. R; is the n X n adjacency matrix of the i-th role.

In the strict mode, the matrix product is modified such that there is a min or max aggregation
of the pairwise terms instead of a sum. This more closely corresponds to the quantification
along roles used in description logics, such that max corresponds to existential quantification
and min to universal quantification. The network computes both min and max operations
as intermediate concepts. The successive application of the ConceptFFN can learn to ignore
either of them if they are not useful for solving the task.

ConceptRoleAttention’® : RS x RM™NXn _, R2crxn,

C,R)— (minC- -R; ) o (maxC- -R; ) )
( ) ( ke[n] i,k i,k,p pe[n]) ( keln] i,k i,k,p peln]

1<(i—-1)c+j<c-r 1<(i-1)c+j<c-r

Again C; is the vector of length n containing the j-th concept. R; is the n X n adjacency matrix
of the i-th role. o indicates a concatenation along the first dimension.

RoleRoleAttention:

In the relaxed mode, the matrix products for all pairs of roles are computed. In the strict mode,
the sum is replaced by either a max or a min operation, such that the resulting edge weight
from p to q corresponds to the maximum or minimum weight of any path from p to q via an
intermediate node k. Both versions correspond to differentiable role concatenation operations
on real-valued connectivities.
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For the relaxed mode this is defined by

RoleRoleAttention” :R™"XN RVZX”X”,
R =(R; - Rj)lgir+j§r2

and in the strict mode by

RoleRoleAttention’ : R™*mxn _ R2rixnxn

R (minR-’ k- Rik, ) ) o((maxR-’ k- Rik, ) )
(ke["] b p.q€ln] kefn] WPT A p-q€(n]

1<(i—Dr+j<r? 1<(i—-1)r+j<r?

RoleTranspose:

This is the same in both modes, all this operation does is to compute the transpose matrix
for each of the roles. This corresponds to inverting the direction of all edges in the role. It is
defined by

RoleTranspose :R"™"™" — RIXnxn,

R~ (&)

ie[r]

RoleAggregation:

In this operation, a concept is derived from each role matrix by either summing along the
second dimension in the relaxed mode or aggregating along the second dimension using min
or max in the strict mode.

In the relaxed mode this counts the number of incoming edges weighted by their edge weights
(entries in the role matrix). In the strict mode, two concepts are derived, identifying the
minimum and maximum incoming edge weights.

RoleAggregation is defined in the relaxed mode as

RoleAggregation” :R"™™" — RM™",

n
R+ (Z Rz:kJ).
k=1 ielr
Jjeln]

—

and in the strict mode, for each role two new concepts are generated, leading to the following

definition of the operation:
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RoleAggregation® RN — R2rxn,

R (minRis) o (makie) o, -
Jj€ln] Jj€[n]

ConceptExtension:

In this operation, concepts are turned into roles by repeating the vector of the concept n times.
This corresponds to a role that has an edge (p, q) if the node p is contained in the concept. In
a continuous formulation, the edge (p, q) is weighted by the membership weight of p in the
concept. In both the relaxed and the strict mode, the operation is the same. It is defined by

ConceptExtension :R“" — REXNX1,

Cw E,suchthatE;,, = C;,foralli € [c], p,q € [n]

»Pq

This concludes all the operations of the first stage. All these operations contribute new concepts
and roles to the input and all of them are collected in single tensors for intermediate concepts
and intermediate roles. These are then passed forward to the second stage of the layer. This
stage operates only entrywise and combines the information gathered in the first stage into a
smaller number of concepts and roles, which are then passed to the next layer.

Entrywise FFN:

Second stage processes the intermediate concepts and roles by applying feedforward neural
networks entrywise. For the concepts, a single feedforward neural network is applied to each
object individually in parallel, such that the input is a vector containing the entries of that object
in the intermediate concepts. For the roles, similarly, a single feedforward neural network is
applied to each pair of objects individually in parallel, such that the input is a vector containing
the entries of the pair of objects in the intermediate roles. The output of the feedforward
neural network is then again a vector of potentially smaller length. The number of output
concepts and roles is fixed as a hyperparameter. In principle, any feedforward neural network
architecture can be used here, but in the experiments a simple architecture with just a single
layer is used. The activation function o used in this layer, is considered a hyperparameter as
well. This stage is the same for both the relaxed and strict mode. The operation deriving the
output concepts of a layer is called ConceptFFN and is defined by
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ConceptFFN (RS x RE%¢ x RE — RE'*,

(C, W, b) > o((W C i+ b)je[n])

Here, C_; is the column vector of the j-th column of C; this corresponds to the j-th entry of
each of the ¢ concepts in C. C_; is therefore the vector of length ¢ storing the memberships of
the j-th object in the concepts. The activation function o is applied element-wise.

The output roles of the layer are constructed by the RoleFFN, which is defined by

RoleFEN :RFXnxn s Rr’xr X Rr’ N Rr’xnxn,

(R, W,b) — U((W "R+ b)iE[n])
J

€[n]

This is also applied entrywise, with r’ being the number of output roles and R _; ; being the
vector of length r storing the memberships of the pair of objects (i, j) in the roles.

This construction allows the network to compute simple operations like conjunctions and
disjunctions of the intermediate concepts and roles, but also more complex operations like
weighted sums of the intermediate concepts and roles. Still, the range of functions that can be
computed by a single layer is relatively limited, which aims to support better generalization of
the network.

Extensions: Transitive Closure

One possible way to extend the network is to add an additional operation in the first phase of
each layer. This operation computes an approximation of the transitive closure for each of the
roles in the input. The definition of transitive closure here depends on the mode the network
is operating in. In the relaxed mode, the transitive closure of a given role is computed by

TC'(R) = (R+ D"\

For role-matrices with entries in [0, 1] this corresponds to a continuous version of the transitive
closure, where the weight of an edge (p, q) in the transitive closure corresponds to the sum of
the weights of all paths from p to q, where the weight of a path is given by the product of the
weights of the edges along the path.

Since this operation performs n matrix multiplications in sequence, it yields a time overhead
of O(n, - n*) per layer, assuming that the layer has n, input roles and n objects.
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If the network operates in the strict mode, an entry for (p, q) in the transitive closure should
correspond to the maximum path weight for any path from p to g, where a path weight is given
by the minimum weight of any edge along the path. For an input of n objects, this can be
computed iteratively as
TCS(R) = max TC;(R)
ie[n-1]

with TCS(R)I.’J. = I jand TC}(R) = lr)rel%{min(TCis (R)i’p, R, j)} for i € [k]. TC} encodes the
reachability for paths of fixed length i.

This operation corresponds to a matrix product over a different algebraic structure (with min
and max operations) and hence again has a time overhead of O(n, - n*) per layer, assuming that
the layer has n, input roles and n objects. The gain of expressivity from adding the transitive

closure operator is investigated empirically in 6.3.

5.3.2 Training

The described approach is implemented in Python using the PyTorch library[15]. The model is
optimized using stochastic gradient descent with the Adam optimizer[11]. The batch size and
learning rate introduce additional hyperparameters. The loss function BCEWithLogitsLoss is
used, consisting of a sigmoid application and a binary cross-entropy loss. This loss is computed
for both the output roles and concepts and then combined.

In the experiments the training is performed for a fixed number of epochs on a training set
and then tested on a dedicated test set. Since torch operates on tensors, to evaluate a batch in
a single pass, all elements in the batch need to have the same number of objects. To make it
possible to train on data that has a varying number of objects, the training data is split into
groups of problems with equal size. Batches are then sampled only within the groups.

5.3.3 Expressivity of the Network

This section investigates the expressivity of the presented NDLM architecture variants. The
first three theorems characterize lower bounds on the expressivity of the NDLM models. Then,
an upper bound for the NDLM® models is provided. Finally, the number of layers of a model is
related to the formula depth of the corresponding formulas.

The expressivity of NDLM® and NDLM", can be bounded below by £ in the following sense:
Theorem 1. The following statements hold:
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1. For any concept formula in F € L, there is both a NDLM?® model N* and a NDLM" model

N, with a single output concept, such that for any finite interpretation I:

Fl=loeA: N¥(enc(D)y o, = 1}
=A\{oeA: Ns(enc(l))o’o’o = 0},

Fl'={o € A : N"(enc(D),, , = 1}
=A\foeA: N’(enc(I))o’O,O =0}

2. Forany role formula in F € £, there is both a NDLM?® model N°* and a NDLM" model N',
with a single output role, such that for any finite interpretation I:

FI ={(0,0,) € A? : NS(enc(I))LO’Ol’02 =1}
= A%\[(01,0,) € A 1 NS(enc(D)), ,, ,, = O},

I _ 2 . =
FI ={(01,0,) € & : N"(enc(D), 5 o, = 1}
A2 2 . =
= A"\{(01,0,) € A% 1 N'(enc(D), o, ,, =0}
Furthermore, if the network is extended with the transitive closure operation, the expressivity

of both NDLM** and NDLM"* can be lower-bounded by £*:
Theorem 2. The following statements hold:

1. For any concept-L™*-formula F, there is both a NDLMS* model N5t and a NDLM"* model
N with a single output concept, such that for any finite interpretation I:

F' ={o € A : N**(enc(D), , = 1}
=A\foeA: NS+(enc(I))O’O,O =0},

Fl={oeA: N"™(enc(D)), , = 1}
=A\foeA: N’+(enc(I))O,0’ , =0}

2. For any role-L*-formula F, there is both a NDLMSt model Nt and a NDLM" model

N™, with a single output role, such that for any finite interpretation I:
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FI ={(0y,0,) € A2 Ns+(enc(1))0 01,0y = 1}
= AZ\{(OI,Oz) (S AZ : NS+(enc(I))l,0,01,02 = 0},

FI ={(0y,0,) € A% : N"*(enc()) =1}

0,01,02
= AZ\{(Ol,Oz) (S AZ : Nr+(enc(I))1,0,ol,02 = 0}

Proof of Theorems 1 and 2. Every NDLM layer uses seven operations to combine concepts and
roles to derive new ones. These are ConceptRoleAttention, RoleRoleAttention, RoleTranspose,
RoleAggregation, ConceptExtension, ConceptFFN, RoleFFN, (TransitiveClosure).

All L-operators (introduced in Figures 2.1 and 2.2) can be implemented quite directly using
these operations. Table 5.3 shows the translations of £*-operators with network operators in
the strict mode. The translations for the relaxed mode operations is provided in Table B.1.

By structural induction on the formula, an equivalent NDLM can be constructed extending the
network with new layers to account for additional new logic operators. The number of hidden
concepts and roles needs to be chosen appropriately large. O

The above theorems imply the following:
Corollary 2.1. For any description logic interpretation I = (A, T ) the following statements hold:

1. Foralloy,0, € A:
There exists a concept-formula F € £, with

0, € FI A 0y ¢ FI
= There exists a NDLM*® model N* with a single output concept, such that
Ns(e”C(I))o,o,ol # Ns(enc(I))O’O,oz.

2. Forall (01,0,),(03,04) € A%:
There exists a role-formula F € £ with

(01,0,) € FT A (03,04) & F!
= There exists a NDLM?® model N° with a single output role, such that

Ns(enC(I))l,O,OI,OZ 75 Ns(enc(I))1,0,03,O4'

Proof. Given a description logic interpretation I = (A, ).

38



5 Methods

Table 5.3: Translation of DL-operators to network operators.

Concept Operators

Implementation in the Network

Explanation

all(R,, Cy)

some(R;, Cy)

and(C;, Cy)
dif f(C1, &)
eq(RlﬂRZ)

not(Cy)
or(Ci, Cy)
projection(R)

subset(R;, R,)

ConceptRoleAttention([C, ], [R,])

ConceptRoleAttention([Cy],[R;])

ConceptFFN([Cy, C,])
ConceptFFN([C;, C,])
RoleAggregation(RoleFFN([R;, R,)))

ConceptFFN([C;])
ConceptFFN([C}, C,])
RoleAggregation([R])

RoleAggregation(RoleFFN([R4, R,]))

ConceptRoleAttention directly com-
putes this, using min aggregation.
Using max aggregation Concep-
tRoleAttention computes the expected
output.

FFN computes C; A C,

FFEN computes C; A 7C,

FFN computes R; < R,, RoleAggrega-
tion (min) aggregates this.

FFN computes —1C;

FFN computes C; V C,
RoleAggregation with max aggrega-
tion determines the values.

FFN computes R; — R,, RoleAggrega-
tion with min aggregation determines
the values.

top ConceptFFN([]) FFEN computes 1

bot ConceptFFN([]) FFN computes 0
primitive Encoded as Input

Role Operators Implementation in the Network Explanation
and(R;,R,) RoleFFN([R1,R,]) FFN computes R; A R,.

compose(R;, R,)

dif f(Ry, Ry)
id

inverse(R;)

not(R;)
or(Ry, R,)
restrict(R,, C;)

top

bot
primitive
TC(R)

RoleRoleAttention([R, R,])

RoleFFN([Ry, R;])
Encoded as input role

RoleTranspose([R;])

RoleFFN([R,])
RoleFFN([R;, R;])
RoleFFN([ConceptExtension([C; ], R1)])

RoleFFEN([])
RoleFFN([])
Encoded as Input
TC([R])

RoleRoleAttention computes composi-
tion directly (min aggregation)

FFN computes R; A 7R,.

The identity matrix is provided as one
of the input roles.

RoleTranspose directly computes the
adjacency matrix of the inverted role.
FFN computes 7R,

FFN computes R; V R,.

FEN computes Ry ; j A C; where G is
accessed by converting it to a role first.
FFN predicts 1

FFN predicts 0

TC evaluates to 0 if there is no connec-
tion between two nodes and 1 else.

39



5 Methods

1. Leto;,0, € Aand let F € £ be a concept-formula. By Theorem 1 there exists a NDLM*
model N, such that 1 = N*(enc()), , o1 and 0 = N°(enc()), , 0y° Hence,

1= Ns(enc(l))o’o’o1 # Ns(enc(I))O,O’02 =0.

2. Let (01,0,),(03,0,) € A? and let F € £ be a role-formula. By Theorem 1 there exists a
NDLM?® model N5, such that 1 = Ns(enc(I))l’O,Ol,o2 and 0 = NS(enc(I))LO’O&o‘t. Hence,

1 =N(enc(D), o, 0, # N*(encD), o, ,, =0
O

The theorems state, that for each concept or role formula in £ there isa NDLMS and a NDLM"
model that can distinguish exactly the same objects or object pairs as the formula, and analo-
gously, for each concept or role formula in £*, there is a NDLM** and a NDLM"* model that
can distinguish exactly the same objects or object pairs as the formula. Hence, the expressivity
of both NDLM* and NDLM" is at least as high as £, and the expressivity of both NDLM** and
NDLM" is at least as high as £*. The theorems do not imply that this lower bound is tight.
For models operating in the relaxed mode, this is not the case.

NDLM" models can express counting existential quantifiers of the form C(y) := 3%kx.q(x, y).
For a binary predicate/role q this statement can be computed in the network using the RoleAg-
gregation operator combined with the ConceptFFN, such that the

RoleAggregation sums the number of objects that are connected to a given y by a q. Then, the
FFEN assigns it the value 1 if this sum is greater than some k and 0 else. In the strict mode this
construction is not possible since the RoleAggregation does not sum the number of incoming
edges but rather computes the min and max of the incoming edge weights.

Counting quantifiers are not expressible in £ (or £*). Hence, the expressivity of NDLM" is
strictly higher than £ and £*. However, the expressivity of NDLM?® models is upper-bounded
by £ in the following sense:

Theorem 3. For any description logic interpretation I = (A, x ), the following statements hold:

1. Forallo;,0, € A:
There exists a NDLM?® model N*® with a single output concept, such that

Ns(enc(I))O’o’01 #* Ns(enc(I))o,O’O2
= There exists a concept-formula F € £, with
0, € FI no, ¢ FL

2. Forall (01,0,),(05,04) € A%
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There exists a NDLM?® model N*® with a single output role, such that

Ni(enc(D), g5, o, # N*(enc(D), o, 5.

= There exists a role-formula F € £ with
(01,0,) € FT A (03,04) & F.

Proof. Assume a given description logic interpretation I = (A, -I) over a signature of primitive

concept names N and primitive role names Ni and objects 01,0, € A with 0; # 0,.

Let N be a NDLM?® model and assume that N consists of k layers Ly, ..., Ly, such that
N=L; oLk qo..0L;.

To observe which objects can potentially be distinguished at a certain point in the execution
of N, a notion of equivalence between nodes and node pairs is introduced. The equivalence
relation is refined through each layer, such that in each of the k layers this equivalence is an
upper bound on which nodes or pairs of nodes can be distinguished from each other.

For a set A let £(A) be the set containing all equivalence relations over A. For each layer
two equivalence relations are defined. U; € £(A),i € [k] captures the equivalence between
objects (unary), and B; € S(AZ),i € [k] captures the equivalence between object pairs (bi-
nary). Notationally we refer to the equivalence class of an object in layer i as [0];, € Uj;, and
equivalence between two objects o, 0’ under the relation is denoted as 0 ~; 0" : < [o], = [0'];.
Likewise, for object pairs, the equivalence class of a pair of objects (0;,0,) in layer i is denoted as
[(01,0,)]; € B;, and the equivalence between two pairs of objects (0;, 0,) and (03, 0,4) is denoted

as (01,02) ~; (03,04) 1 [(01,0,)]; = [(03,04)];-

The initial equivalence relations are obtained by observing the primitive roles and concepts.
If an object is contained in some concept while another is not, then these nodes can be
distinguished. Likewise, for object pairs, if one object pair is included in a role while another
is not, then they can be distinguished.

The initial unary equivalence relation is defined by for 0, 0" € A by

0~p0 :&©VCEN;:0€Cl 0 et
and object pair equivalence is defined for two object pairs (x, x'), (y,y’) € A? as

(%, x") ~o (3,y) :&VREN; : (x,x') € Rl & (y,y") € R
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We will now consider a fixed layer i. Assume the network has c hidden concepts and r hidden
roles and has computed concepts C; € R“*" and roles R; € R™"*" in layer i, based on the

initial input encoding of the interpretation I.
We will now observe how the equivalence relations are refined through the layer.

Formally we want to ensure: For x,y € A: x ~; y = Cj, = Cj, and for x,x’,y,y" € A:
(6, x") ~i (1Y) = Rixx = Riyyr

To account for all internal operations of the NDLM?® networks, refinement operators are
introduced to capture how each operator can distinguish additional objects. Each layer uses
the following internal operations: ConceptRoleAttention, RoleRoleAttention, RoleTranspose,
RoleAggregation, ConceptExtension, ConceptFFN, RoleFFN. These are then combined to
describe the layer as a whole.

However, the ConceptFFN and the RoleFFN do not contribute to equivalence refinement, as
they operate entrywise and if presented with the same input produce the same output. The
following defines the refinement operators for each of the remaining operations. These are
then used to describe how each equivalence relation is transformed by the layer.

The refinement operators for the network operations are defined as follows:

» RoleAggregation

Refagc : €(A) x E(A%) — &(A), such that
([']ca []R) = [.]AGG’ with
[0]g :=10 € Al {[(k,0)]5 |k € A} ={[(k,0)], |k € A}

« ConceptRoleAttention

Refcra @ E(A) X E(A?) - E(A), such that
[']C’ []R = [']CRA’ with

[olera 1={0' €Al {(Idle[(4:0)]g) 1a € A} = {([q] - [(q,0)]) | q € A}
« ConceptExtension

Refgxr @ E(A) x E(A%) — &(A?), such that
([ ) = [lgx s with

(01,02 ey := {(01,05) € 47| [oy] = [o}],.}
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+ RoleTranspose

Refrg : E(A) x &(A%) — &(A?), such that
([']C’ []R) = [.]TR’ with
[(01,02)] g 2= {(01,05) € 42| [(01,02)]g = [(05, 0] }

« RoleRoleAttention

Refrra @ E(A) x E(A%) — £(A?), such that
([ [g) = [lgga- with
[(01,02)]gg = {(01,02) € 42|

{([01, Dl [(@,0)]) 10 € A} = { ([(01, D] (@, 0D)]) |0 € A}

The claim is that these refinement operators capture the network operations correctly. For the

intermediate tensors

Cagc = RoleAggregation(R;),

Ccra = ConceptRoleAttention(C;, R;),
Rext := ConceptExtension(C;),

Rrg = RoleTranspose(R;) and

Rrra := RoleRoleAttention(R;)

and equivalences

[lace = Reface(Us By)
["lcra := Refcra(U;, By)
[lgxr = Refexr(U;, By)
[‘l;g 1= Refrr(U;, By)

[‘1gra 1= Refrra(U; By)

following relations hold:

For all x,y € A:

Cacex # Cace,y = X *acc Y

Ccrax # Ccra,y = X *cra Y

For all (x,x"), (y,y") € A:

Rextxx # Rexr,yy = (6X") »gxr (1,)")

Rrpxx # RrRry,y = (X, X') »7r (1))
Rrrax,x' # Rrra,y,y = (X, X") *gra (,)")

Detailed derivations of these statements are provided in the Appendix in Section B.3.
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Having established the connection between the refinement operators and the network opera-
tions, it remains to combine them. As the network operations in the NDLM architecture are
concatenated, it is sufficient for any one of the operations to distinguish two entries. Then the
equivalence relation of the next layer can be defined by intersecting the refined classes of the

previous layer in the following way.
Foreachx € Alet [x], , :=[x];Nn[x] 56 N [X]cRras

andforallx,y € Alet  [(x, )], 1= [C, »)]; 0 [Co ] gy NG g N 1G] gga

With this definition, the equivalence relations capture the network’s ability to distinguish
objects and object pairs in each layer:

For all x,y € A:
Citix #Cipy=> X i1 y

and for all (x, x"), (y,y") € A:
Ri+1,x,x’ # Ri+1,y,y’ = (x,x") i+l (y’ y,)-

In order to establish a relation to the logic £, we show inductively that for each equivalence

class a formula can be constructed to recognize this class.

Each of the initial equivalence classes in U, and B, can be represented by a £ concept or role
formula by propositionally describing exactly the signature of evaluations of primitive concepts
and roles on this object or object pair. A formula represents an equivalence class if it evaluates
exactly to the set equal to the equivalence class under interpretation I.

The initial equivalence relations Uy and B, are represented by the following formulas. For each
X €A,

0
Fy

x], ‘=

ca N -cC
CeNc,xeC! CeNc,xgCl

And for each object pair (x, y) € A? the role formula is defined as

K [O(x,y)]o = /\ RA /\ R

RENRE,(x,y)eR! RENR,(x,y)¢R!

This establishes the base case for the induction. Next assume that up to layer i each equivalence

class in U and B; can be represented by a formula.

For all objects x € A let Fiy, € L be the concept formula, such that F, [Ix]. = [x];, and for all
object pairs (x,y) € A? let Fi(x,y), € £ be a role formula, such that F[I(x’ w1, = 161 by
induction assumption.
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Then the refinements of the refinement operators can be captured by the following formulas.

-1
Fiaeyle = Freem))

Fley)gxr = (T|ch>

-1
where the (Tl Fioy] ) is a role satisfied by all elements of [0;]. X A.
%1lc

The aggregation refinement R 4 changes only the unary equivalences while keeping the
binary ones unchanged. For each unary equivalence class [(x)]
concept formula

Ace for all x € A thereisa

F[X]AGG = /\AHF[(x’y)]RT
ye

A _IE|< /\ ﬂF[(x,y)]R>.T

YEA

The ConceptRoleAttention refinement R4 changes the unary equivalences, where the
changes can be captured by following formulas. For any equivalence class [(0)] ., for all
0 € A, the following formula represents it.

CRA _
F[O]CRA = /\ HF[(O,O/)]R.F[Or]C A —IH( /\ ﬂ(F[(o,o/)]R A TlF[o’]C>)'T

o’'eA o’'eA

The RoleRoleAttention refinement Rpr4 changes the binary equivalences, where the changes
can be captured by following formulas. For any equivalence class [(0;,0,)] 5z 4 forall o, 0, € A2,
the following formula represents it.

RRA —
F[(OI’OZ)]RRA - /\ (F[(Ol’ol)]R ° F[(O,’OZ)]R)

o’'eA
A ﬂ( /\ ﬂF[(ol,o'nR) ° ( /\ —F [(o',ozﬂR)
o’eA o’eA

For each of the refinement operators, the claim is that the corresponding formulas correctly
represent the output equivalence classes.

For all x € A:

I
[X]ace = ng]AGG

[X]CRA = F[x]CRA
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and for all (x,y) € A? :
ol

[V exr = F[(x’y)]EXT

(e Mzr = Floey

[ )] gra = F[I(x’y)]RRA

TR

Detailed derivations of the statements are provided in the Appendix in Section B.2.
Then, U, and B;,; can be represented by the following formulas:

Forall x € A:

Fiagiyy = Fixlyee N Eixlepa A Fl;

sl —
with F[x]i+1 = [x];, ;-

and for all (x,y) € A? :

Floemly, += Fleeamlper A Pl A Flemlges N P,

sl -
with F[(x,y)]m = [(x,y)]l.H.
By induction this shows

1. For x,y € A, there is the formula F* :=F, [x], such that
N(ene(D)y ., # Nenc(l))y o, = X # y = x € F Ay ¢ FH.
2. For (x,x"),(y,y") € A?, there is the formula F* := Fl(x )], such that
N(enc(D), g . # Nlene(D), o, v = (6 X) % (,7) = (x5, %) € (F*) A, Y') & (F*).

O]

Corollary 3.1. For a given description logic interpretation (A, I ) and 01,0, € A, the following

Statements are equivalent:

1. There exists a NDLM?® model N*® with a single output concept, such that
N¥(ene(D))y o o, # N*(ene(D)y .,
2. There exists a concept-formula F € £, with
0, EFl Ao, ¢ F!

And for (01,0,),(03,04) € A2, the following statements are equivalent:

1. There exists a NDLM?® model N*® with a single output role, such that

Ns(enC(I))Lo,Ol’OZ ;é Ns(enc(I))1’0,03,o4
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2. There exists a role-formula F € £ with
(01,0,) € FT A (03,04) & F!
Proof. follows directly from Corollary 2.1 and Theorem 3. O

The statement of Theorem 3 can be further generalized by showing that a formula can be
constructed that not only distinguishes the two objects or object pairs, but also correctly captures
the output of the network for all objects or object pairs and arbitrary finite interpretations:
Theorem 4. The following statements hold:

1. For any NDLM?® model N, with a single output concept, there is a concept-formula F € L,
such that for any finite interpretation I:

{o € A : N(enc(D)),, , >= 0.5} = F'

2. For each NDLM?® model N with a single output role, there is a role formula F € £, such
that for any finite interpretation I:

{(01,0,) € A? : N(enc(D), g5, o, >= 0.5} = FI!

(The threshold of 0.5 is chosen arbitrarily. The statement holds for any decision mapping the
output of the network to a binary value.)

Proof. Let N be a NDLM® model and assume that N consists of k layers L, ..., Ly, such that
N=L;oLk_qo..0L.

To show the statement we generalize the equivalence relation from the proof of Theorem 3 to
arbitrary finite interpretations. It then suffices to show that the number of possible equivalence
classes in the final layer over all interpretations is finite. Then, each of these classes can be
represented by a formula as shown in the proof of Theorem 3. All objects in an equivalence class
are evaluated to the same output value, such that by combining formulas of the equivalence
classes that are evaluated to a value >= 0.5 by the network, a formula can be constructed that
captures exactly the output decision of the network.

Let N be the set of primitive concept names and Ny be the set of primitive role names, both
are finite. Now we consider interpretations over the signature of N- and Ny. It suffices to
only consider interpretations with a domain A = [n] for some n € N, since for each finite
interpretation there is an isomorphic interpretation with domain [n] for some n € N. Let J be
the set of all interpretations over the signature of No and N with domain [n] for some n € N.
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J is countable, since for a fixed n € N there are only finitely many interpretations over the
signature of No and N with domain [n], and there are countably many choices for n.

To now define how the network is able to distinguish objects or object pairs across all interpre-
tations, we construct equivalence relations over all objects in all interpretations. To identify
each object with its interpretation, associate each object with its domain. For an interpreta-
tion I = (A,-T) € 7 and an object o € A, we write o; = (I,0). Likewise, for an object pair
(01,0,) € A% we refer to the pair as (o, 0); = (1,(01,0,)).

Let Ay := {oj[I = (A,-T) € 7,0 € A} be the set of all objects in all interpretations, and
A% 1= {(01,02),/I = (A,-T) € 7,01,0, € A} be the set of all object pairs in all interpretations.
Then, we again consider the set of all equivalence relations over A; and A%, denoted as £(Ay)
and &(A%), respectively.

With this we can again construct equivalence relations U; € £(Ag) and B; € S(Azg) for each
layer i. The initial equivalence relations are defined as follows: For x;,, y;, € Ay

Xy, ~o ¥, i VCENc:xeCh o yech

and for (x,x"); € A% and 0.y, € A%

(XD ~o Y), :© VR ENg : (x,x") €R" & (3,)") €RP

In these relations there are 2INcl equivalence classes for objects and 2N&l possible equivalence
classes for object pairs, as each concept or role can either include or exclude an object or object
pair.

We proceed by induction to show that for each layer i € [k], the number of equivalence classes
in U; and B; is finite. The base case for i = 0 holds, as initially there are only finitely many
equivalence classes, as shown above.

For the inductive step, we fix some i € [k] and assume that there are only finitely many
equivalence classes in U; and B;. Then, we show that there are only finitely many equivalence
classes in U;,; and B; ;.

Towards this, we generalize the intermediate equivalence relations defined by the refinement
operators to Ay and A%. The domain of the refinement operators is then E(Ay) X S(Azg), and
the codomain is E(Ay) for Refy g and Refora, and E(A3) for Refgxr, Refrg and Refrra. The
definitions can be adapted in a straightforward way by evaluating each object or object pair
according to its own interpretation:
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» RoleAggregation

IFQETAGG : E(Ag) X E(A%) — E(Ag), such that
([']cﬂ []R) = [']AGG’ with
[on]uo6 *= {0l € 891 {[(k0), ] 1ty € Ag} = {[(ki0"),, | 1kr, € A}

« ConceptRoleAttention

Ref cra - E(Ag) X E(AF) = E(Ayg), such that
([']C’ []R) g [.]CRA’ with
[OIl]CRA ‘= {O}z € Aﬂl

{([qh]ca |(a. 0),1]R) lqr, € Ag} = {<[QI2]C’ |(a 0')12]R) lqr, € Ag}}

« ConceptExtension

Ref pyr : E(Ag) x E(8%) — &(A2), such that
([']C’ [']R) =[x With

[(01,02)11]EXT -= {(0/1’03)12 € A7 | [01,11]C = [Oi,lz]c}

+ RoleTranspose

Ref g E(Ag) x &(8%) — &(A2), such that
([']ca []R) = [.]TR’ with
[(o02), ] = {01 05), €831 [0r.00), ] = @00, ] |
« RoleRoleAttention
Refppy @ E(Ag) x E(A%) — &(A2), such that

([']C’ []R) g [']RRA’ with

(01,0, ] = {100, € 43
{([or@y,] @0y, ] )1a€as={([eray,] [@o,] )1aeas]

The following investigates how many equivalence classes can be generated by applying the
refinement operators. Applying these refinement operators to U; and B; leads to intermediate
equivalence relations

[.]AGG = EE‘Agg(Ui’Bi)a
[']CRA ‘= RefCRA([]iﬁBi)’

49



5 Methods

[.]EXT :=§EXT(Ui’Bi)a
[']TR = R/e_&:R(Ui’Bi)’
[.]RRA ‘= RefRRA(Ui’Bi)-

+ RoleAggregation: Each resulting class [0] , ,, is defined by the set of classes [(k;,,0 11)]1'

for all k;, € Ay. There are at most |B;| many classes |(kz,, 011)]i, and thus at most 2/5il

many different sets of classes. This leads to at most 2/Bil many different classes [0] 1ca

+ ConceptRoleAttention: Each resulting class [0].p, is defined by the set of pairs
([qll]c, [(ar,» 011)]R) for all g, € Ag. There are at most |Uj| many classes [qu]C and at
most |B;| many classes [(qr,, 011)]R, leading to at most 2!Vil[Bil many different sets of pairs
and thus at most 2!Uil"!Bil many different classes [0] . ,-

« ConceptExtension: Each resulting class [(oy,, 012)]EXT is defined by the class [OIl]C'
There are at most |U;| many classes [011] - leading to at most |U;| many different classes
[(011 ’ OIZ)]EXT.

+ RoleTranspose: Each resulting class [(oy,, 012)]TR is defined by the class [(of,, 011)]R.
There are at most |B;| many classes [(012, 011)]R, leading to at most |B;| many different
classes [(or,, 012)]TR.

+ RoleRoleAttention: Each resulting class [(of,, 012)]RRA is defined by the set of pairs
([(011, q)]R, [(g, 012)]R) for all ¢ € Ag. There are at most |B;| many classes [(or,, q)]R and
at most |B;| many classes [(q, OIz)]R’ leading to at most 2!Bil'Bil many different sets of

pairs and thus at most 2/Bi1Bil many different classes [(oy,, 012)]RRA.

We again combine the intermediate equivalence relations by intersecting the resulting classes,

leading to [x;], ., 1= [x1]; N [x7] , g6 N [X1] g4 foOr all X1 € Ag,

i+1
and [(x,),]. | = [Coy) ] NGyl 0[] 0 [Ga) ], for (x.3), € AF

Intersecting the relations leads to at most |Uj| - |[ -] eral = Uil - 2Bl 21Uil1Bil many

AGGl : |[

classes in Uy, and at most [By| - [ ol - [[-17gl - [ 1ggal = IBil - [Uil - |Bi| - 21Bil1Bil many classes

in B, ;. As by induction assumption there are only finitely many classes in U; and B;, there are
only finitely many classes in U;,; and B;,;.

By induction, it follows that for each layer i € [k], there are only finitely many equivalence

classes in U; and B; and in particular in the final layer k.
Then, by calculations similar to those in Section B.2, one can show the following statements:

For all x; ,yr, € Ag:

[xll]k = [ylz]k = N(enc(Il))o,O,x = N(el’lC(Iz))O’O’y
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and for all (x,x"); € A% and 0.y, € AZ:

[Gexy |, = [003)y,], = Nene(1)), g 0 = Neene(1)), g 0

Further, the same formulas as in the proof of Theorem 3 can be used to represent each of
the new equivalence classes. The derivations are analogous to those in Section B.3, adapted
to objects from different interpretations. For each equivalence class [xll] K there is hence a
corresponding concept formula F| %], € £, such that for all y;, € [xIl] r with I, = (A Iy .Iz):

I
s =7

For each equivalence class [(x, x’)Il]k, there is a corresponding role formula F[(x,x/)]k e L,

such that for all (y,y’)l.2 € [(x, x’)ll]k with I, = (Alz’ ,Iz):

’ 2 _pl
[(y’y )IZ]k N AIz - F[(Zx’x')]k'

1. If N computes a single output concept. Then, let [o;, Il]k’ s [omr, ] . € Uy be the finite
number of equivalence classes where each object is evaluated to a value >= 0.5 by the
network (i.e. N(enc(l})), ,

let F[O_ . ] be the formula representing the class.
LI |

iz V oy,

ie[m] k

>=0.5forall x € [Oi’Ii]k for all i € [m]). For each of these,

Constructing the formula

it follows that for any interpretation I = (A, -’) € 7 and any object x € Ap:

/]
[Oi’li]k

>X € FAI] s 3die [m] X e [Oi’Ii]k

x€EFR <3ie[m]:x€eF

>x€F & N(enc(I)), o, >=0.5

=K = {x € A : N(enc(), , , >= 0.5}

2. If N computes a single output role. Then, let [(o, o), Il]k’ s [(o, o), Im]k € By be the
finite number of equivalence classes where each object pair is evaluated to a value >= 0.5
by the network (i.e. N(enc(ly)), . » >= 0.5 for all (x,x") € [(o, '), Ii]k foralli € [m]).

For each of these, let F| [ o ] be the formula representing the class.

!’
i1, i

Constructing the formula
Ey = \/ F[(O’o,)”.] s
ie[m] 7k
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it follows that for any interpretation I = (A, -T) € 7 and any object pair (x, x) € A%:
x,x)eFlo3ie[m]: (x,x)eF!L
(x.x') € B ml: )€,

=(x,x)EF e ie[m]: (x,x)€e [(o, o), Ii]k

=(x,x") € K © N(enc(D)), . >=0.5

=Fy = {(x,x") € &> : N(enc(D)), . >= 0.5}

O

A further observation is that the complexity of representable formulas can be related to the
number of layers.

Theorem 5. For every £ formula, there isa NDLM?® network satisfying the conditions of Theo-
rem 1 with at most twice the maximum operator depth many layers.

Proof. Each operator can be implemented in at most two layers. Since all subformulas can be
computed in parallel in earlier layers, it follows by induction on the formula depth that the
network needs at most twice the maximum operator depth many layers. O

Section 6.3 empirically investigates the logical limitations of the different network configura-
tions on a collection of small graph problems.

5.4 Relations to other Learning Architectures

This section compares the NDLM architecture to the Graph Neural Network (GNN) (introduced
in Section 4.2) and the Neural Logic Machine (NLM) (introduced in Section 4.1) architectures.
Both are structurally similar to the NDLM architecture.

5.4.1 Relation to Graph Neural Networks

The basic formulation of Graph Neural Networks using sum aggregation can be implemented
by the NDLM" architecture by using a single fixed role to represent the edges of the graph
and using the ConceptRoleAttention to aggregate information from neighboring nodes. The
ConceptFFN can be used to update the node representations and apply the weight matrices
accordingly.

To show this for a single layer t of a GNN, let G = (V, E) be a graph and f(¢~D(v) € R% be the
node features at layer t — 1. Let the node features at layer ¢ be computed as follows:
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f“)(v)=a<wl“)-f<t—l>(v>+ > %“)-f“—l)(u))

ueN(v)

where f()(v) € R is the representation of node v at layer t, N(v) is the set of neighbors of node
v, Wl(t) € R®*d and Wz(t) € R¢*4 are some weight matrices, and o is a (non-linear) activation

function.

We now construct one layer of a NDLM" network to compute the same node representa-
tions. Assume that the input for the NDLM" layer consists of a single role R € RX"xn
encoding the edges of the graph and d concepts C € R**", such that C;,, = f=D(v),. The
ConceptRoleAttention computes the sum aggregation of neighboring node representations as

;o _ _ -1
Ci,u - ZueVRu,v ’ Ci,v - ZueN(v) Ci,v - ZueN(v) f(t )(U)l..

The ConceptFFN in the second stage then applies the weight matrices to both C ,, the repre-
sentation of a node itself, and C’,, the aggregated representation of its neighbors. These can be
combined and passed through the activation function to compute the new node representation.

The following weight matrix can be used to achieve the correct mapping:

(1) t t
W = [u/l() u/z() Oex(l)] c Rex(2d+1).

Using o as activation function and zero bias, this layer computes:

(WO, + 0.

_ 0<W1(t) WO Y c_,u>
ueN(v)

Cout,_, v

=a<wl“)-f<f-l>(v>+ > W;“)-f“-l)(u))

ueN()

= fO)

The RoleFFN can be specified to ignore the other operations and keep the role representation
unchanged:
0
W = [1 O1><d+2] € RIx(+d),

This shows that the NDLM" architecture can implement the same computations as a GNN.
By stacking multiple layers, the NDLM" architecture can implement GNNs of arbitrary depth.
Only the ConceptRoleAttention and the ConceptFFN are required to implement the GNN

computations, while the other operations are ignored.
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The NDLM?® architecture corresponds to a variant of the GNN architecture where min or
max aggregation is used instead of sum aggregation. The construction of the layer cannot be
directly adapted, as it uses the linear property of sum aggregation to first compute the sum
aggregation and then apply the weight matrix to the aggregated representation. However, the
same computations can be implemented by a two-layer network, where the first layer applies
the weights, which are then aggregated in the second layer.

5.4.2 Relation to NLM

The NLM architecture is structurally similar to the NDLM? architecture and is also based on
computing intermediate concept and role representations and using attention mechanisms to
combine them. The NLM, however, is more general as it allows for arbitrary arities of predi-
cates. The operations RoleAggregation, ConceptExtension, RoleTranspose, ConceptFFN, and
RoleFFN have direct counterparts in the NLM architecture, while the ConceptRoleAttention
and RoleRoleAttention do not have direct counterparts. ConceptRoleAttention can be imple-
mented in an NLM by first extending a unary predicate, corresponding to the concept, to a
binary one. Then, combining this new binary predicate with the binary predicate corresponding
to the role in the FFN. Finally, by aggregating the resulting binary predicate, the same result as
ConceptRoleAttention can be achieved. RoleRoleAttention can be implemented by extending
both roles to ternary predicates, then combining them in the FFN and finally aggregating the
resulting ternary predicate. However, in both cases the FFN would need to learn multiplication
of the two predicates, which is not guaranteed to be learnable.

We make three observations regarding the relation between the NLM and the NDLM architec-
ture.

1. The NDLM? architecture can be implemented by a NLM architecture of maximal arity 3.

2. The NDLM? architecture cannot be implemented by a NLM architecture of maximal
arity 2.

3. The NDLM? architecture can implement the NLM architecture of maximal arity 2, treat-
ing nullary predicates as unary ones with same evaluation everywhere.

The NDLM? architecture lies, expressivity-wise, somewhere in between the NLM architecture
of maximal arity 2 and the NLM architecture of maximal arity 3. The advantage of using the
NDLM? architecture over the NLM architecture of maximal arity 3 is that the NLM model
needs to store full ternary predicates leading to space demand of O(n*) (for a fixed number of
layers and intermediate predicate count), while the NDLM? architecture stores at most binary
predicates leading to space demand of O(nz). The RoleRoleAttention allows some reasoning
about triplets of nodes, although not everything that can be expressed by a full ternary predicate.

The advantage of using the NDLM? architecture over NLM with maximal arity 2, is the ex-
pressivity gain due to the RoleRoleAttention, which is not expressible in the NLM architecture
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of maximal arity 2. This however comes at the cost of increased computational demand, as
the RoleRoleAttention requires computing a sort of matrix product of the role representations,
leading to a computational demand of O(n?) (for a fixed number of layers and intermediate
predicate count), while the NLM architecture of maximal arity 2 only requires O(n?) computa-
tions
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The previously presented approaches were implemented, and multiple experiments were
conducted to evaluate their performance in different scenarios.

This chapter first presents the results on the 1D-ARC dataset (Section 6.1), then discusses
the results on action model learning (Section 6.2). Next, it presents handcrafted problems to
further investigate the capabilities of different NDLM configurations (Section 6.3). Finally, it
presents the results on maze-solving tasks (Section 6.4).

6.1 1D-ARC

Both the description-logic-based approach (presented in Section Section 5.1) and the imple-
mentation of the NDLM networks (presented in Section 5.3) were evaluated on the 1D-ARC

dataset. The results are presented next.

All experiments in this section share common parameters: 1000 epochs, learning rate 0.001, 4
layers, and 10 intermediate concepts and roles. Each configuration had a time limit of 1 hour
per task; if the limit was reached, the last model to solve all training examples was selected for
evaluation. Not correctly learning the training examples was considered a failure.

The first experiment investigated the ability of both approaches to learn from three training
examples and a single test example. For the NDLM architecture, all variants (NDLM*, NDLM**,
NDLM", and NDLM") were evaluated, using both sigmoid and identity activation functions
and batch sizes of 1 and 10. Table Figure 6.1 shows an overview of the results across the tasks.
For each configuration, the number of solved tasks is presented. A task is considered solved if
the model correctly learns all three training examples and the single test example. If only the
training examples are learned but not the test example, this is indicated separately.

This experiment highlights the capability of the NDLM architecture to learn the correct transfor-
mations for most of the tasks, even with a small training set. The best performing configuration
was NDLM?® with identity activations and batch size 10, which solved 13 out of 17 tasks. The
description logic based approach slightly outperformed this by solving 14 out of 16 tasks. In
general using Sigmoid activations led to worse performance, while the batch size improved
performance in multiple settings. The NDLM" and NDLM"* variants performed significantly
worse than the NDLM® and NDLM** variants. NDLM"* reached the timelimit in all tasks

without converging to a solution. Futher analysis of the executions of the models revealed that
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Figure 6.1: Results of the experiments on the 1D-ARC dataset. The models are trained on a
single version of the task. A/B indicates that for A tasks the test transformation
was correctly found, while in B tasks the training examples could be recreated. Bold
indicates the best performing configuration of the NDLM architecture.

Act. Batch size | NDLM" | NDLM" | NDLM*® | NDLM** | Enumerative
Identity 1 2/7 0/0 9/17 7/17 -
Sigmoid 1 0/1 0/0 9/9 8/9 -
Identity 10 10/17 0/0 13/17 12/16 -
Sigmoid 10 0/0 0/0 10/14 6/7 -

- - - - - - 14/16

the transitive closure component in relaxed mode is numerically instable and often diverges to
very large values, which additionally hinders convergence to a solution.

Additionally, the NDLM models were evaluated on a dataset consisting of all 50 versions of the
training and test datasets, again across all variants with different batch sizes and activation
functions. The results are shown in Table 6.1.

Table 6.1: Results of the experiments on the 1D-ARC dataset. The models are trained on
all versions of the tasks. A/B indicates that for A tasks the transformations were
solved, while in B tasks the training examples were learned. Bold indicates the best
performing configuration of the NDLM architecture.

Act. Batch size | NDLM" | NDLM"™ | NDLM® | NDLM5*
Identity 1 10/11 0/0 11/12 11/12
Sigmoid 1 2/2 0/0 9/9 5/5
Identity 10 10/10 0/0 9/10 0/0
Sigmoid 10 0/0 0/0 8/8 0/0

The results indicate that the performance of the NDLM architecture slightly decreases when
trained on all versions of the tasks, compared to training on a single version. This can be
attributed to the fact that, in multiple cases, the time limit was reached before the model could
converge properly. However, generalization to the test tasks improved: more training data
prevented overfitting to the training tasks and ensured that, when a solution was found, it
generalized. Again, configurations with identity activations performed better than those with
sigmoid activations, and the NDLMS and NDLM** variants outperformed the NDLM" and
NDLM"* variants.

Finally, Table 6.2 reports the results of the best-performing models from the previous experi-
ments by task. Tasks that could not be solved by the DL-based approach were also challenging
for the NDLM architectures. For the four tasks where the DL-based approach failed to find a
generalizing solution, none of the best-performing NDLM architectures found a solution.

Full results of all configurations and tasks are included in the Appendix in Table C.1.
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Table 6.2: Results of the experiments on the 1D-ARC dataset. v indicates that all training
examples and the single test task were correctly learned. X indicates that the task
was not solved. (v') indicates that only the training tasks were solved but not the
test task. FIRST is an NDLM?® model with identity activations and batch size 10,
trained and tested only on the first version of each task. ALL is an NDLM® model
with identity activations and batch size 1, while ALL* is an NDLM** model with
identity activations and batch size 1. Both ALL and ALL* were trained and tested
on all 50 versions.

Task DL-based | FIRST | ALL | ALL*
1d_denoising_1c v v v v
1d_denoising_mc v 4 v v
1d_fill v v ) v
1d_flip v v v v
1d_hollow v v v v
1d_mirror v v X X
1d_move_1p v v v v
1d_move_2p v v v v
1d_move_2p_dp v v v v
1d_move_3p v v v v
1d_move_dp ) ) X X
1d_padded_fill X X X X
1d_pcopy_1c v v v v
1d_pcopy_mc v v v )
1d_recolor_cmp ) ) X X
1d_recolor_cnt v v X X
1d_recolor_oe X ) X X
1d_scale_dp v W) v v
Sum 14/16 13/17 | 11/12 | 11/12

All approaches failed on the 1d_move_dp task. This task involves moving a block of pixels
towards some indicated position. The model therefore needs to count the number of pixels in
the block in order to verify the newly created block is of the same size.

The 1d_padded_fill task was also not solved by any of the approaches. This task involves filling
every second space between isolated pixels. The model would need to identify every second

pixel and fill the space after it, which is a complex parity-based task.

None of the approaches could correctly solve the 1d_recolor_cmp task, here blocks were
recolored based on their size in relation to other block sizes. This task therefore needs counting
and comparison of block sizes, which is a complex task for the models.
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Finally, the 1d_recolor_oe task was not solved by any of the approaches. This task involves
recoloring blocks of odd size. Again, the model would need to count the number of pixels in a
block and determine whether this number is odd.

6.2 Action Model Learning

This section explores the capabilities of the proposed architecture in an action model learning
setting, where the task is to learn the preconditions and effects of action schemas. Section 3.3
introduces the task setting and the proposed architecture for this task. The following presents
the results of the experiments conducted in this setting and discusses their implications.

The tests were conducted on the STRIPS domains blocks world, logistics, delivery, and c-puzzle.
In all of these, some action arguments were removed, such that the models needed to predict the
next state and action applicability with only a subset of action arguments. The removal of action
arguments followed Jansen et al.[9], where some arguments can be removed, transforming the
domain into a STRIPS* domain. For example, in delivery all considered instances involve only
a single truck, hence the truck argument can be removed from all actions without changing the

behaviour. Table 6.3 gives an overview of the removed arguments for each domain and action.

Table 6.3: Overview of removed action arguments, _ indicates that the argument was removed.

Domain Action Name Original Arguments Simplified Arguments
blocks world pickup (?block) (?block)
blocks world putdown (?block) ()
blocks world stack (?block1, ?block2) (_, Mlock2)
blocks world unstack (?block1, ?block2) (_, ?block2)
o cpuzgle | wp | (2tile, 2from, 7cell) | ( o)
c-puzzle down (?tile, ?from, ?cell) o))
c-puzzle left (?tile, ?from, ?cell) )
c-puzzle right (?tile, ?from, ?cell) o)
" delivery | pick-package | (?truck, ?package, %cell) |  (_, ?package, )
delivery drop-package | (?truck, ?package, ?cell) (_, ?package,_)
delivery move (?truck, ?from, ?to) (_,_, o)

In addition to the removal of action arguments, some predicates are not necessary to determine
action behaviour and can be removed as well. In blocks world, the evaluation of the clear and
handempty predicates can be recovered from other predicates. Hence, they can be removed
without losing information about the state. In the c-puzzle domain, the blank predicate can be
removed, as it is satisfied by the unique cell that is not occupied by any tile. The domains with
removed predicates are marked with ~ in the following.
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Tables 6.4 and 6.5 illustrate the results of the experiments, precondition and effect networks
are trained separately. The shown experiment uses the NDLM?® architecture with identity
activation functions, trained with removed action arguments.

The instances and the split between applicable and non-applicable transitions for precondition
learning for both the training and testing datasets are given in the appendix (Section C.2
and Table C.2). Additionally, the experiment was conducted with other NDLM configurations,
operating in strict and relaxed mode, with and without transitive closure, and with sigmoid and
identity activation functions. The results of these experiments are included in the appendix
(Tables C.3 to C.6). The NDLM? architecture with identity activation functions was overall the
best performing configuration.

Table 6.4: Results for action model effect learning experiments. Domains with ~ indicate
that some predicates were removed from the state descriptions. T is the number of
transitions in the training dataset.

Domain Action Name | TRAIN | TEST | NDLMS; 1d
blocks world  pickup 26 8 v
blocks world ~ putdown 11 18 v
blocks world  stack 29 36 v
blocks world  unstack 14 25 v
Cdelivery | pick-package | 7 | 4 | oo
delivery drop-package 12 10 v
delivery move 82 172 v
logistis ~ load | 16 | 270 | oo
logistics unload 7 99 )
logistics drive 34 516 v
logistics fly 34 1001 )
cpuzzle 1 wp | 9 | s | oo
c-puzzle down 12 11 v
c-puzzle left 14 15 v
c-puzzle right 14 14 v
blocks world~ pickup 26 8 v
blocks world~ putdown 11 18 v
blocks world~  stack 29 36 v
blocks world~ unstack 14 25 v
Ccpuzzles wp | 9 | s | oo
c-puzzle™ down 12 11 )
c-puzzle” left 14 15 v
c-puzzle™ right 14 14 v
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Table 6.5: Results for action model precondition learning experiments. Domains with ~
indicate that some predicates were removed from the state descriptions. TRAIN is
the number of transitions in the training dataset, TEST is the number of transitions
in the test dataset.

Domain Action Name | TRAIN | TEST | NDLM5; 1d
blocks world  pickup 129 390 v
blocks world ~ putdown 101 228 v
blocks world  stack 232 383 v
blocks world  unstack 227 397 v
Cdelivery | pick-package | 280 | 591 | oo
delivery drop-package 192 440 v
delivery move 317 652 v
logistics ~ load | 186 | 1001 | V)
logistics unload 170 1001 v
logistics drive 160 1001 v
logistics fly 204 1001 v
Ccpuzgle move-up | 129 | 18 | oo
c-puzzle move-down 102 91 v
c-puzzle move-left 84 55 v
c-puzzle move-right 84 64 v
blocks world= pickup 129 390 v
blocks world~ putdown 101 228 v
blocks world~ stack 232 383 v
blocks world~ unstack 227 397 v
Ccpuzgles move-up | 120 | 18 | oo
c-puzzle move-down 102 91 v
c-puzzle move-left 84 55 v
c-puzzle move-right 84 64 v

The results indicate that the model is able to learn the correct preconditions for the domains
blocks world, delivery, and c-puzzle, including domains with removed predicates. The single
failure in the effects of the c-puzzle™ domain may be attributed to the stochastic nature of the
training process and little training data, as the model was able to learn the correct effects for
the other actions, which behave similarly.

Only for the logistics domain did the model fail to generalize to the test instances in mulitple
cases. This could potentially be attributed to the fact that the training instance consists of only
two objects of each type, while the test instance contains three objects of each type. This could
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potentially allow formulas that are too specific to the training instance to be learned, which do
not generalize to the test instance.

6.3 Hard Graphs

In this section, three graph reasoning problems are presented to highlight the expressivity

capabilities and shortcomings of different NDLM configurations.

6.3.1 Cycles

The first pair of graphs is a standard example of two non-isomorphic graphs that cannot be
distinguished by the color refinement algorithm (1-WL) and hence cannot be distinguished by
regular message-passing GNN architectures [14]. The first graph is a 6-cycle, while the second
graph consists of two disjoint 3-cycles.

The 1-WL fails because all nodes have degree two and are initially assigned the same color. In
each iteration of 1-WL, every node receives the same multiset of neighbor colors, and thus
all nodes remain in the same color class throughout all refinement steps. Consequently, the
algorithm converges to identical colorings for both graphs.

The NDLM architecture, however, is not limited to the expressivity of 1-WL. Particularly, the
RoleRoleAttention operation allows reasoning over triplets of nodes, which is beyond message
passing over edges.

See Figure 6.2 for an illustration of the two graphs. The task of distinguishing the nodes of the
6-cycle from the 3-cycle is formulated as deriving a single concept, that contains all nodes of
the 6-cycle but none of the two 3-cycles.

Input Expected output
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Figure 6.2: C¢ and C; U Cy: input and expected labeling output.

Each configuration of the NDLM architecture is trained on the tasks with 6 layers and 10
intermediate concepts and roles. The tested configurations include strict and relaxed mode,
with and without transitive closure, and with sigmoid and identity activation functions. The
results shown in Table 6.6 indicate that strict mode solves the task in all cases, while in relaxed
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mode with identity activation all components are linear and the model fails to solve the task.
Additionally, the transitive closure component in relaxed mode appears to hinder convergence
to a solution.
Table 6.6: Results for the cycle task. vindicates that the task was learned, while Xindicates
that the task could not be solved.
Configuration | NDLM® | NDLM** | NDLM" | NDLM'*

Identity v v/ X X
v v v X

Sigmoid

6.3.2 Stars

The next task investigates the ability of the different configurations to count the number of
neighbors and make a decision based on this information. To evaluate this, the model was
trained to distinguish between a 4-star graph and a 3-star graph. The 4-star graph consists
of a central node surrounded by 4 nodes, while the 3-star consists of a central node and 3
surrounding nodes. The model was only provided with the adjacency relations of both graphs,
and the task was to derive a concept that identifies all nodes of the 4-star, while containing

none of the 3-star nodes.

Figure 6.3 illustrates the two graphs and the target concepts.

Input Expected output

© ()

\
NG G:GQQQ

4-star 3-star 4-star — C 3-star = D

Figure 6.3: 4-star and 3-star graphs: input and expected center labeling output.

Again multiple configurations were evaluated. The configurations consisted of 3 Layers with
10 intermediate concepts and roles each. The model in the strict mode fails the task in all
configurations as it lacks counting ability. The model in the relaxed mode solves the task in all

cases.
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Table 6.7: Results for the star task. v indicates that the task was solved, while X indicates that
the task was not solved.
Problem | Activation Function | NDLM® | NDLM** | NDLM" | NDLM'*
4-star vs. 3-star Sigmoid X X 4 v
4-star vs. 3-star Identity X X 4 v

6.3.3 Line

The last experiment of this section investigates limitations due to the receptive field and how
adding the transitive closure operator can help overcome them.

Towards this end, a family of graphs is constructed. For each k € N, let G, and H; be graphs
consisting of a single path of length k each. The first node of Gy is labeled with concept C,
while the first node of H is labeled with concept D. The task is, given the encoding of Gy U Hy,
as input, to assign all nodes of Gy to concept C,,; and all nodes of H, to concept D,,;. See
Figure 6.4 for an illustration of the construction and the problem.

Input Expected output
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Figure 6.4: Input and expected output for the two path graphs of variable length k € N.

All experiments are performed under the same conditions with the same hyperparameters,
including 1000 epochs and a learning rate of 0.001, but varying model depths (layer count).
The number of intermediate concepts and roles is 10 throughout. For this experiment, the
architecture operates in strict mode and the results are illustrated in Figure 6.5.
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Error curves by group
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Figure 6.5: Number of misclassified nodes after training versus number of objects k for experi-
ments with different model depths. In the 2 layers (transitive closure) configuration,
the transitive closure operator is applied. For each k, the model is trained on the
corresponding dataset for 1000 epochs.

The results nicely demonstrate how the network doubles its receptive field with each layer
via the role-concatenation operation, reaching a receptive field of size 2! after [ layers. By
contrast, adding the transitive closure operator yields an unbounded receptive field, allowing
the model to solve the task for arbitrarily large k with only 2 layers. However, the transitive
closure configuration exceeded resource limits for k > 60, while the configurations without it
could be trained beyond this point.

Next the speed of convergence of all eight different configurations was tested. For this, we will
look at the number of misclassified nodes over the course of the training procedure. This will
be performed for a fixed k = 8 and 3 layers in all configurations. The results are illustrated in
Figure 6.6.
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Test misclassification by epoch
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Figure 6.6: Number of misclassified nodes during training for the different configurations.
The task is the same as in the previous experiment with k = 8 and 3 layers in all
configurations.

Consistently the strict mode converged faster to a solution than the same configuration in the
relaxed mode. Additionally the sigmoid activations seem to hinder convergence compared
to identity activation functions. The network in the relaxed mode with sigmoid activations
even fails to learn the task in the given 1000 epochs. Transitive closure consistently improves
convergence in this task.

6.4 Mazes

The general setup of this experiment is presented in Section 3.2. The task is to learn the
transformations required to solve maze tasks of increasing size. The training and testing
datasets consist of 100 examples each, where the transition from the initial state to the goal
state is represented as a sequence of actions. The model is trained on mazes of size 5 X 5
and 6 x 6, with path lengths between 1 and 16. The experiments investigate the ability of the
architecture to learn the transformations required to solve maze tasks of increasing size. The
path lengths of the test examples are the same as those of the training examples, while the
mazes differ.

In all experiments, the NDLM" architecture with identity activations was used and evaluated
with both 3 and 4 layers. The results indicate that the model is able to learn the transformations
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up to a certain path length, but fails to generalize to longer paths. The results are illustrated in
Table 6.8.

Table 6.8: Results of the maze experiments. For each path length, the number of misclassified
tensor entries is indicated.

Path Length | 5 X 5;3 Layer | 5X 5;4 Layer | 6 X 6; 3 Layer | 6 X 6; 4 Layer
3 0 0 0 0
4 0 0 0 0
5 0 0 0 0
6 0 0 0 0
7 0 0 0 0
8 0 0 0 0
9 3 0 0 0
10 33 0 12 0
11 23 0 20 0
12 44 0 28 0
13 40 0 44 0
14 49 0 38 0
15 53 0 51 0
16 56 0 69 0

The results follow the expected pattern, where the model is able to learn transformations up
to a certain path length, but fails to generalize to longer paths. As observed in Section 6.3.3,
the maximum path length scales approximately exponentially with the number of layers. The
model with 4 layers is able to learn transformations up to path length 16, while the model with

3 layers fails to learn transformations for path lengths greater than 9.

6.4.1 Generalizing to Larger Mazes

Next, the ability of the model to generalize to a) longer paths, b) larger mazes, and c¢) both
longer paths in larger mazes is investigated. For this, a model trained on 5 X 5 mazes with
path length 8 is evaluated on mazes of size 5 X 5 and 6 X 6 with path lengths between 8 and
16. The results are illustrated in Tables 6.9 to 6.11. In this experiment, both the NDLM?® and
NDLMS™ setups are evaluated. NDLM? is the strict mode, and NDLM** is strict mode with
the transitive-closure extension enabled. Additionally, both configurations are evaluated using
sigmoid or identity activations, and the number of layers is fixed to four in all cases.

a) For this task the model trained on 5 X 5 mazes with path length 8 is evaluated on 5 X 5 mazes
with path lengths between 8 and 16. Table 6.9 illustrates the results. The results indicate that
the model is able to solve the training task in all cases, but fails to generalize to longer paths
if the transitive-closure extension is not enabled. With transitive closure enabled, the model
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Table 6.9: a) Generalization to longer paths in 5 X 5 mazes. For each path length, it is indicated
whether the network solved all mazes. Sig indicates that a sigmoid activation func-
tion is used and Id indicates that an identity activation function is used.

Path Length | Maze size | NDLMS; Sig | NDLM*; Id | NDLM**; Sig | NDLM5*; Id
Training (8) 5%X5 v v v v
I 5x5 | VR Vo 2 R
9 5%5 X X v v
10 5X5 X X v v
11 5X5 X X v v
12 5%5 X X v v
13 5%5 X X v v
14 5%5 X X v v
15 5X5 X X v v
16 5%5 X X v v

learns a general solution that solves all training problems and generalizes to longer paths as
well.

b) Next the model trained on 5 X 5 mazes with path length 8 is evaluated on 6 X 6 mazes with
path lengths between 2 and 8. The results, illustrated in Table 6.10, show that all configurations

are able to adapt to the larger mazes and solve the tasks correctly.

Table 6.10: b) Generalization from 5 X 5 to 6 X 6 mazes. For each path length, it is indicated if
the network solved all mazes. Sig indicates that a sigmoid activation function is
used and Id indicates that an identity activation function is used.

Path Length | Maze size | NDLM®; Sig | NDLM*; Id | NDLM**; Sig | NDLMS*; Id
Training (8) 6X6 v v v v

c) Finally, the ability of the models to find longer paths in larger mazes is evaluated. For
this, the model is again trained on paths of length 8 and evaluated on 6 X 6 mazes with path
lengths between 8 and 16. The results in Table Table 6.11 follow the pattern of a): models with
transitive closure are able to learn arbitrarily long paths, while those without transitive closure
fail to generalize to longer paths.
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Table 6.11: c) Generalization to longer paths in 6 X 6 mazes. For each path length, it is indicated
whether the network solved all mazes. Sig indicates that a sigmoid activation
function is used and Id indicates that an identity activation function is used.

Path Length | Maze size | NDLM®; Sig | NDLM*; Id | NDLM**; Sig | NDLMS*; Id
Training (8) 6 X6 v v v v
s | 6x6 | o v 2 oo
9 6X6 X X v v
10 6X6 X X v v
11 6 X6 X X v v
12 6X6 X X v v
13 6X6 X X v v
14 6X6 X X v v
15 6X6 X X v v
16 6X6 X X v v
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This thesis investigated approaches to learning description logic formulas from data. Starting
with a target description logic covering a wide range of operators, three approaches were
developed and two of them were evaluated: a symbolic enumerative approach, a B-RASP
encoding, which was discontinued after identifying limitations, and a novel neural architecture,
the Neural Description Logic Machine (NDLM) architecture. This chapter summarizes the

main findings, discusses limitations, and outlines potential directions for future work.

7.1 Summary

The first approach was a symbolic method that enumeratively generates candidate formulas
and combines them into a decision list. The method was able to learn solutions for 16 out of 18
1D-ARC tasks, of which 14 generalized to the test problems. The approach could, in practice,
only cover a limited fragment of the proposed description logic £. Combinatorial growth of
the number of candidate features prohibited the use of the full expressivity, as the necessary
formula depth for solving the 1D-ARC tasks could not be reached within the given resource
limits.

The second approach was to translate DL-operators into B-RASP code, with the goal of training
corresponding transformers. This approach was discontinued after observing limitations of
the encoding, such as the restriction of the model to a fixed number of objects.

Finally, a more general architecture was proposed - the NDLM architecture. It is explicitly
designed to capture the expressivity of the targeted description logic. The architecture is based
on a set of operators that are designed to capture the semantics of the description logic operators,
while also containing learnable parameters to combine the outputs of the operators in a flexible
way. The architecture was evaluated in multiple different scenarios, showing promising results
in all applications. In the 1D-ARC tasks, the best model learned transformations for 17 out of
18 tasks, while generalizing to 13 of these.

Further, the problem of learning action models from state-action traces was formulated as
a description logic learning problem. The NDLM architecture was applied to this problem,

showing promising results in learning action models in multiple domains.

Additional experiments were conducted on graph reasoning tasks, highlighting some limi-
tations of the architecture. Finally, the architecture was evaluated on a maze-solving task,
further demonstrating the ability of the architecture to reason and generalize on complex tasks.
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The expressivity of the NDLM architecture was analyzed in detail, showing that certain config-
urations exactly capture the expressivity of the targeted description logic.

Regarding related architectures, the presented neural approach is closely related to Neural
Logic Machines (NLMs) [6], as both operate on structured relational representations with arity-
aware operations. The relaxed mode was developed entirely independently and without prior
knowledge of NLMs. The min/max aggregations in the strict mode are the only component
explicitly inspired by the NLM architecture.

7.2 Limitations

The first approach, the symbolic enumerative method, suffered from a trade-off between
expressivity and computational demands. In a restricted fragment, the method was able to
reliably learn solutions for the majority of the 1D-ARC tasks, but allowing the full expressivity
of the proposed description logic turned out to be computationally infeasible, as the number of
candidate features grows exponentially and the required formula depth for solving 1D-ARC
tasks could not be reached within the given resource limits.

The B-RASP encoding was discontinued after identifying limitations of the encoding, tying the
model to fixed domain sizes and an inefficient encoding of the DL-operators.

Some limitations of the NDLM architecture were observed throughout the experiments. In
the 1D-ARC task the model tended to overfit more than the symbolic approach, when pre-
sented with the same training data. As the 1D-ARC is specifically designed to challenge the

generalization ability of the model, this is not surprising.

The model also showed some limitations in the graph reasoning tasks, where the receptive

field and counting ability of the model were identified as bottlenecks in certain configurations.

Scalability of the proposed architecture to large instance sizes is one of the main limitations.
All binary relations are represented as n X n matrices, where n is the number of objects in the
domain. This leads to a quadratic growth of the input size with the number of objects, and
operators involving these have a time complexity of up to O(n3). This is prohibitive for larger
numbers of objects. Additionally, the number of intermediate representations grows with how
many intermediate concepts and roles are used in the formula, which can further increase the
computational demands of the model.

The extension of the model with the transitive closure operator showed promising results
by allowing to reason about many steps along the relations. It increases the computational
demands of the model significantly, adding a time complexity of O(n*) per role, limiting the
applicability of the model to small instance sizes.
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Furthermore, the model showed some sensitivity to the choice of hyperparameters: while
some configurations performed well on some tasks, they performed worse on others.

The action model learning approach is inherently limited to domains containing only nullary,
unary, and binary predicates. Higher-arity predicates are not supported. The model was able
to reproduce all training transitions in all experiments, but in some cases failed to generalize to
unseen transitions in other instances. This may be due to limited training data or insufficient
regularization.

7.3 Outlook

Future work could focus on improving the scalability of the proposed architecture, e.g. by
using sparse representations for the binary relations.

Another interesting direction for future work is to decompile a learned model into a symbolic
description logic formula, which would allow one to extract human-interpretable knowledge
from the model.

As future evaluation perspectives, the architecture could be evaluated for action model learning
on domains with conditional effects, which require higher expressivity than the domains
considered in this thesis. Additionally, the architecture could be applied to learning general
policies, which can be framed as a similar formula synthesis problem.

More broadly, this work suggests that neural architectures grounded in formal logic are a
promising direction for sample-efficient and interpretable learning on structured relational
data.
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Listing A.1: Example of a Blocksworld domain with 4 actions in PPDL syntax.

1 (define (domain BLOCKS)

2 (:requirements :strips)

3 (:predicates (on ?x ?y)

4 (ontable ?x)

5 (clear ?x)

6 (handempty)

7 (holding ?x)

8 )

9

10 (:action pickup

11 :parameters (?x)

12 :precondition (and (clear ?x) (ontable ?x) (handempty))
13 ;effect

14 (and (not (ontable ?x))

15 (not (clear ?x))

16 (not (handempty))

17 (holding ?x)))

18

19 (:action putdown

20 :parameters (?x)

21 :precondition (holding ?x)
22 ;effect

23 (and (not (holding ?x))

24 (clear ?x)

25 (handempty)

26 (ontable ?x)))

27 (:action stack

28 :parameters (?x ?y)

29 :precondition (and (holding ?x) (clear ?y))
30 ;effect

31 (and (not (holding ?x))

32 (not (clear ?y))

33 (clear ?x)

34 (handempty)

35 (on ?x ?y)))

36 (:action unstack

37 :parameters (?x ?y)

38 :precondition (and (on ?x ?y) (clear ?x) (handempty))
39 ;effect
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40
41
42
43
44

(and (holding ?x)
(clear ?y)

(not (clear ?x))
(not (handempty))
(not (on ?x ?y)))))

Listing A.2: Example of a Blocksworld instance with 5 blocks in PPDL syntax.

(define (problem BLOCKS-5-CLEAR)
(:domain BLOCKS)
(:objects AB CDE)
(:init

(ONTABLE A)
(ONTABLE B)
(ONTABLE C)
(ONTABLE D)
(ONTABLE E)
(CLEAR A)
(CLEAR B)
(CLEAR C)
(CLEAR D)
(CLEAR E)
(HANDEMPTY) )
(:goal (AND (CLEAR A))))
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B Proof details

B.1 Translation NDLM"

The translation of the operators into the NDLM" architecture, need some more steps, where
the output of the operators is mapped to 0 or 1 correspondingly. The following table illustrates

these translations.
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Table B.1:

Translation of DL-operators to network operators in relaxed mode.

Concept Operators

Implementation in the Network

Explanation

all(Ry, Cy)

some(R,, C;)
and(C;, G,)
dif f(C1, Cy)
eq(Ry, Ry)

not(C;)
or(Cy, G,)
projection(R)

subset(R, R,)

ConceptFFN(ConceptRoleAttention(
ConceptFFN([C1]), [R1])

ConceptFFN(ConceptRoleAttention([C,], [R;]))
ConceptFFN([Cy, C,])

ConceptFFN([C;, C5])
ConceptFFN(RoleAggregation(RoleFFN([R;, R;])))

ConceptFFN([C;])
ConceptFFN([Cy, C,])
ConceptFFN(RoleAggregation([R]))

ConceptFFN(RoleAggregation(RoleFFN([R, R;])))

Firstly FFN computes —C; then Con-
ceptRoleAttention computes for each
object if there is some edge that is di-
rected into —=C;, FFN then maps to 0
or 1 correspondingly.

FFN computes C; A C,

FFN computes C; A 7C,

FFN computes =(R; < R;), RoleAg-
gregation (sum or min) aggregates this
and FFN remaps it to 0 or 1

FFN computes =C;

FFN computes C; v C,
RoleAggregation(sum or max) evalu-
ates if some object has an outgoing
edge The FFN then maps the result to
Oorl.

FFN computes —(R; - R,), R,
RoleAggregation (sum or min) aggre-
gates this and FFN remaps it to 0 or 1.

top ConceptFFN([]) FFN computes 1

bot ConceptFFN([]) FFN computes 0

Role Operators Implementation in the Network Explanation

and(R;, R,) RoleFFN([Ry, R;]) FFN computes R; A R;.

compose(Ry,R,)

dif f(Ry, Ry)
id

inverse(R;)
not(R;)
or(Ry, R;)

restrict(Ry, Cy)

top
TC(R)

ConceptFFN(RoleRoleAttention([Ry, R,]))

RoleFFN([R;,R,])
Encoded as input role

RoleTranspose([R,])
RoleFFN([R,])
RoleFFN([Ry,R;])

RoleFFN(|ConceptExtension([C;],R;)])

RoleFFN([])
RoleFFN(TC([R]))

RoleRoleAttention computes compo-
sition, FFN maps to 0 or 1.

FFN computes R; A R,.

The identity matrix is provided as one
of the input roles.

RoleTranspose directly computes the
adjacency matrix of the inverted role.
FFN computes - 1R;

FFN computes R; V R,.

FFN computes Ry ; ; A C; where C; is
accessed by converting it to a role first.
FFN predicts 1

TC evaluates to 0 if there is no connec-
tion between two nodes and > 1 else,
FFN then maps this to 0/1.

B.2 Relation between Network Operations and Refinement Op-

erators

Assuming the context in the proof of Theorem 3:
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B Proof details

RoleAggregation:
Forall x,y € A:

To show: Cagg,x # Caca,y = X *aGG Y

By definition: Cpgg x = (ke[n] zk;) e ) (llc’rel%Ri’k’j) ]

Jj€ln] jen]

Caoe = gmiins)  *(281F5ns) g

Jeln] Jjeln]

Cace,x # Caca,y

S (T 0 1 R N IR e

J€ln] Jeln] Jeln] Jeln]

#\/( lkx;émlekyVma lex;émaleky>
ie[r] ke[n] ke[n] ke[n]

=> minR; < mlnR \Y/ mlnR > m1nR
l¥]< eln] ik,x ke[n] i,k,y ke[n] i,k,x ke[n] i,k,y

V maxR; < maxR;  , V maxR; > maxR;
kefn] 2% T kefn] RV Y keln] Y% T kein) ’ky)

:\/( VA R <Riesv VA Rute > Ry
ie[r] \ke[n]k’€[n] k'e[n]k’€[n]
/\ Rikx > RipyV \/ /\ Rikx < Ri,k’,y)

ke[n]k’e[n] k'e[n]k’e[n]

:\/(v A Rin 2 Ry v \/ /\Ri,k,xﬂi,k,,y)

ie[r] \ke[n]k’€[n] k'e[n]k’€[n]

:\/(\/ /\ [(k, )], # [(K', )], v \/ /\ [(k, )], (k’y)]>
:V(/\ [k, )], # [k, v\ /\[(kx) #[(k'y)])

ke[n] \k'e[n] k'e[n]k’e[n]
=>{[(k, )]k € A} # {[(k, y)]|k € A}

=>[X]166 # Wace

ConceptRoleAttention:
For all x,y € A:

To show: CCRA,x ?é CCRA,y = X *craY

77



B Proof details

By definition:
Cerase = ((minGue - Rix)) o ((maxci - Risx))
ken] 1<(i-1)c+j<c-r keln] 1<(i—-1)c+j<c-r
Ccray = ((mlnC k- Rik maxC; x « Rj
Y keln] e 15(i—1)c+j5cr keln ] ey 1<(@i-1)c+j<c-r

Ccrax # Ccra,y

:>(<m1nC lex> (maxC lex> )
ke[n] 1<(i—-1)c+j<c-r ke[n] 1<(@i-1)c+j<c-r

7 ((mlnC K, ) (maxC & ) )
kelnl ok 1<(i-De+j<cr  \KEl] Riky 1<(i-1)etj<e-r
:ll[/r] ]¥]<mlnc Rijx m‘f‘x]c 1k,x> # (gﬁcjk "Rigye Igel%c},k 'Ri,k,y>

> min G; m1n - Ry V maxCip - R maxC: - R
l¥]l¥]< €lnl e Riox 7 Lk.y ke[ii(] ik Rijex 7 ke[r)z(] Ik "k’y>

=> minC; ;. - R; < minG; g - \% mlnC > min Gk
i¥]j>[/]<ke["] g,k " Dik,x ke[n] j,k lky ke[n ] lkx ke[n ] lky

uadvmaxcC; i, - R; < maxGC - R; . VmaxC;, - R; > maxGC; . - R; )
q keln] j,k i,k,x keln] j,k i,k,y keln] j,k i,k,x keln] ij,k i,k,y

= \/ \/ (( \/ /\ Gk Rijex < G 'Ri,k’,y) V( \/ /\ Gk Rikx> G 'Ri,k’,y>
k'e[n]ke[n]

ke[n]k'€[n]

quadv( \/ /\ Gk Rikx <G 'Ri,k’,y) V( \/ /\ Gk Rikx> G 'Ri,k’,y))

ke[n]k'e[n] k'€[nlkeln]

= \/ \/ ( \/ /\ Gk * Rikx # G 'Ri,k’,y) v ( \/ /\ G Rikx # G 'Ri,k’,y>)
ie[r]jelc]

ke[n]k’'€[n] k'e[nlke[n]

=\/ \/( \VAWANK( kaéckIVlex#le/y)) (\/ /\(q,kaéq-,kIVRi,k,x#Ri,k/,y)))

ie[r]je[c] \ \ke[n]k'€[n] k'e[n]ke[n]
= ( I\ (K] # [,V (G 0)); # [(K,9)]) <\/ /\ [k, # [K'], v [(k, )], # [(k',ym)))
ie[r]je€[c] \ \ke[n]k'€[n] k'e[n]
>{([k1,, [k, )],k € A} # {([k],, [(k, »)],)Ik € A}

>[xlcra # [Vcra

ConceptExtension:
For (x,x"),(y,y’) € A:

To show: CEXT, ?é CEXT,y,y’ => (x, x,) *EXT (y’ y,)
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By definition:

RExT xx = (Ci’X)ie[c]
Rext,y,y = (Ci’y)ie[c]

Rextxx' # ReExT,y,y!
:’(Ci x)ie 7 (C"y)ie[c]

:>\/(Clx ) #(Ciy)
;*'\/ [x];, # [y
:’[X]i # [yl;

=106 X gxr # 95V lgxr

RoleTranspose:
For (x,x"),(y,y’) € A:

To show: Crg xx # CrRr,y,y = (X, X') *1r (,)")

By definition:
RTR,x,x’ = (Ri,x’,x)

Rrry,y = (Ri,y’,y)ie[r]

ie[r]

Rrgxx' # RrR,y,y
:(Ri x’,x)~ ;é (Ri,y’,y)ie[r]

:>\/Rlx, ;éRly N
ie[r]

= \/ [, 0], # [, 9)];
i€[r]

=[x 0], # [0 0]
=[G XD g # 35V 11k

RoleRoleAttention:

For (x,x"),(y,y’) € A:
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To show: CRRA,x,x’ # CRRA,y,y’ = (X, x,) “RRA (y, y,)

By definition:

R r = ((mlnR - R; /)) o (maXR, k- R',k, /)
RRA,x,x ke[n] i,x,k N k,x L<G—Dyr4j<r? kein] i,x Nk, x

R A ((mmR - R; r)) o (maxR k 'R',k, /)
Rty kefn] 2Ty 1<(i—tyrajrz \\ke[n] PV TR

p’qe[n]>ls(i—l)r+j§r2

Pa€lnl/ y<(i_1yra j<r2

RRRrax,x' # RrraA,y,y

:((minR’ k- R~,k’ /)) o (maxR.’ k 'R',k, ,)
keln] 0 T enyrjern Vel T Gy
# <<minR. k- R-,k, ,)) ) (maXR.’ k- R',k, ,
kelnl "2 P qionyrajer \kelal PR
$\/ \/ ((Igel%rlll]Ri,x,k ' Rj,k,x’) 5& (lgrel%rI:Ll]Ri’y’k . Rj,k,y’)
ie[r]jelr]

R Riry maxR; y, i Ri k.
V(z?e‘% bk f""">¢(ke[n] bk Ty >>

>IS(i—1)r+er2

i\/ \/(minR “Rjjxr < minR; ¢+ R vV MINR; - Rj v > minR; 5, 1+ Ri gy
it ke[n] i,x,k " Nj,k,x keln] i,y,k " Nk,y ke[n] i,x,k " Nj,k,x ke[n] i,y i k.Y

ik Rikxt Ri vk Riky VMaXR; o i - Ri gy > MaxR; i R; ,)
Vllc’rel?r)lﬁRl’x’k J,k,x < ]Erel?r)lﬁ l,y,k J5k’y ke[n] l’x’k J’k’x ke[n] l’y’k J’k’y
=> \/ \/ ( \/ /\ Ri,x,k . Rj’k’xl < Ri,y,k’ . Rj’kl’yl \% \/ /\ Ri,x,k . Rj’k’xl > Ri,y,k’ . Rj,kl’yl
i[r]jelr] \ke[n]k'€[n] k'e€[n]ke[n]
\Y2 \/ /\ (Ri,x,k . Rj,k,x’) < Ri,y,k’ . Rj,k’,y’ Vv \/ /\ Ri,x,k . Rj,k’xl > Ri,y,k’ . Rj,k’,y’)
k'e[n]ke[n] ke[n]k'€[n]
=> \/ \/ ( \/ /\ (Ri,x,k * Ri,y,k’ \Y Rj,k,x’ #* Rj,kl,yl)
ie[r]je[r] \ke[n]k'€[n]
V'V A Rixk # Riypr VR # Rj,k’,y’))

k'e[n]keln]

=\ A (&R, # K1, v [k x)]; # [(K.3)];)
ke[n]k'€[n]

v VA (6B # 102KV [ XD, # [(K)],)

k'e[n]ke[n]
={([(x, 0], [, x)]) Ik € A} # ([0, )] [k, y)]) Ik € A}
=[] gra # [0 Y)]rra
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B.3 Equivalence between Refinement Operators and Formulas

ConceptExtension:

For all o € A:
AGG )I

To show: [0] ;= (F [0l4ce

(ng]i(éc)l =1x € Al \ (x € 3} T) Ax € 3( A _'F[_(;"O)]i)'T}

o’'eA o’'eA

o’'eA o’eA

xeAl [\Ikea: (kx)e (@, 0] ATk : [\ ~(kx) €[, o’)]i}

o’'eA o’eA

={x € Al /\ dkeA: (xk)e (F[‘(é,,o)]i)l/\ =3k : /\ ~(x, k) € (F[_(é,of)]i)l}

=lxeal A\ Vb el /\\ @b el o')]i}

o'eAkeA kelAo’eA
={x e Al A\ VIR, = 10,000 A A\ [0, = (o, o')]i}

o’'eAkeA keAo’'eA
={x € Al{[(k,x)]|k € A} = {[(0",0)]|0" € A}}

=[0l466

ConceptRoleAttention

Forall o € A: I
To show: [0].p4 = (F [C‘;iim)
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I
I
CRA —
(F[O]CRA) —{x c A|X (S (/\ HF[(O,O/)]i.F[O/]i) A X € (3( /\ _'<F[(O,O’)]i A T|F[o’]i

o’'eA o’'eA

={x € A| /\ dkeA: ((x, k) e (F[(o,o’)]i)l ANk e (F[O,]i)1>

o’'eA

1
Andk e A (/\ —(x, k) € (F[(o,o’)]i A T|F[O,].)) ANk € TI}

o’'eA

:{x el A\ V(K € l(0,0)], Ak € [0'],)

o’eAkeA

ANV ((x, k) € [0.0)], A ((x. k) € T Ak € (Fior),) Ak € TI)

o’'eAo’eA
={x e al A\ V(1 0), = [(0,0)]; A [K], = [0'],)
o’eAkeA
ANV (16 R = 10,001, Ak e (F[O,]i)l)}
o'eAo’'eA

={x e Al A\ V(6B = (0,00, A TK], = [0'],)

o’eAkeA

ANV (6B, = [(0,0)]; A[K], = [o']i)}

o’'€Ao’eA
={x € AI{([X, Q]i’ [Cl]i, )lq € A} = {([Q]l, [x, Q]l)|q € A}}

=[olcra

ConceptExtension:
For all (0,0,) € A% :

I
To show: [(o;, 02)]EXT = (F[ng(l?Z)Z)]EXT)

I -1 !
(Fﬁé(lj’;’z)]mz) ={(x1,x2) € Nlx € ((TlF[Olh) ) }

[Ol]i

:{(xl,xz) € N|x; € F} }
{
{
[

)]
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RoleTranspose

For all (0,0,) € A% :

I
To show: [(01,0))] 7 = (F[T(ORqu)]TR)

I
(F[{éewz)]m)f ={(x1,x2) € A%/(x1,%2) € (Fitop01.1) }
I
={(x1,x2) € N?|(x3,x1) € (F[(ol,oz)]i) }
={(x1,x2) € A%|(xp,X1) € [(01,02)],}
={(x1,x2) € A2|[(x2,x1)]l. = [(01,02)],-}
[

= (01’ 02)]TR

RoleRoleAttention

83



B Proof details

For all (0,0,) € A? :

I
To show: [(01,02) I pps = (FﬁngZ)]RRA)

I
I
(F[lfgfoz)]m) = {(xpxz) €N | (x1,xy) € (/\ (F[(ol,o’)]i °F[(0’,02)]i)>

o’'eA

I
AT(x,x3) € (( /\ "F[<ol,o')]i> ° ( /\ ﬂF[(o’m)li)) ‘

o’'eA o’eA

1
={(x1, x;) € A | /\ (x1,x,) € (F[(ol,o’)]i ° F[(o’,oz)]i)

o’'eA

I I
Adb e A : ((xl,b) S (/\ _lF[(Ol,Ol)]i) AN (b, Xz) (S (/\ _|F[(0,a02)]i> )}

o’'eA o’'eA

={(x1,x2) € A? | /\ JbeA: ((xl,b) IS Ff(obo,)]i A(b,x,) € F[I(o,’oz)]i)

o’'eA

. 1 1
Am3beA: /\ (—-(xl, b) e Floy,0n1, A —(b, x;) € F[(O’,Oz)]i)}

o’'eA

={(X1,x2) e a?| \3bea: [(x,b)]; = [(01,0)]; A (b, x)]; = [0, 02)];

o’'eA

Am3be A /\ (=(x1.b) € [(01,0)]; A (b, xy) € [(o’,OZ)]i)}

o’'eA

={<x1,x2> e | A\ V@b, =0, 0)]; Al(b,x)]; = [(0',0,)],

o’eAbeA

ANV (1 b) € [(01,0)], A (b, x5) € [(0’,02)]i)}

beAo’eA

={<x1,x2> e | A\ V@b, =0, 0)]; Al(b, )], = [(0',0,)],

o’eAbeA

ANV (G b)) = [(01,0)]; A (B, X)), = [(o',omi)}

beAo’eA
={(0f,05) € &2 [ {([0}, ql;,[9:05];) | g € A} ={([01,q];- [9:02];) | g € A}
Al(01,05)]; = [(01,02)];}

=[(oy, 02)]RRA
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C Additional Results

C.1 1D-ARC

Table C.1 summarizes the 1D-ARC results by task and configuration. Here, v'means that both
training and test data were learned, (v') means that only the training data was learned, and
Xmeans that the training data was not learned. - indicates that the model did not produce any

results due to compute limitations.
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Table C.1: 1D-ARC results by configuration and task. Rightmost column reports A/B with

— #(/ or (V).

#(v) and B

A=

A/B

dp~aTedsTpl

90 I0T0J3I pT
JUDTIOT029I Pl
dwd~x0T02917PT
Jw~Adoad™pt

21 Adodd7pt
TTT4 papped pt
dp~anouw pt
de"anow pt
dp~dz anouwpt
dz7anouw pt

di anow pt
IOIITW PT
MOTTOY PT
dTT47pT
TIT4PI
Sw-ButsTousp pT

o317 butsTousp pT

Batch

Act.

Model

First Version

V) ) ) 1017

)

B10
B10
B10
B10

id
id
id
id

NDLM"

0/0
13/17

NDLM"+
NDLMS

V)
)

V)
)

V)

12/16

V)

NDLMS+

0/0
0/0
10/14

B10
B10
B10
B10

sig
sig
sig
sig

NDLM"

NDLM"™
NDLMS

)

)

)

6/7

W)

NDLMS*

2/7
0/0
9/17

)

V)

)

V)

Bl

id

NDLM"

Bl

id
id
id

NDLM"™
NDLMS

V)
)

x )y v () V)
) V) V)

)

)

V) v )
)

)

V)

Bl

7/17

)

V)

4

Bl V)

NDLMS+

0/1
0/0
9/9
8/9

V)

Bl

sig
sig
sig
sig

NDLM"

Bl

NDLM"+
NDLMS

Bl

Bl V)

NDLMS*

All Versions

10/10

X

B10
B10
B10
B10

id
id
id
id

NDLM"

0/0
9/10

NDLM™
NDLMS

)

0/0

NDLMS*

0/0
0/0
8/8
0/0

B10
B10
B10
B10

sig
sig
sig
sig

NDLM"

NDLM"™
NDLMS

NDLMS+

10/11

V)

Bl

id
id
id
id

NDLM"

0/0
11/12
11/12

Bl

NDLM"+
NDLMS

v
v

Bl

X

Bl

NDLMS*

2/2
0/0

Bl

sig
sig
sig
sig

NDLM"

Bl

NDLM™
NDLMS

9/9
5/5

Bl

Bl

NDLMS*

C.2 Action Model Learning

In this section the results for the action model learning experiments are presented in more

detail. The results for the effect learning and precondition learning experiments are shown in

the tables below.
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Table C.2: Overview of the number of applicable and non-applicable training and test tran-
sitions by task and action. train_app is number of applicable transitions in the
training set,
train_non is number of non-applicable transitions in the training set,

train_percent is percentage of applicable transitions in the training set,
test_app is number of applicable transitions in the test set,

test_non is number of non-applicable transitions in the test set,
test_percent is percentage of applicable transitions in the test set.

action train_app | train_non | train_percent | test_app | test_non | test_percent
blocks world
pickup 26 103 20.16% 8 382 2.05%
putdown 11 70 13.58% 18 210 7.89%
stack 29 185 13.55% 36 346 9.42%
unstack 14 214 6.14% 35 353 9.02%

“delivery | [ | | 1 1
drop-package 12 180 6.25% 10 430 2.27%
move 82 235 25.87% 172 470 26.79%
pick-package 7 273 2.50% 4 512 0.78%

7 ioéisii;s 7777777777777777777777777777777777777777777777777
drive 34 144 19.10% 273 728 27.27%
fly 34 170 16.67% 378 623 37.76%
load 16 170 8.60% 123 878 12.29%
unload 7 170 3.95% 47 954 4.70%

epuzzle || | 1
move-down 12 90 11.76% 11 80 12.09%
move-left 14 70 16.67% 15 40 27.27%
move-right 14 70 16.67% 14 50 21.88%
move-up 9 120 6.98% 8 110 6.78%

Following instance sizes were used for sampling the training and testing transitions:

¢ blocksworld:

« delivery:

Train instance 1: 5 blocks
Train instance 2: 6 blocks
Test instance 1: 10 blocks
Test instance 2: 10 blocks

- Train instance 1: 4x4 grid, 1 package, 1 truck

- Train instance 2: 3x3 grid, 3 packages, 1 truck

- Test instance 1: 5x5 grid, 3 packages, 1 truck
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- Test instance 2: 7x7 grid, 2 packages, 1 truck
« logistics:
- Train instance 1: 2 cities, 1 airport and 1 office per city, 2 trucks, 2 planes, 2 packages
- Test instance 1: 3 cities, 1 airport and 1 office per city, 3 trucks, 3 planes, 3 packages
« c-puzzle:
- Train instance 1: 3x2 grid
- Test instance 1: 4x2 grid

Table C.3: Results for action model learning in blocksworld domain. v:both training and test
data were learned; (v): only train data learned; X: training data was not learned.

Configuration | pickup | putdown | stack | unstack
Effects

NDLM";1d ) W) W) X
NDLM"; Sig v v v/ X
NDLM";1d X X X X
NDLM™; Sig X X X X
NDLMS;1d 4 4 v v
NDLM?; Sig v v v/ X
NDLM5*;1d 4 4 4 v
NDLM?®*; Sig v v v/ v
Preconditions

NDLM";1d ) 4 V) )
NDLM'; Sig ) X v X
NDLM";1d X X X X
NDLM"™; Sig X v X X
NDLMS; 1d 4 4 4 v
NDLM?; Sig 4 4 v/ v
NDLM5*;1d 4 4 4 v
NDLM*S*; Sig v v v v

88



C Additional Results

Table C.4: Results for action model learning in delivery domain. v:both training and test data
were learned; (v'): only train data learned; X: training data was not learned.

Configuration | pick-package | drop-package | move
Effects

NDLM";1d X X X
NDLM"; Sig X X )
NDLM"+;1d X X X
NDLM'*; Sig X X X
NDLMS; 1d v v v
NDLMS; Sig X X X
NDLM*t;1d v v v
NDLM?S*; Sig X X X
Preconditions

NDLM'"; 1d ) ) )
NDLM"; Sig X X X
NDLM"+;1d X X X
NDLM'; Sig X X X
NDLMS; 1d v v v
NDLM?; Sig v v v
NDLM*t;1d v v v
NDLM?*t; Sig X v v
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Table C.5: Results for action model learning in logistics domain. v:both training and test data
were learned; (v'): only train data learned; X: training data was not learned.

Configuration | load | unload | drive | fly
Effects

NDLM"; 1d X X X X
NDLM'; Sig X X X | )
NDLM"™;1d X X X X
NDLM"*; Sig X X X X
NDLM?3;1d v ) v )
NDLM?; Sig X X X X
NDLM*t;1d v ) v v
NDLM?3*; Sig X X X X
Preconditions

NDLM"; 1d ) v V) | (V)
NDLM'; Sig X X X X
NDLM"™;1d X X X X
NDLM"*; Sig X X X X
NDLM?3;1d ) v v v
NDLMS; Sig X v v )
NDLM*t;1d v v | ()
NDLM*t; Sig V) X V) | v
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Table C.6: Results for action model learning in c-puzzle domain. v":both training and test data
were learned; (v'): only train data learned; X: training data was not learned.

configuration move-up | move-down | move-left | move-right
Effects

NDLM";1d X X X X
NDLM"; Sig X X X X
NDLM";1d X X X X
NDLM'; Sig X X X X
NDLMS; 1d v v v v
NDLMS; Sig X X X X
NDLM*t;1d v v v v
NDLM?*; Sig X X X X
Preconditions

NDLM";1d ) ) ) )
NDLM"; Sig X X X X
NDLM";1d X X X X
NDLM"; Sig X X X X
NDLMS; 1d v v v v
NDLM?; Sig v v v v
NDLM*t;1d v v v v
NDLM5t; Sig v v v v
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Table C.7: Results for action model learning in blocks world~ domain. v:both training and
test data were learned; (v/): only train data learned; X: training data was not learned.

configuration move-up | move-down | move-left | move-right
Effects

NDLM"; 1d V) 2 ) V)
NDLM"; Sig v v v X
NDLM";1d X X X X
NDLM'; Sig X X X X
NDLMS; 1d v v v v
NDLM?; Sig v v v X
NDLM*t;1d v v v v
NDLM5t; Sig v v v v
Preconditions

NDLM";1d X V) V) V)
NDLMT; Sig v v X X
NDLM";1d X X X X
NDLM'; Sig ) v 2] )
NDLMS; 1d v v v v
NDLM?; Sig v v v v
NDLM*t;1d v v v v
NDLM5t; Sig v v v v
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C Additional Results

Table C.8: Results for action model learning in c-puzzle™ domain. v:both training and test
data were learned; (v): only train data learned; X: training data was not learned.

configuration move-up | move-down | move-left | move-right
Effects

NDLM";1d X X X X
NDLM"; Sig X X X X
NDLM";1d X X X X
NDLM'; Sig X X X X
NDLMS; 1d v v v v
NDLMS; Sig X X X X
NDLM*t;1d v v v )
NDLM?*; Sig X X X X
Preconditions

NDLM";1d ) ) ) )
NDLM"; Sig X X X X
NDLM";1d X X X X
NDLM"; Sig X X X X
NDLMS; 1d v v v v
NDLM?; Sig X v v X
NDLM*t;1d v v v v
NDLM5t; Sig v v v X
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