Chair of Rm
Computer Science 6

(Machine Learning
and Reasoning)

The present work was submitted to the Chair of Machine Learning and Reasoning.

Learning Graph-Based Symbolic State
Representations for Planning from Images

Master Thesis

Presented by

Jakob Elias Gebler
353797

Supervised by Jonas Reiter, M.Sc.

1%t Examiner Prof. Hector Geffner, Ph.D.

2"d Examiner Prof. Dr. rer. nat. Christopher Morris

Aachen, October 12, 2025






With sincere thanks to my parents for their constant encouragement

and support throughout my entire studies.






Abstract

Classical planning operates on explicit, symbolic models of an environment. Automatically
extracting such models from high-dimensional, unstructured data, such as images, remains a
significant challenge. Established methods in state representation learning often fall short, as
they either rely on image reconstruction, which can encode task-irrelevant visual details, or
they fail to produce representations that generalize to new problem instances within the same

domain.

This thesis addresses these limitations by developing an algorithm that learns a lifted, symbolic
state representation directly from images, without requiring reconstruction. An inverse action
model architecture is proposed that first encodes pairs of state observations into sets of object
embeddings. Subsequently, relation predictors construct a graph-based symbolic representation
for each state. A graph neural network then processes these relational structures to perform
the auxiliary task of jointly classifying the action that caused the transition and predicting
the distance between the two states, thereby enabling an implicit learning of a meaningful

representation.

The graph-based architecture is designed to be independent of the number of objects, creating a
potential pathway for generalization to larger problem instances by fine-tuning only the initial
image encoder. The proposed method is evaluated on the classical planning domains N-Puzzle
and Sokoban. Experiments demonstrate that the model successfully learns a nearly-injective,
structured state representation, and its ability to generalize is assessed by transferring the
learned model from the 8-Puzzle to the 15-Puzzle. Furthermore, the utility of the learned
representation is validated by employing a learned dynamics model and the predicted distance
as a heuristic in a guided search, which successfully solves planning tasks within the latent

space.
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1 Introduction

A fundamental task and challenge in the field of artificial intelligence is to create agents that
can solve complex problems. An approach to problem-solving is planning, which can be
understood as the systematic search for a sequence of actions that transforms an initial state of
an environment into a desired goal state [45]. To perform such a search, an agent requires an
internal model, or state representation, that describes the environment in a structured manner.
Human experts must handcraft such representations, a process that requires domain-specific
knowledge [32]. The research area of state representation learning (SRL), however, aims to
automate this process by learning meaningful representations directly from raw data, such as

images, often in an unsupervised setting [32].

The type of learned state representation depends on its intended purpose. For tasks involving
planning and control, the representation must capture the dynamics of the environment, that
is, how actions change the environment’s states. In fields such as reinforcement learning (RL),
various representation learning strategies have demonstrated promising results. For instance,
models like DreamerV?2 learn a discrete, reconstruction-based latent space to master complex
tasks from pixels [22], whereas recent approaches, such as planning with a latent dynamics
model (PLDM), utilize a continuous latent space and a forward model without relying on image

reconstruction [47].

Despite these advances, a significant challenge remains in learning representations that are
explicitly symbolic and structured in a manner similar to the planning domain definition lan-
guage (PDDL). Learning such representations is desirable because it allows the use of the well-
established framework of classical planning, which features powerful, domain-independent
planners that provide theoretical guarantees for their solutions.

A key work in this direction is LatPlan, which demonstrates the feasibility of learning a
PDDL action schema from a discrete state representation learned from images [4]. However,
this approach has notable limitations: its reliance on image reconstruction can force the
model to encode visually-relevant features that are unnecessary for a symbolic interpretation.
Furthermore, the learned representation is propositional and not designed to generalize to
other instances of the same domain, such as transitioning from the classical planning domain
8-Puzzle to a 15-Puzzle.

To address these issues, this thesis develops an algorithm that learns a lifted, symbolic state
representation directly from images. The learned representation consists of a set of objects

and binary relations between them. This is achieved using an inverse action model (IAM)
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that avoids the need for image reconstruction. The model first maps two state-observations
(images) to a continuous, lower-dimensional vector space, which is interpreted as a set of object
encodings for each state observation, respectively. Subsequently, a series of relation predictors,
implemented as multilayer perceptrons (MLPs), determine which binary relations hold for all
pairs of objects in each state observation.

The set of objects and their binary relations can be represented as a directed multigraph. This
structure allows the use of graph neural networks (GNNSs) to perform the primary learning
task of the IAM: predicting the action that led from the first given state observation to the
second [32]. In addition to classifying the action, the model also tries to predict the number of
steps (distance) required to transition between two states. This distance prediction serves as a
crucial additional learning signal, particularly for non-consecutive states. A key advantage of
this architecture is its potential for generalization. Since the relation predictors and the GNN
are independent of the number of objects, the trained model can be applied to larger problem
instances by simply varying the number of encoded objects. For such a transfer, only the initial
image encoder needs to be retrained on the new instance class.

The proposed algorithm is evaluated on the 8-Puzzle and Sokoban planning domains. Ex-
periments confirm that the model successfully learns a structured state representation and
demonstrate promising generalization capabilities. Furthermore, to provide a functional val-
idation that the learned representation captures the environment’s dynamics, the predicted
distance is employed as a heuristic in a guided search, successfully solving planning problems

within the learned latent space.

1.1 Key Contributions

The key contributions of this thesis are as follows:

« The design and implementation of a novel IAM architecture that learns a lifted, symbolic
state representation of objects and binary relations directly from pixel data.

« An empirical evaluation of the model’s ability to generalize to problem instances larger
than those seen during training.

« A demonstration that the method can be transferred to another classical planning domain
(Sokoban).

« Avalidation of the learned dynamics by employing the predicted distance as a heuristic

in a guided search.

1.2 Thesis Outline

The remainder of this thesis is structured as follows. Chapter 2 provides the theoretical

foundation for this work, covering key concepts in state representation learning, planning,
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and GNNs. Chapter 3 discusses related work in representation learning and planning from
images and situates this work within the existing literature. Chapter 4 presents the proposed
model architecture, the experimental environments, the methodology for data generation and
training, and the evaluation protocols. Chapter 5 presents and discusses the empirical results
of the experiments, evaluating the quality of the learned state representation, its generalization
capabilities, and its practical utility in planning tasks. Finally, Chapter 6 concludes the thesis
by summarizing the key findings and outlining potential directions for future research.



2 Background

This chapter provides the theoretical foundations for the methods presented in this thesis. First,
Section 2.1 provides an introduction to core concepts of deep learning, covering multilayer per-
ceptrons, convolutional neural networks for processing visual data, and graph neural networks
for operating on relational structures. Next, Section 2.2 details the field of state representation
learning, surveying key architectures, including autoencoders, variational autoencoders, and
inverse action models. Finally, Section 2.3 introduces classical planning, explaining its reliance
on symbolic environment models, the planning domain definition language, and the role of

heuristic search.

2.1 Deep Learning

The model components presented in this thesis are implemented using deep learning concepts.
This field of machine learning utilizes deep neural networks, models composed of multiple
processing layers to learn arbitrary mappings from input to output data by optimizing a set
of internal parameters [16]. The following covers the fundamental deep learning principles
applied in this work.

2.1.1 Multilayer Perceptrons

MLPs, also known as feedforward neural networks, are a foundational class of deep learning
models, recognized as universal function approximators [48]. An MLP is composed of a
sequence of layers, where each layer applies an affine transformation followed by a non-linear
activation [8]. The function for the i-th layer is defined as:

x0) = H(WOx(-D 4 pO), @.1)

with i > 0. The layers’ input and output are denoted as x(—1 and x®, respectively. W(® and
b® are the weight matrix and bias vector, and compose the learnable parameters of the i-th
layer. The function h(-) is an element-wise, non-linear activation function, such as the logistic
sigmoid or the sigmoid-weighted linear unit (SiLU). An MLP is formed by chaining these layers,
where the output of one layer serves as the input to the next. The resulting function can be
formalized as f : X' — Y, where X and ¥ are the input and output spaces, respectively, and
6 = (W, b) is the set of all learnable parameters.
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The objective of training an MLP is to find the parameters 6 that minimize the empirical risk
on a given training dataset D = {(x;,y;)}\.,. This risk, denoted as J(6), is the expected value of
the loss function £ over the empirical distribution defined by the dataset. This is equivalent to
the average loss over all samples:

N
J(0) = Exy)~pl£(fo(X), ¥)] = %ZL(fQ(Xi)a yi)- (2.2)
i=1

The optimization process of finding the parameters 6 that minimize J(6) is known as empirical
risk minimization [16].

Gradient Descent

A standard approach to find such parameters 6 is to use gradient-based methods. The founda-
tional algorithm is gradient descent, which iteratively updates the parameters in the opposite
direction of the gradient of the loss function, VgJ(6) [8]. The update rule for a single step is
given by

0 « 6 —nVaJ(6), (2.3)

where 7 is a small positive scalar known as the learning rate. A drawback of this approach is that
it requires computing the gradient over the entire training dataset for a single parameter update.
This is computationally expensive and often intractable for large datasets. An alternative is to
approximate the gradient by computing it only for a single datapoint. This process is known as
stochastic gradient descent.

While computing the gradient over a single datapoint is unbiased but has a high variance, in
modern practice, the gradient is usually estimated based on a small subset of samples, also
called mini-batches. This approach reduces the variance of the gradient estimate compared to
per-example-based gradient descent, while remaining computationally efficient. This mini-
batch variant is known as stochastic gradient descent (SGD) [8]. While SGD provides the basic
optimization principle, more advanced algorithms are used to accelerate convergence and
improve stability, such as Adam with decoupled weight decay (AdamW) [34] or root mean
square propagation (RMSprop) [44].

Supervised and Self-supervised Learning

The optimization methods described apply to traditional supervised learning, which relies
on human-annotated labels. This work, however, employs self-supervised learning. In this
paradigm, a function is learned from inputs to outputs, but the target outputs (or labels)
are obtained automatically from the input data itself, without requiring separate human
annotation [9]. Although the origin of the labels differs, the training mechanics are identical to
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the supervised case: a loss function measures the prediction error, and gradient-based methods
like SGD are used to minimize this loss by adjusting the model’s parameters.

Regression and Classification

Neural networks can be adapted to solve different types of predictive tasks, where classification
and regression are the most common. Classification is the task of predicting a discrete class
label from a finite set of categories. The output layer of a classification network typically
uses a softmax function to produce a probability distribution over the possible classes [8]. A
common objective for training is to minimize the cross-entropy loss, which for a single example
is defined as:

C
Lep(y,9) ==, yelog(o), (2.4)
c=1

where C is the number of classes, y is the one-hot encoded true label vector, and ¥ is the
predicted probability distribution from the model [16].

Regression is the task of predicting a continuous numerical value. For this task, the output
layer typically consists of one or more neurons with a linear activation function. A standard
loss function is the mean squared error (MSE), which penalizes the squared difference between
the predicted and true values:

Luse(h9) = (v = 9), (2.5)
where y is the true continuous value and y is the model’s prediction.

The model developed in this thesis employs both tasks jointly, predicting a discrete class label
and a continuous value for each training example. In addition to MLPs, this work integrates
two other fundamental deep learning architectures for handling specialized data: convolutional
neural networks (CNNs) for processing visual inputs, and GNNs for operating on relational
data. Their core concepts are described in the following sections.

2.1.2 Convolutional Neural Networks

CNNs are a class of neural networks specifically designed for processing data with a grid-like
topology, such as images [16]. They are architecturally distinct from MLPs through the use
of the convolution operation, which leverages two key principles: sparse interactions and
parameter sharing. Instead of the full matrix multiplication of a dense layer, a convolutional
layer uses a set of learnable kernels that are convolved with the input. Following Goodfellow et
al. [16], the convolution operation, denoted by *, for a 2D input X and kernel K of size M X N
is defined as: M N

Y(i, ) = X« K)(i, j) = Y, Y. X(i + m, j + n)K(m,n). (2.6)

m=1n=1
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Here, the summation indices m and n iterate over the kernel elements, which are the actual
parameters, or weights, that are optimized during training. The output feature map, Y, is
generated by applying this operation across all spatial locations of the input. Sparse interactions
arise because each output unit depends only on a local region of the input defined by the kernel
size. Parameter sharing refers to using the same kernel at every spatial location, allowing it to
detect features regardless of their position [16]. The output of this operation is typically passed
element-wise through a non-linear activation function.

Another key component in many CNN architectures is the pooling layer. Instead of convolving
the input, the kernel acts as an aggregation function over the respective input region. A
common aggregation function is max pooling, which takes the maximum output within the
kernel region [16].

Typically, a CNN architecture consists of a series of alternating convolutional and pooling
layers. The output from the final stage is then flattened into a vector and often processed by an
MLP to produce the final output. CNNs are employed in this work as they are well-suited for
the model’s image-based inputs. Since this thesis also utilizes graph-based representations,

which are used to train GNNs, they are introduced in the following section.

2.1.3 Graph Neural Networks

While conventional deep learning models like MLPs and CNNs are designed for data with a
fixed-size, grid-like structure, GNNs are a class of models specifically designed to learn directly
from graph-structured data [58]. A graph is formally defined as a tuple Z = (V, E), where V is
asetof nodes and E C V x Vis a set of edges representing relationships between the nodes.
For a node v € V, its neighboring nodes are denoted as N(v) = {u € V | (u,v) € E}.

Motivated by the need to capture relational information, GNNs learn a low-dimensional vector
representation, or embedding, for each node. Instead of relying on hand-crafted features like
node degree or cluster coefficients [57], GNNs generate these embeddings through an iterative
message-passing procedure between neighboring nodes [23]. This procedure is defined by two
primary operators: AGGREGATE, which collects information from a node’s neighbors, and
COMBINE, which updates a node’s own embedding using the aggregated information. Both
operators are typically implemented as functions with learnable parameters, such as neural

networks. For an arbitrary node v € V, one layer k of this process can be formalized as:

ak = AGGREGATE*({hk™! : u € M(v)}) (2.7)
h¥ = COMBINE*(hX~1, af), (2.8)

where h¥ is the embedding of node v after layer k [57]. By composing multiple such layers, a
node’s final embedding can capture structural information from other nodes connected over k
edges.
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While the primary output of a GNN is a set of node-level embeddings, these can be aggregated to
produce a single graph-level representation for tasks like graph classification. This is achieved
through a pooling or readout function, which might compute the sum or average of all node
embeddings.

Many different GNN architectures exist, distinguished by their specific implementations of
the AGGREGATE and COMBINE functions and other details, such as supporting mini-batch
training. A key strength of this message-passing framework is its inductive learning capability.
Because the operations are defined locally on the graph structure, a trained GNN can be applied
to graphs of different sizes and topologies than those seen during training, a property crucial
for generalization [23].

Relational Graph Convolutional Networks

Within this work, state observations are represented by multi-relational graphs, where different
edge types represent different kinds of relationships (cf. Section 4.1.3). Multiple edge types
require specific GNN architectures such as the relational graph convolutional networks (R-
GCNs) introduced by Schlichtkrull et al. [46].

The idea of an R-GCN is to use a different weight matrix for each relation type. The neighbor-
hood aggregation and update steps are combined into a single update rule for the embedding
of a node v at layer k + 1:

hk+! = G(Z > Lw’;hg? + w’gh{g), (2.9)
reR jeny U

where R is the set of relation types, N, is the set of neighbors of node v under relation r, and
WK is the learnable weight matrix for that specific relation. The term ¢y, is a normalization
constant (e.g., set to | Ny |) that scales the aggregated messages to prevent unstable behavior
of the embeddings during training. Due to the large number of parameters that can arise
from having many relation types, Schlichtkrull et al. [46] introduce regularization techniques
such as basis- and block-diagonal-decomposition, helping to prevent overfitting and improve
parameter efficiency.

2.2 State Representation Learning

The ability of an artificial agent to perform complex tasks is highly dependent on the way it
represents its environment and the problem at hand. While raw sensor data, such as a stream
of pixels from a camera, contains a lot of information, it is often high-dimensional, redundant,
and not directly accessible to decision-making or planning algorithms [32]. Historically, human
experts have been responsible for feature engineering, a process of manually designing compact
and relevant representations from raw data [32]. For instance, an autonomous robot navigating



2 Background

on Mars might use multiple sensor systems combined with a probabilistic model to derive its
position as a set of (x, y, z) coordinates, a more meaningful representation for navigation than
raw sensor readings [39]. While it is possible for modern algorithms to learn policies directly
from high-dimensional observations [35], it is often beneficial to first map these observations
into an explicit, lower-dimensional, and more meaningful representation [32].

SRL is the research area that aims to automate this process. It aims to learn a function that
maps high-dimensional observations into a compact, low-dimensional representation without
requiring explicit, prior expert knowledge about the state-describing features. The result is
a state description in a latent space that encodes the most relevant information from the

observation with respect to a specific task [32].

2.2.1 Formalism

The described setting is formalized in the following. SRL considers an agent interacting with
an environment £ in discrete time steps. At each time step ¢, the environment is in a real
but unknown state s; from the state space S. The agent can execute an action a; from a
state-dependent action space A(s;), which causes the environment to transition to a successor
state s;,1 [32]. The agent does not perceive the true state s, directly. Instead, it receives a
high-dimensional observation x, € XX, such as an image. The goal of SRL is to learn a state
representation function, enc : X — Z, that maps an observation x; to a state representation
z; € Z in a lower-dimensional latent space [32]. A schematic illustration of this setup is
provided in Figure 2.1. The desired properties of the learned state representation z; depend on

a;
St » St
Xt Xt+1

Figure 2.1: Discrete environment schema: An action a, transitions a state s; into a successor
state s;,;. Yellow boxes indicate known variables. Blue boxes are not directly
accessible and cannot be represented.

the downstream task. For control and planning, it is crucial that the representation captures
the dynamics of the environment [32]. In the following, different architectures for learning

state representations are introduced.
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2.2.2 Architectures

A variety of neural network architectures exist for learning state representations. These methods
are often guided by reconstruction, where the representation must capture enough informa-
tion to recreate the original observation, and dynamics modeling, where the representation
must encode how the environment evolves under the influence of actions. Different model
architectures integrate one or both principles to learn latent space representations [32].

Autoencoders

An autoencoder (AE) is a framework for unsupervised SRL that learns a compressed data
representation through reconstruction. While the core components can be any parametric
function, a common approach is to implement them as a pair of neural networks [16]:

« the encoder network, ency : X' — Z, which maps an input x € X' to a compressed latent
representation z € Z, and
« the decoder network, decg : Z — X, which reconstructs the original input X = decg(z)

from the latent representation.

The training objective is to find the parameters ¢ and 0 that minimize the expected reconstruc-
tion loss over a dataset D:

rgiél E x| Lrecon(: decg(ency (x)))], (2.10)

where £ ..., is a suitable, differentiable loss function such as the sum of squared errors [5].
This allows for optimization via gradient-based methods. The lower dimensionality of the
latent space acts as an information bottleneck, forcing the model to learn a representation that

preserves the most relevant features required for reconstruction [5].

While AEs are effective for dimensionality reduction, they often produce entangled representa-
tions where a single latent dimension may correspond to multiple independent data-generating
factors [32]. This lack of explicit structure can make the latent space difficult to interpret
semantically, making it suboptimal for downstream tasks that rely on a disentangled and
structured understanding of the observed environment.

Variational Autoencoders

Variational autoencoders (VAEs) extend standard AEs by framing representation learning
as probabilistic latent-variable modeling [16]. The data x is generated from a latent vari-
able z through the conditional distribution qg(x|z), parameterized by a decoder network
decg : 2 — X. The distribution qg(x|z) is typically modeled as a Gaussian, where the decoder,
given a latent vector z, outputs the mean ug and diagonal covariance og. Additionally, a prior

10
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distribution q(z) is imposed over the latent space to encourage a well-structured representation,
usually a zero-mean unit-variance Gaussian q(z) = N(0, I).

The training objective is to maximize the evidence lower bound (ELBO) on the data log-
likelihood:

LErBo = Ezopy(zx)[108 qo(x|2)] — Dy1(pg(z1x) || q(2)), (2.11)

where py(z|x), approximates the intractable posterior over the latent space, typically modeled

as a Gaussian distribution parameterized by the encoder
ency : X — RY x R4, x — (,uqb(x), o¢(x)). (2.12)

The first ELBO term encourages accurate reconstruction, while the Kullback-Leibler (KL) di-
vergence aligns pg(z|x) with the prior g(2), yielding a smooth and continuous latent space [16].
To allow gradient-based optimization despite the stochastic sampling, VAEs employ the repa-
rameterization trick, expressing z as

z = pug(x) + o4(x) O¢, €~ N(0,I), (2.13)

where © denotes element-wise multiplication. This formulation allows gradients to propagate
through ug and oy during backpropagation [16].

By enforcing distributional structure in this way, VAEs learn continuous, semantically mean-
ingful latent representations that can disentangle generative factors such as object position or
shape. However, while effective for static data, they do not explicitly capture the environment
dynamics, which are essential for planning or control [27, 32].

Forward Model Learning

To capture environment dynamics, forward models (or dynamics models) are trained to predict
how latent states evolve under the influence of actions [32]. Given a latent representation z,
and an action a;, a dynamics model dyn,, : & X A — Z with learnable parameters y predicts
the next latent state:

Zeyr = dyny(z;, ap). (2.14)

The forward model is trained by minimizing a loss £ 4y, that measures the discrepancy between
the predicted latent state Z,,; and the encoded representation of the observed next state
Zi41 = €nCg(Xsy1), Where ency X' — Z is the state representation function with learnable
parameters ¢ that maps environment observations to latent representations. A schematic of
the forward model learning architecture is shown in Figure 2.2.

11
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a;

> dyn, Zy1

— Ldyn

St+1 Xt41 €ncy > Ziy1

St Xt 4"—> Zt
V

Figure 2.2: Forward Model Learning Schema: The encoder ency maps an observation x; to
its latent representation z,. A dynamics model dyn,, then predicts the subsequent
latent state Z;,; based on z; and an action a,. The model is trained by minimizing
aloss L4y between the predicted state Z;,, and the encoded representation of the
true successor observation, z; ;.

Since both the state representation function ency and the forward model dyn,, are typically
implemented as neural networks, the dynamics loss is fully differentiable, allowing the use of
gradient-based methods to jointly learn the representation and forward model parameters.

While this predictive objective enforces information of the dynamics in the latent space, it may
lead to a latent collapse, where representations degenerate into trivial solutions. Regularization
strategies such as additional reconstruction losses or variance-covariance regularization have
been proposed to counteract this effect and preserve meaningful state representations [6, 18].

Inverse Action Model Learning

An alternative approach to learn a state representation that captures environment dynamics is
the inverse action model (IAM). Instead of predicting the successor state, an IAM predicts the
action a; that caused a transition between two consecutive states [32]. Given two observations
x; and X, the encoder ency : X' — Z maps them to latent representations z;, = encg(x;)
and z;,; = ency(x;41). The classification model clsy : & X 2 — A with learnable parameters
1 then predicts the action:

4y = clsy(zs, Zg41)- (2.15)

Both the encoder ency and the classification model cls, are trained end-to-end by minimizing
a classification loss £, such as cross-entropy, which measures the deviation between the
predicted action @, and the true action a,. A schematic of this architecture is shown in Figure 2.3.
As with the forward model, differentiable encoders and classifiers (e.g., neural networks) allow
IAMs to be trained with gradient-based methods [32].

Unlike reconstruction-based methods, such as AE, which encode static information from
individual observations, forward- and IAMs abstract the representation further and learn to

12
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a; —> [‘cls < dt

Xt+1 @ Zt+1

Figure 2.3: Inverse Action Model Learning Schema: An encoder encg maps two consecutive
observations, x; and x,, 1, to their respective latent representations, z; and z; ;. The
inverse model cls, then predicts the action d, that likely caused the transition from
z; to z;,1. The encoder and the inverse model are trained jointly by minimizing a
classification loss £y between the predicted action @, and the ground-truth action
a;.

explicitly incorporate information about the environment dynamics in the state representa-
tion [32]. Learning explicit dynamics models from such representations potentially allows for
planning within the latent space. Latent space predictions, however, are not necessarily suffi-
ciently accurate, which means that over a sequence of actions, the deviation of the predicted
state can differ significantly from the actual state that would have been reached if the steps

had been executed, due to error accumulation.

Traditional planning approaches, in contrast, assume that the state change can be described
precisely and that action sequences of any length can therefore be simulated [45]. An example
of this is classical planning, which represents states and actions symbolically. Since this work
aims for such a symbolic state representation, the classical planning domain is explained below,
followed by an introduction of model predictive control, which can be used for planning with

inaccurate latent models [20].

2.3 Classical Planning

Classical planning is a long-established part of Al research. It uses mathematical logic to
represent environments as planning problems symbolically, allowing for planning through
search and reasoning. Therefore, classical planning assumes a finite and discrete state space S
and action space .4, and to know which actions a from the action space A are applicable in each
state. Furthermore, a deterministic dynamics function s’ = dyn(s, a) is assumed. Together
with a known initial state s, € 8, a set of goal states Sg C 8, and a positive action cost c(a, s),
this represents a state model M = (S8, sy, Sg,A,dyn, c). A plan is a sequence of actions that

transitions s, into a state s € Sg. A plan is considered optimal if it has a minimal sum of action
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costs. Other planning models can be derived by relaxing these assumptions, for example, by
allowing non-deterministic dynamics or partial observability.

It is noted that, different from the dynamics models mentioned in the last section, a state
transition, whether the transition function is deterministic or not, always results in a well-
defined symbolic state that corresponds to a true state of the environment. This is a crucial
property that enables classical planning models to conduct a systematic search for goal states.

The introduced state model can be expressed using planning languages, such as the Stanford
Research Institute Problem Solver (STRIPS) language or PDDL.

2.3.1 Planning Languages

Planning languages define a general standard for formulating state models, which planners
use to solve planning problems. Examples of such languages are STRIPS and PDDL, which
represent a formal syntax for describing states, actions, and goals [14].

STRIPS

STRIPS is a simple but expressive planning language based on propositional logic [14]. A
STRIPS problem is formally a tuple P = (F, O, I, G), where F is a finite set of grounded,
functionless atoms (also called fluents or propositions) that describe the properties of the
environment, O is the set of all operators, representing the actions, and I C F is the initial state,
defined as the set of atoms that are true. Atoms not in I are assumed to be false (closed-world
assumption) [45]. Furthermore, G C F is the goal situation, a set of atoms that must be true in

a goal state.
Each operator o € O is defined by three sets of atoms:

« Pre(o) C F: The preconditions of the operator.
« Add(o) C F: Atoms that become true after the operator is executed.
« Del(o) C F: Atoms that become false after the operator is executed.

With respect to a state model, a state s is any subset of F. An action o is applicable in state s if
Pre(o) C s. The next state s’ is computed by the transition function s" = (s \ Del(0)) U Add(o).
A STRIPS problem P therefore implicitly defines the state model S(P) [14].

PDDL

While the STRIPS formalism described above, also called ground STRIPS, uses a set of proposi-
tions, it can be generalized to a lifted representation with typed variables and action schemas
depending on them. PDDL is the de facto standard syntax for describing such lifted planning
problems. Additionally, the language separates the domain (environment description) from a

specific problem instance [24].
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A domain D defines the type of objects, the predicates that describe the relationships between
the objects, and the action schema. The action schema works the same way as with ground
STRIPS, except that the actions can now depend on typed variables. Predicates for which
objects have substituted the variables are referred to as grounded, otherwise as lifted. A
problem instance I defines all objects, the initial state (grounded predicates), and the target
specification [24]. Together, the domain and instance represent a PDDL description P = (D, I).

When a planner processes these descriptions, the action schemas are grounded by substituting
the variables with all possible object combinations of the correct type, resulting in a set of
operators equivalent to those in ground STRIPS. This schema-based representation avoids the
redundancy of explicitly listing every possible action, making it scalable for defining complex
domains [14, 24].

2.3.2 Guided Search and Heuristics

For efficient search, PDDL planners typically employ heuristic-based search methods, such
as A*. The state-dependent heuristic function, which measures the distance to the goal, is of
crucial importance and is intended to prevent the entire state space from being considered in
the worst case. A key strength of classical planning is the ability to derive domain-independent
heuristics automatically from the symbolic PDDL description [14]. This entire search paradigm
is enabled by the discrete, symbolic, and deterministic nature of state transitions defined in
the model.

As previously discussed, learned latent dynamics models do not inherently share these proper-
ties, as they often operate on continuous vector representations and may exhibit stochasticity.
Nevertheless, heuristics can also be defined or learned for the predicted states. These can
then be used to execute rollouts of fixed length and compare them based on the heuristics.
Subsequently, one or more promising actions are executed, the resulting state is observed, and a
new rollout is started. Research fields that pursue this search concept include model predictive
control and model-based reinforcement learning [10, 36].
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SRL has emerged as an important component across various domains that use high-dimensional
and unstructured data. In particular, when agents perceive image data from the environment,
it can be challenging to extract low-dimensional representations that capture relevant environ-
mental information.

3.1 Reconstruction-based Representation Learning

AEs are a common and straightforward method of SRL. In a self-supervised manner, they
learn a lower-dimensional representation by first encoding the input into a latent space and
then reconstructing the original input. The objective of minimizing the reconstruction error
encourages the model to capture and compress relevant environmental information within
its latent space representation [5]. While AEs facilitate more accessible representations for
downstream tasks and have proven effective due to their non-linear mapping capabilities, they
do not necessarily yield disentangled representations of the underlying generative factors [25].
The dimensions of AE-learned representations are often entangled and highly correlated,
making semantic interpretation difficult. This limitation has been explicitly addressed by
models like the 8-VAE [25]. AEs and their variants are employed in a wide range of applications,
including denoising, feature extraction, synthetic data generation, anomaly detection, and
planning [2, 19, 51, 52].

3.2 Scene Graphs

While approaches like f-VAEs learn disentangled properties such as object position and shape,
these representations remain in an abstract, compressed form and lack an explicit, symbolic
description of the scene. The rapidly evolving field of scene graphs (SGs) tries to address this
by explicitly modeling objects and their pairwise relationships in a graph [61]. Scene graphs
can be used in a variety of ways. Some models use them to generate images from given graphs,
like Johnson et al. [26]. Khandelwal and Sigal [28] extract SGs from images. Scene graphs are
also used in combination with language models in multi-modal settings to use information
outside of the image for interpretation and reasoning [11, 29, 33, 63]. This also allows the use
of scene graphs for question-answering problems [53, 62], which were introduced by Antol
et al. [3]. The model GRID, proposed by Ni et al. [38], uses a given scene graph of the agent
and the environment as input to a large language model (LLM) to fulfill a human-language
instructed task. Similarly, Ekpo et al. [12] presented the VeriGraph model, which creates a
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scene graph from an image of the initial and goal state. Then, using an LLM to generate a
sequence of actions to transition from the initial to the goal scene graph.

Other approaches extend SGs along a temporal dimension, resulting in spatio-temporal scene
graph generation (ST-SGG), like Zhu et al. [62]. This abstraction is directly related to our
experiment, as it also models the dynamics of the environment through binary relations
between objects. Unlike in our case, scene graphs typically represent objects and their relations
using human-readable text labels. In contrast, this thesis encodes the environment and its

dynamics as a graph in an abstract latent space.

3.3 Latent Dynamics Model

Models like GRID or VeriGraph use scene graphs without a temporal dimension as an inter-
mediate representation. Instead, the contextual understanding of language models is used
to derive a plan. In contrast, other approaches use a given or learned explicit model of the
environment to plan with, as in the field of reinforcement learning or optimal control [47]. In
the area of classical planning, explicit dynamics models, such as PDDL, are also used [15].

These models and their features are often created by humans and are therefore easily inter-
pretable. Images, on the other hand, are high-dimensional, and features cannot be defined
easily. Developing a dynamics model directly on the images is therefore difficult. Projecting
the images first into a lower-dimensional latent space is one way to learn features (e.g., through
autoencoders). With these learned features, a dynamics model can then be created.

A well-known example of this type of model is Dreamer [19]. Here, a VAE was used to learn
a continuous latent space in which the images of the environment are reconstructed from
the latent space. In subsequent further developments, Dreamer v2 [21] and Dreamer v3 [22],
the latent space was discretized, which empirically led to better results without a precise
understanding of the reason. Simultaneously, a transition model and a reward model are
learned. The transition model computes the next latent state given a latent state and a discrete
action. The reward model predicts the expected reward after an action. The trained model now
seeks to find actions that maximize expected reward. With this architecture, model-based agents
could be trained that achieved human-level performance in Atari games [21]. Furthermore, it
could be shown that model-based RL can thus surpass well-known model-free RL methods [21].

As an extension of the Dreamer model, FOCUS [13] was developed. Instead of learning a
single latent state for the entire image, FOCUS uses an object-centric world model and learns
a separate latent state for each object. This enables object-centric exploration by deliberately
exploring the interaction between objects in order to better learn the state and dynamics of an
object [13]. Such an object-separated representation is also pursued in this work.
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Dreamer and Focus are both reward-driven and train a transition model and a reward model
in an online RL framework. From reward-free and random policy trajectories, Sobal et al.
[47] learn a PLDM. Their model is based on a joint embedding predictive architecture (JEPA)
introduced by LeCun [31]. Just like Dreamer and Focus, it uses a latent space representation
of the environment for planning with a dynamics model. However, a reconstruction of the
input image is omitted, as this can lead to suboptimal features. Instead, a variance-invariance-
covariance regularization (VIGReg) is used to discriminate the latent states and thus prevent
the latent space from collapsing. To plan the latent states, the model predictive path integral
(MPPI) control algorithm by Williams et al. [56] is used.

3.4 Symbolic State Representations

Advanced models like DreamerV3 operate within the framework of a Partially Observable
Markov Decision Process (POMDP), characterized by probabilistic transitions and incomplete
state information. By assuming full observability and deterministic action outcomes, the
general POMDP framework simplifies to a classical planning problem (CPP). CPPs are typically
formalized using logic-based languages such as the PDDL. This language provides a symbolic
and discrete representation of the world through predicates and action schemas. This symbolic
abstraction allows for the use of specialized, domain-independent planners for CPPs that make
use of heuristics and search algorithms. To make use of CPPs in a planning framework, there
are several approaches to derive a PDDL-like representation from raw, high-dimensional sensor
data, such as images, directly.

One work that is closely related to our work is LatPlan, proposed by Asai and Fukunaga
[4]. It uses images of classical planning domains to learn a discrete state representation with
an TAM. They introduce a state autoencoder (SAE) that learns to map images to discrete state
representations. For the discretization of the latent space, they use a Gumbel-Softmax activation
function. After training the SAE, they learn two action model acquisition (AMA) systems.
The first one (AMA, ) directly derives a PDDL instance from the discrete state representation.
Therefore, they used the whole state space of the environment, which is, in many cases, not
feasible and lacks generalization capabilities. Besides this, the work shows that VAEs are able
to learn propositional features [4], which were used with an off-the-shelf PDDL-based planner
to compute action sequences to transition from a given state to a goal state. The second one
(AMA,) uses an action autoencoder to predict the next state from the current state and action by
combining an inverse action model and a forward model. The resulting forward model is used
for planning by doing A* search in the latent space. We follow the idea of learning a discrete
state and use graphs to take advantage of the generalization capabilities of GNNs. Among
others, Asai and Fukunaga [4] use the 8-puzzle, 15-puzzle, and Sokoban as test environments,
like we do.
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Another approach that focuses more on learning an action model from images instead of
the state representation is ROSAME-I, proposed by Xi et al. [59]. The paper introduces an
end-to-end neuro-symbolic framework designed to learn lifted action models directly from
visual traces, which are sequences of images and corresponding actions. The framework’s
goal is to jointly learn to predict states and infer the symbolic action models that govern the
environment. Therefore, it combines a deep learning computer vision model with a symbolic
reasoning component called ROSAME. ROSAME works by relaxing the symbolic action model
into a probabilistic one, making the entire system differentiable and trainable with standard
back-propagation techniques. The framework uses a vision model to calculate a symbolic state
representation. Together with an action, it learns by predicting the next state from the current
state along the whole trace. Only the final symbolic state of each trace is labeled and serves as
a learning signal. This makes the data collection less expensive. The system represents the
learning task as a classification problem over four possible cases for how a predicate relates to
an action. Experiments conducted in various planning domains, such as Blocks World and
Towers of Hanoi, show that the learned action models are highly accurate, often matching or
even improving upon human-created models.

3.5 Research Gap

Existing reconstruction-based methods, such as AEs and VAEs, can capture visual structure
but often encode task-irrelevant details and lack symbolic interpretability [5, 25]. Scene graph
approaches introduce relational structure yet rely on predefined object categories and labels,
preventing autonomous learning from raw images [28, 38, 61]. Latent dynamics models like
Dreamer or PLDM learn predictive latent spaces but remain continuous and non-symbolic,
limiting transfer and interpretability [19, 47]. Prior symbolic representation works, such as
LatPlan, demonstrate the feasibility of discrete, PDDL-like encodings but depend on reconstruc-
tion and do not generalize to new instance sizes [4]. This thesis addresses these limitations by
learning a reconstruction-free, graph-based symbolic state representation directly from images,
combining object encodings in a relational structure to enable planning within a learned latent

space.
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Inverse action models learn a latent representation of an environment, thereby capturing its
dynamics. Consequently, the learned representations can be used to model such dynamics. In
this thesis, an IAM architecture is designed and employed to learn a symbolic representation
from images of the classical planning domains N-Puzzle and Sokoban. The planning prob-
lems serve as prototypical examples, and the proposed method is largely independent of the
environment. The proposed IAM architecture learns a symbolic, PDDL-like representation,
which potentially allows the generation of action schemas. The learned representation and
action schemas can be utilized to solve planning problems. Since the focus of this thesis is on
learning the representation, the extraction of action schemas is omitted. Instead, a dynamics
model is learned to demonstrate that the learned representation captures the dynamics of the

environment and can be used for planning.

A state in a PDDL description is defined by a set of true atoms (also referred to as facts or
grounded predicates). In this thesis, the formalism of a 7-structure is used to represent a state,
which is part of the underlying logical foundation (first-order logic) for a state in the PDDL [24].
This more general formalism is chosen for its accessibility to potential future work. Only
T-structures with binary relations are considered, as they offer the advantage of being directly
representable as a directed multigraph. This allows a straightforward usage of GNNs and
leverages their generalization capabilities to larger problem instances, as they merely lead to
an extension of the graph with additional nodes and edges. For the selected planning problems
(Sokoban, N-Puzzle), such 7-structures do not impose a limitation, as their states can be fully
described by binary predicates.

Subsequently, the architecture of the inverse action model is described. Its components and
design decisions are discussed, and it is explained why the proposed architecture is suitable for
addressing the research questions outlined in Chapter 1.

4.1 Inverse Action Model Architecture

The inverse action model presented here is a combination of an inverse model and a forward
model, as described by Lesort et al. [32]. Figure 4.1 provides a schematic representation of
the model’s architecture. The state, observation, and action space of an environment (here
N-puzzle and Sokoban) are referred to below as S, X', and A, respectively. In addition to the
action a € A, the number of steps v € R (hereafter referred to as distance) between two states
is used as a training target for the model. Together with the visual observations X, and X;, € X,
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the tuple (X, a, Xj, ) represents a data sample for training the model. The state observations
X, and X, are image observations corresponding to true environment states s, s, € S. They
are provided as gray-scale images, so that X' = [0, 1]th, where w and h are the width and
height of the image, respectively. The parameters of the entire model are trained end-to-end

using gradient descent with mini-batches.

Actiona €
{UDLRI}

CNN

Object encoding
CNN ency(X)

Dynamics model
0, 02 e Op dynx(Za,a) 0; 0 ... Oy

Relation prediction
MLPs r;(0,,0,)

Symbolic state
representation Z,, Zj,

Action classification and
distance regression GNN:
cls(G), dist(G)

v

a,o

Figure 4.1: Model overview: The images of two states are mapped to the graph Z, and Z,.
For this purpose, first an embedding is computed using the probabilistic encoding
model ency, then edges of different types are computed using a set of m relation
predictors rel;, for i € {1, ..., m}. The graph G, merged from Z, and Z,, is used to
predict the action @ and the distance 0 between the two states. Additionally, the
dynamics model dyn,, predicts the successor state object encoding.
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Therefore, both images X, and X}, are first processed by a CNN and mapped into two matrices
in the lower-dimensional vector space R"<¢, These matrices are interpreted as n objects in R?
each and are hereafter referred to as object encodings O, and O,. The dimensions of these
object encodings n and d are model hyperparameters.

The model contains m relation predictors in the form of MLPs. Each relation predictor predicts
whether the respective relation between the objects holds for each pair of objects, and for
both object encodings, respectively. The number m of relation predictors is a hyperparameter
of the model. From the result of the relation predictors, the directed multigraphs Z, and Z,
are constructed with n nodes and m edge types, respectively. These graphs are the intended
symbolic latent representations of the states s, and sp,.

The IAM’s training objective is now to predict the action @ and the distance 0 between the two
corresponding states s, and s, from their latent state representations Z, and Z;,. Therefore,
the graphs are first merged into a single one. Since the same encoder and relation predictors
processed both X, and X, the nodes of Z, and Z, correspond to each other. The graphs are
therefore combined into the graph G by adding a directed edge of a different type between the
corresponding nodes of Z, and Zj,. This graph, with initial object encodings O, and Oy, serves
as an input to a GNN that predicts the action d and the distance 0. Additionally, a second GNN
model is used to predict the object encoding O, from the state graph Z, and action a. This
GNN is hereafter referred to as the dynamics model.

A combined loss formulation, encompassing action prediction, distance regression, a regular-
ization term for the object encodings, and the dynamics model, is used for training the model.

A layer-by-layer description of each implemented component can be found in Appendix A.2.

The action space .A used in this work for the N-puzzle and Sokoban environments is introduced
in the following. In any given state of the environment, a subset of actions from A can be
applied. All possible actions in the N-Puzzle can be understood as the movement of the blank
position (cf. Section 4.2.1). In Sokoban, all possible actions are described by the movement
of the player character (cf. Section 4.2.2). Consequently, in both environments, there are four
valid actions: up (U), down (D), left (L), and right (R).

However, as explained in more detail in Section 4.3.1, this means that the blank or player
position is sufficient to classify the corresponding actions correctly. To enable the IAM to
represent more in the latent space than just this, the additional action, invalid (1), is introduced.
An invalid transition is defined as a transition where no action possible in X,, can be applied to
obtain X,,. The action space A is thus defined as

A ={U,D,L,R, 1}, 4.1)
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where U, D, L, R, and I are canonical unit vectors in R>. The set of valid actions is denoted by
A ={U,D, L, R}. The inclusion of invalid transitions also enables the use of distances v # 1 as
a regression target, thereby enriching the overall learning signal for the model. Due to these
potentially non-causal transitions, temporal indexing is avoided, and instead a and b are used
to denote the corresponding input states for the model.

The following provides a detailed description of the model components, starting with object

encoding.

4.1.1 Object Encoding

LetX € [0, 1]w><h be a grayscale image observation with width w and height h, and letu € R™¢
be a one-dimensional representation of an element of the object-encoding space. Inspired by
other work that uses VAEs for SRL [17, 19], a CNN is used to model a conditional distribution
p(u|X) over the object-encoding space, given an image observation X. This allows us to intro-
duce the prior distribution p(u) = N(0,I) over the object-encodings. The prior distribution
p(u) helps to smooth and regularize the object-encoding space and could lead to better gen-
eralization capabilities over the input data [40]. By following Kingma and Welling [30], the
conditional distribution p(u|X) over the object-encoding space is parameterized by a neural
network that outputs the mean u and a diagonal covariance matrix X for a normal distribution
N(u, Z). To guarantee a consistent computation graph for the gradient of mean and covariance,
the reparameterization trick is used. Samples are drawn by calculating u = u + =/2¢, where
e ~N(0,D).

The VAE introduced by Kingma and Welling [30] uses a probabilistic neural network p(X|u)
for reconstruction, which is used to derive the reconstruction loss in the ELBO. Since image
reconstruction from an object encoding is not intended, the object encoding is not required to
preserve visual details. Instead, two samples of two states are used to perform a classification
and regression task. This leads us to replace the reconstruction loss of the ELBO by the classifi-
cation and regression loss and keep the Kullback-Leibler divergence Dy on the conditional
and prior of the object-encoding space:

Lxr(u,Z) = DKL(Pu,z(u|X)||P(u))- (4.2)

The samples u from the object-encoding space get reshaped to O € R™*¢ and get interpreted
as n objects with each object encoding 0; € R?. The encoding network, sampling step, and
reshaping operation are formalized by the function

ency : [0, 1]9%h o rrxd, (4.3)

such that O = encg(X), as schematically shown in Figure 4.2, where ¢ is the set of all learnable
parameters of the encoding network. With O, and Oy, the object encodings of the two state
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observations X, and X}, are denoted, respectively. For larger problem instances, the number of
objects required for modelling may vary. To apply the overall trained model to larger instances,
the object encoder is retrained on new images and a larger number of objects n without
retraining the rest of the model. This variation in the number of objects poses no problem
for the remaining model components. The following describes the procedure for estimating
whether a relation between two objects exists or not.

\ puX) = N(u,Z)

0; O =ency(X)
u
0; Z
| Relation
el o "R L ) prediction )
2
On

e p(u) = N0, 1)

Figure 4.2: Schematic of the variational latent-space encoder. The diagram shows a convolu-
tional neural network that maps the input image X € [0, 1]w><h to the distribution
parameters (u, X) of p(u | X), stochastic sampling of u, and the reshaping into the
object matrix O € R™¢ with objects 0; € R%. The overall mapping from the input
image to the object encoding matrix O is indicated by the function encg(X) = O.

4.1.2 Relation Prediction

The relations between objects that are introduced in the following correspond to the predicates
of a PDDL description. Formally, this is equivalent to a finite relational structure, known in
mathematical logic as a 7-structure, where 7 is the signature of the predicate symbols [45].
In this thesis, this more general formalism is used to represent a state, as it provides a more

flexible representation not strictly tied to the semantics of PDDL.

Let the set of m binary predicates ¢ = {R,...,B,} denote the signature of the r-structure
9 = (0,B>,...By) with O = {0, ...,0,}. The goal is to find the relations B®, ...,B® C O X O
for a given state of the environment. Only binary predicates are considered. This restriction
is necessary to enable the graph construction described below, and is only a limitation if the
environment to be learned cannot be modelled with binary predicates. Since no meaning of
the relations based on the environment should be enforced, an arbitrary but finite set of m
learnable functions rel; : R% x R? — {0, 1} that estimate whether the corresponding relation
I{D contains the tuple (o, 0,,) for v,w € {1, ...,n} and i € {1, ..., m} is considered. The objects
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o; from a sample of the latent space distribution correspond to the objects in O and can be seen
as an encoding of these objects. They are used as an input to the relation predictors rel;.

As described in the next chapter, the predicted relations are used for graph construction.
Therefore, the relation prediction is interpreted as a discrete classification task (edge or no
edge between two objects in the graph), and the sigmoid output of the relation predictor rel; is
discretized in a probabilistic manner:

1 ifw; < o(ay)
reli(aq;) = 4.4)
0 otherwise,

where w; ~ U[0,1] is uniform, o(-) is the sigmoid function and a; = MLP, ;(0,,0,,) is the
scalar output of an MLP. Instead of using a hard threshold here, using a sampling step lets
the output of the relation predictor rel; converge to either one or zero as training progresses.
Let R; € {0,1}™" be the binary output matrix of the i-th relation predictor for all object
combinations. When needed, a and b are used as subscripts (e.g., R, ;) to refer to the output
matrices of the two state observations X, and X, respectively. Furthermore, the sets of all
respective output matrices per state observation are denoted R, and Ry,

To allow backpropagation through this sampling step, we use a straight-through gradient
estimator as proposed by Bengio et al. [7]. Therefore, the gradient of some loss £(rel;) with
respect to o(a;) can then be estimated by:

dL(rel)  BL(rely)
do(a;) ~ drely(a;)’

(4.5)

4.1.3 Graph Construction

Graphs are formally represented as tuples, where the first element is the set of nodes, and each
subsequent entry is a set of edges for each relation type. The set of relations R, and R, are now
represented as two directed multigraphs

Zy = (Vs Egyy eor Egyy) and (4.6)

Zty = (. Ept s Epa), 4.7)

with V, = {0145 s 0na}> Vb = {015 -+-» Onp}, and
Eyi = {(Ov’ow) | rel(oy,0,) = 1and oy, 0, € ‘{1}’ (4.8)

Ep; = {(0y,0y) | reli(oy,0,) =1 and oy,0, € V1. (4.9)
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The combination of relation prediction and graph construction for each state observation is
formalized by the function rely : R™*¢ — G,, which maps an object encoding to a directed
multigraph with n nodes and m edge types. The set of all learnable parameters of all specified
relation predictors is denoted by 6. The graphs Z, and Z;, are graph representations of the
intended latent state representation.

The same encoder and relation predictor are used for both state observations X, and X,,.
Therefore, the rows and columns of the adjacency matrices of both latent state representations
correspond to each other. This correspondence is used to combine Z, and Z; by adding a
directed edge from every node in V} to the corresponding node in V}, as done by Yan et al. [60].

The resulting overall graph can be defined as follows:
G = (g UV, Eq1 U Epy, e Ean U Epn» {(0g15 0p1)s -5 (Ogk> Obi)})- (4.10)

On this graph, a classification and regression task is performed using a message-passing R-GCN
architecture as proposed by Schlichtkrull et al. [46], which supports different edge types.

4.1.4 Action Classification and Distance Regression

The architecture of Schlichtkrull et al. [46] does not accommodate edge weights and therefore
lacks a corresponding gradient with respect to the edges. To enable backpropagation to the
relation predictors, the two graphs, Z, and Z;, are considered fully connected, and the output
of the relation predictor is used as edge weights. The node embedding update rule, including
the edge weights of the R-GCN, is then given by

m
rel;(0,,0,,)
0,=0-0,+ — L@, - Oy (4.11)
’ ’ lewe;i(v) |M(U)| A

where N(v) is the set of neighbors of node o, for relation rel; and @, is the parameter
matrix for relation rel;. The weighting matrix © for self-edges is shared across all nodes and

relations [46].

Several R-GCN layers with this update rule are now used to process G. Therefore, the missing
edges that fully connect Z, and Z;, are added to G, together with all corresponding edge weights
(R4, Rp). The latent-space encodings, which are also used for relation prediction, serve as initial
node embeddings to make the nodes distinguishable from each other. To prevent a gradient
update of the object encodings based on the message passing procedure, the stop-gradient
operator sg(+) is used on the object encodings in the first R-GCN layer, thus stopping a gradient
flow that bypasses the relation predictors (cf. Section 4.4). All node embeddings of the final
R-GCN layer output are summed up to a graph-level output g € R4, where the aggregation
dimension d’ is a model hyperparameter.
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The construction of G as described in Equation (4.10), the insertion of the edge weights and
missing edges, and the calculation of the graph-level output are formalized by the function

comb,, : G, X G, X R"Xd x grxd _, Rd’ 4.12)
w n n

which combines the two directed multigraphs Z, and Z,, to G and uses the initial node embed-
dings O, and Oy, to calculate the graph-level output g. The set of all learnable parameters of
this function is denoted by w.

This graph-level output is then used to calculate a probability distribution over the action space
and an estimate of the distance between X, and X,. Two different MLPs are used as function
approximators for the action classification and the distance regression:

clsy 1 RY — AMI, (4.13)

dist, : RY - R, (4.14)

where AM| is the |A|-dimensional standard simplex. The cls-MLP is called action head and the
dist-MLP is called distance head. The set of all learnable parameters of the action classification
and the distance regression function is denoted by 1 and p, respectively.

The cross entropy and the mean squared error are used as loss functions for the action classifi-
cation and the distance regression, respectively, and defined as

5
Las = — Z a; - logd;, (4.15)
i=1
21 2
Ldist = (/1 — 1(/11) - 1) - ﬁ) ) (416)

with a = cls(g), 0 = dist(g), and 4 € (0, 1) being a hyperparameter. The chosen formalization
of distance loss as a geometric series is explained in Section 4.5.1. The real action and distance
between X, and X}, are denoted as a € A and v € R, respectively. Both the action classification
and the distance regression use a mean aggregation over the batch while training.

4.1.5 Dynamics Model

Together with the action classification model, a dynamics GNN model
dyn, : G, X R4 x 4 — R4, (4.17)

as shown in Figure 4.1, is trained. This model could be used to solve arbitrary planning

problems with the learned state representation. For example, it is possible to use breadth-first
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search with the dynamics model to find an action trajectory that transitions a state to a goal
state.

The graph Z,,, the initial node embeddings O,, and a valid action a € A are used to predict the
object encoding of the successor state O, = dyn,(Z4, Og, a). As with the action and distance
prediction function comb,,, the graph Z, is treated as fully connected and uses the set of
relations R, as edge weights to apply the R-GCN and its update rule from Equation (4.11).
Subsequently, the relation prediction model can be used to calculate an estimate for Z;,. The
action a is one-hot encoded and concatenated to each node embedding. After multiple R-GCN
layers, the node embeddings are concatenated and passed through an MLP to predict O,. The
set of all learnable parameters of the dynamics model is denoted by y. This architecture is
shown schematically in Figure 4.3.

The mean squared error between the object encoding Oy, predicted by the dynamics model and
the object encoding O, is used as a loss function to train the dynamics model:

Layn = | 58(0p) — Op|%, (4.18)

where sg(-) is the stop-gradient operator and || - || denotes the Frobenius norm. Since the
dynamics model is trained simultaneously with the other model components, the loss is only
calculated for valid actions, because successor states of invalid actions are not predictable.
During training, the loss is averaged over the batch.

The loss is only used to calculate the gradient with respect to Op. Propagating the gradients
into the object encoding model with O, from this loss is not done to mitigate a collapse of the
representation. In Section 5.4, it is also demonstrated that it is possible to isolate the dynamics
model from the other components completely and train it independently after an IAM without
a dynamics model has been trained.

0, H E

N B g E o,
| ¥ :
. ]

MLP

Figure 4.3: Dynamics model: The input is the multigraph Z, with node embeddings O,, where
the action a is concatenated to each node embedding. Multiple R-GCN layers
produce updated node embeddings, which are concatenated and passed through
an MLP to predict the successor object encoding Oy,.
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4.2 Environments

The proposed model is applied to two different environments, the N-puzzle and Sokoban. In
general, the model is applicable to arbitrary classical planning domains whose actions can be
modeled in an object-independent manner. The N-puzzle and Sokoban serve as prototypical
examples and are described in the following section.

4.2.1 N-Puzzle

The N-puzzle is a sliding-tile game. It consists of a square board with N + 1 grid positions and
N distinct tiles. One position is empty and is referred to as the blank position. The N-puzzle is
commonly played on a 3 X 3 board, so N = 8. Larger variants include the 15-puzzle and the
24-puzzle. The objective is to arrange the tiles in the correct order by sliding tiles into the blank
position, thereby swapping the position of the blank with the moved tile. Consequently, the
possible actions can be described by moving the blank position to a neighboring cell, yielding
the four actions up, down, left, and right (A). In this work, the 8-puzzle is used for training,
and the learned model is evaluated on the 15-puzzle to assess the generalization capability
of the IAM. In total, the tiles can be arranged in (N + 1)! different configurations. The state
space of the N-puzzle can be represented as a graph whose nodes are the reachable puzzle
states and whose edges correspond to the possible actions in each state. This graph consists of
two disconnected components with the same number of nodes and edges. Depending on the
defined goal state, the game can only be solved if the initial state lies in the same component
as the goal state. This restriction is therefore relevant for planning. However, since the state
representation is to be learned independently of any specific planning task, samples from the
entire state space are considered in this work.

The grid structure of the game is exploited to encode the state space
Sy = { s|seNPM M =+/N+ L,5;5 # Syw fori Fvor j # w,s;; < N} (4.19)

of the N-puzzle by square matrices. The blank position is represented by zero. Each tile is
assigned an integer from 1 to N. For example, three consecutive states s, 5,,5;3 € 8g with
associated actions up and left can be represented by the three matrices

1 2 3 1 2 3 1 2 3
s1=14 5 6|, s;,=|4 5 0|, s3=1[|4 0 5
7 8 0 7 8 6 7 8 6

For training, image observations are generated from these states, as shown in Figure 4.4.
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4.2.2 Sokoban

Sokoban is also a grid-based game. In a given level layout, the player must push one or more
boxes onto specified goal positions. The player controls a character that can move within the
grid world. Boxes can only be pushed and not pulled. Thus, the action set is the same as for
the N-puzzle (A). Different levels define different layouts with varying numbers of boxes. The
objective is to push all boxes from their starting positions onto the goal positions in as few
steps as possible. The number of possible Sokoban states depends on the level size, the number
of boxes, and the number of wall elements. A combinatorial upper bound on the number of
possible Sokoban states obtained by randomly placing the game elements is given by

)

where X and Y denote the level width and height, W the number of wall elements, and b the
number of boxes. Not all states generated in this way are solvable, irrespective of how the goal
state is defined. In this work, levels with width and height X = Y = 6 are considered. For
b =1and b = 2, there are approximately 1.15 X 10'® possible arrangements, which makes it
computationally infeasible to provide an exact count of solvable states.

To describe the state space, a character encoding is used, allowing the state space to be repre-
sented as
Ss={s|se{# @+ .3 1" (4.21)

Here, # denotes a wall element, @ the player character, + the player on a goal tile, . an empty
goal tile, $ a box, = a box on a goal tile, and the space character ’’ an empty cell. For example,
three consecutive states sy, 5,, 53 € Sg with associated actions up and left can be represented by
the three matrices

HHUHH#HH HHHHHH HUHHHHB
# o# 0 # # ## # ##
l#.s # |#.s@ # |#r@ #
=l @ #| 27 |# # BT |# #|
# #H## # O HH# # O H##
HHUHH#HH HHHHHH HHHHHHB

accordingly. As for the N-puzzle, image observations are generated from these states, as shown
in Figure 4.4.

4.3 Training Data

For training and evaluating the models, different datasets are used. For the N-puzzle, two
dataset types are employed, each used to train different models. For Sokoban, datasets of only
a single type are used, which consist of a predefined set of Sokoban levels together with several
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suboptimal solutions for each. The dataset types differ in the degree and manner in which
domain-specific knowledge is employed during the sample generation process.

For both environments, the dataset consists of a collection of grayscale images, denoted by X,
X, € [0, l]lUXh, together with corresponding action and distance labels a € A and v € R. The
images X, and X,, serve as inputs to the model and constitute visual observations of the states
s, and s;, of the respective environment. They are generated by rendering each grid element
with a fixed texture, ensuring that all entities, such as the numbered tiles in the N-Puzzle or
the player and boxes in Sokoban, maintain a consistent appearance throughout the dataset.
Observational noise, such as variations in lighting, texture, or viewpoint, is intentionally
omitted. This simplification allows the investigation to focus on the fundamental feasibility of
learning a symbolic state representation from image data with the proposed model architecture.
Furthermore, this allows the assumption that the observation space has the same cardinality
as the corresponding state space.

For the N-puzzle, w = h = 80 is used, and for Sokoban, w = h = 278. A sample is referred
to as the tuple (X,, a, X, v). Since the previously described encodings of the state spaces are
used to generate the data, a transition is referred to as the tuple (s,, a, s, ) corresponding to a
sample. A transition or sample is called invalid if a = I. Figure 4.4 shows an invalid sample
for each environment.

For the four valid actions, v = 1 holds trivially. For invalid actions, the distance is greater
than one and specifies the number of actions required to transform state s, into state s;. The
number of actions is not necessarily minimal. This depends on the chosen sampling strategy

(see Section 4.3.2). Invalid transitions offer the advantage of enriching the loss function with

a=Lv=2 a=Iv=3

Figure 4.4: Examples of samples in the 8-puzzle (left) and Sokoban (right). The corresponding
minimal action sequence is U, L for the 8-puzzle sample and D, L, L for the Sokoban
sample. The target field for the box in Sokoban can be identified by the light border
around the bottom element.

contextual information through distance labels, which is necessary for learning unique state
representations. This is because not all distances can be uniquely determined solely by the
change of the blank position. Furthermore, the distance between two states, as estimated by
the model, can be used as a heuristic for planning and guided search (cf. Section 4.4.2). In
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addition to distance estimation, modeling invalid transitions provides the advantage that some
invalid transitions can only be distinguished from valid ones if the model incorporates more
information than just the blank position. The reason for this will be explained below using the
example of the 8-puzzle.

4.3.1 Invalid Transitions

When showing only valid samples to the model, the model might learn to represent only the
blank position in the relations, without information about the position of the tiles, since this is
sufficient to predict the four valid actions correctly. Invalid actions address this problem by
forcing the model to capture information about tiles other than the blank position in the state
representation. Let T;,,, = (g, I, Sp, U) with v > 1 be an invalid transition and Ty, = (s4, @, Sp, 1)
with a € A be a valid transition, both with the same initial state s,. Then T},, can be of two

types:

1. The blank position in s, is unequal to the blank position in §,.
2. The blank position in s, is equal to the blank position in §p,.

In the first case, the blank position in T;;,, does not change or moves a Manhattan distance
greater than one (e.g., Figure 4.5 invalid state left side). In the second case, other tiles may
change the position (e.g., circular movements) while the blank ends up in a position equal
to the blank position in §p. The invalid state on the right side of Figure 4.5 is of this type and
can therefore only be distinguished from the valid transition on the left side in Figure 4.5 if
at least one of the tiles marked red is identified. For training the IAM, this means that using
invalid transitions of this second type, the model is forced to encode information about other
tiles than the blank position in the state representation to be able to distinguish between valid
and invalid transitions. It is thereby necessary to have conflicting valid and invalid transition

Action sequence: Action sequence: Action sequence: Action sequence:

R D R,R,D R,D,R,D,L,U,U
1 4 1 4 2 1 4 1 4 5 1 4
2|3 5 2|3 5 315 2|3 2|38
6 | 7| 8 6 | 7| 8 6 | 71| 8 6 | 7|8 6 | 5|7
| I 1 | I 1
State Valid successor states Invalid successor states

Figure 4.5: 8-puzzle transition: Possible transition from a state to a valid or invalid successor
state. The blue box indicates the blank position. The two valid successor states can
each be reached with one action. The blank position of the invalid transition on
the left moved a Manhattan distance of three. For the invalid successor state on
the right, the positions of tiles 5, 7, and 8 have changed, but the blank is at a valid
position. This transition conflicts with the first valid successor state.
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pairs in the dataset to learn a unique state representation for each state of the environment.

Definition 4.3.1 (N-Puzzle Conflict). Two transitions (X,, a, X}, v) and (Xg, a', X, v’) are in
conflict if the blank position of X, and X,, is the same as the blank position of X}, and X},

respectively, and a € Aand a’' = I.

When the model learns to capture more information about the environment (e.g., one more
tile) in the state representation, it becomes less likely that a conflicting transition pair is indis-
tinguishable. This sampling issue results in a diminishing learning signal as more information
is represented in the state representation. Without further investigation of the probability of
indistinguishable conflicts when more information is represented, adding conflicts to the data
set will enrich the state representations. This motivates choosing the relative proportion of
invalid transitions of the second type such that the frequency of conflicts in the sampled data
set is maximized. The relative proportion of invalid transitions of the second type is denoted

by Dinv2 € [0’ 1]~

Due to the grid world nature of the selected environment, invalid transitions of the second
type always have an odd distance label. To use the distance estimate as a heuristic for planning,
it is also necessary to predict even distances. This is achieved by using invalid transitions of
the first type with even and odd distance labels. The ratio of invalid transitions of the first type
in a dataset is denoted by p;,,1 € [0, 1]. The total ratio of invalid transitions is then given by

Pinv = Pinvi + Pinvz < 1, and pg,. = 1 — p;j,y is the ratio of valid transitions.

Analogous to the N-puzzle, conflicts in the Sokoban dataset are also necessary to learn a
state representation, since representing only the player character is sufficient for the IAM to
predict the four valid actions. As the previously introduced definition of conflicts is not directly
applicable to Sokoban, we extend it to Sokoban. In contrast to the N-puzzle, Sokoban has an
explicit spatial structure that must be represented. It is therefore necessary for the IAM that
a transition encode information about the spatial structure. Therefore, wall transitions are
introduced in Sokoban. A wall transition is a valid action that does not change the player’s

position because the movement is blocked by a wall or a box element.

Definition 4.3.2 (Sokoban Conflict). Let P(X) and B(X) denote the player and box positions
in state X. Two transitions (X,, a,Xp, v) and (X}, a’, X}, v") can have a conflict of type

1. P(X,) = P(X},), P(Xp) = P(X}), B(X,) = B(X},), B(Xp) # B(X})),a € A,and a’ =1 or

2. P(X,) = P(X}), P(Xp) # P(X,), P(X}) = P(X};),a,a' € A,anda = a'.
The first case is necessary to represent the positions of the boxes, and the second is necessary
to represent the positions of the wall elements. A drawback of this definition is that conflicts of

the second type can only occur for wall elements in the immediate surroundings of the player.
If wall transitions over longer distances were also considered, the distance label would no
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longer be uniquely predictable: the wall transition could occur at any point along the trajectory,
or not at all (e.g., in cyclic movements).

In the N-puzzle, every action has an inverse, which could in principle also be used for training.
Since this is not the case for Sokoban and, more generally, invertibility cannot be assumed for
other environments, inverse actions are not considered. In the following, the specific sampling

strategies for the training data for both environments are discussed.

4.3.2 Sampling N-Puzzle Data

Transitions in the N-puzzle are sampled in two different ways, which are denoted by partial-
graph sampling (PGS) and breadth-first search sampling (BFS). They differ primarily in that
BFS incorporates knowledge about the blank position in order to maximize the number of
conflicts. Since PGS is intended to operate with a minimum of domain knowledge, the blank
position is ignored. Nevertheless, domain knowledge is used to recognise whether two states
are direct successors or not, in order to obtain either valid or invalid samples uniquely.

Partial-Graph Sampling

Starting from a state sampled uniformly over the entire state space Sy, a random walk with a
maximum of 100 steps is performed. The states and corresponding actions are stored as nodes
and directed edges of a graph, respectively. States that have already been visited are not added
to the graph again. The edges are labeled with the action and a step count of one. After k steps,
a new state is sampled and the random walk restarts. The process continues until the specified
number of valid transitions (number of edges in the graph) is reached. Invalid transitions of
types one and two are then generated by adding edges to this graph. To this end, a random
node is sampled uniformly from the graph and d random steps are taken along existing edges.
The start and end nodes are then connected by an edge labeled with the invalid action and a
step count d. The step count d is sampled from an exponential distribution and increased by
two, i.e., d = u + 2 with u ~ Exp(1/3). This yields a minimum of two steps and an average of
five. It may occur that a valid transition exists between two nodes sampled in this way. Such
cases are detected, and the transition is not added. For this sampling strategy, no distinction is
made between invalid transitions of type one and type two, and only the ratio of valid (pg,) to
invalid transitions (p;,, = 1 — psyuc) is considered. The value of py,,. is chosen empirically to

maximize the number of conflicts, as shown in Figure 5.1.

Breadth-First Search Sampling

As in PGS, a state is sampled uniformly at random from the state space. A breadth-first search
of the state space with maximum depth 1000 is then performed, and the explored region is
stored as a directed graph (states as nodes, actions as edges). The edges are labeled with the
action and a step count of one, as in PGS. States that have already been visited are not added to
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the graph. When the search depth is reached, a new state is sampled uniformly, and the search
restarts. As with PGS, the process continues until the specified number of valid transitions is
reached, and invalid transitions are generated by adding additional edges to the graph.

Invalid transitions of type two are added by sampling a random node s uniformly from the
graph, and selecting a random valid successor s’. From s, a breadth-first search with maximum
depth ten is started. As soon as a state s” # s’ is found that has the blank in the same position
as §', the search is terminated. The edge (s, I, s, d) is then added to the graph, where d is the
minimum number of steps from s to 5"’ resulting from the breadth-first search. Edges added
in this way always have an odd distance label, and between s and s” the blank has always
moved by a Manhattan distance of one. Because the learned model is intended for planning,
it is also necessary that the blank moves by a Manhattan distance not equal to one, so that
even distance labels can be predicted. Therefore, additional invalid transitions of type 1 are
generated, analogous to the invalid transitions in PGS. For both PGS and BFS, the resulting
dataset consists of all edges of the graph, with the model inputs being the corresponding
states (nodes) and the labels being the edge annotations. The ratio pg,c, Pinv1> and pinpy that
maximizes the number of conflicts is investigated in Section 5.1.1.

4.3.3 Sampling Sokoban Data

For the Sokoban domain, a sampling strategy distinct from those used for the N-Puzzle was
required. If random traces were generated in Sokoban as in PGS, a box would only be moved
very rarely. At the same time, optimal solution traces, such as those used in BFS, are not
intended for use. The approach for Sokoban is therefore to utilize solution traces that emulate
realistic, potentially suboptimal, solution trajectories, similar to those that might be observed

from a human player.

Therefore, datasets with one and two boxes on a 6 X 6 grid were created. In total, 181.059
levels were generated. The levels were then solved using an A* search with probabilistic state
transitions. More precisely, in random states during the search for a solution, the player was
only provided with a random selection of all possible actions (those in which the player changes
position). Additionally, in another random number of states, the player was provided with all
actions, including those in which the player’s position does not change (cf. Definition 4.3.2).
In this way, five suboptimal solution traces were generated for each level. Because the search
used a maximum depth of 20, not every level could be solved. From the solution traces, a set of
valid and a set of invalid transitions were subsequently sampled. For invalid transitions, as in
the N-puzzle, the distance was sampled as v = u + 2 with u ~ Exp(1/3). An overview of the
resulting base dataset is shown in Table 4.1. For training, valid and invalid transitions were
then sampled independently and uniformly at random from this base dataset. We refer to this
sampling strategy as trace sampling (TS). Because no environment knowledge was used for
the Sokoban datasets, as with PGS, only the ratio of pg,. to p;,, can be adjusted to vary the
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Number of boxes Number of Valid Invalid Total
levels transitions transitions transitions

1 97.398 2.844.002 1.841.823 4.685.825

2 83.661 1.689.979 1.131.089 2.821.068

Table 4.1: Number of transitions in the Sokoban base datasets.

number of conflicts. The dependence of the number of conflicts on pg,. and p;,y = 1 — Psyc

was investigated empirically in Section 5.1.1.

In addition to the dependence on pgy,c, Pinvi> a0d Pinwa, it was also investigated how the number
of conflicts scales with the number of transitions for all three sampling strategies. It is assumed
that the number of conflicts is proportional to the number of distinct transition pairs. The
corresponding proportionality factor is determined in Section 5.1.1 for all three strategies and
can be used as an estimate for larger datasets. This is useful because computing conflicts for
large numbers of transitions is computationally expensive. The datasets and parameters used
in the experiments are summarized in Table 5.2.

4.4 Model Training

The components explained in the preceding sections are assembled into an overall model that
is trained end-to-end using backpropagation. To update the model parameters, the AdamW
optimization algorithm is used, as introduced by Loshchilov and Hutter [34]. The end-to-end
training scheme requires an overall loss function £, which is utilized for the backpropagation
step. It is composed of four weighted terms:

L= a'ccls + 6Ldist + yfcdyn + 5(LKL(/'{a5 z:a) + ’CKL(Mb’ z"b))- (4-22)

Here, the factors «, 3, y, and d serve as hyperparameters to weight the individual loss terms
with the constraint  + 8 + y + § = 1. During backpropagation, the gradient of the overall loss
function £ is computed with respect to the parameters of each model component:

Object encoding model: V4L Relation predictor: Vg£
Dynamics model: V py Action- & Distance GNN: VL (4.23)
Action classification head: V£ Distance regression head: V,£

A detailed formal derivation of the individual gradients is omitted here for the sake of clarity.
Instead, Figure 4.6 illustrates the complete computation graph of the overall model, which

shows the dependencies for the gradient calculation.

The dashed lines in Figure 4.6 illustrate that no gradient is backpropagated to the object encod-
ings from the action and distance model comb,,, and the dynamics model dyn,,. A gradient
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Figure 4.6: Computation graph of the overall model and its gradient flow. Solid edges indicate
paths used for backpropagation, while dashed edges denote stop-gradient (detach)
operations that block gradient flow. The solid line from the object encodings
represents the gradient flow of the mean and variance through the KL-loss term.
The dynamics loss propagates gradients only into the predicted object encoding Oy,.

flow from the dynamics model back into the relation predictor was allowed to influence and
structure the latent representation, to potentially better align with the environment dynamics.
However, within the experiment in Section 5.4, it is shown that this gradient flow can be
omitted without any particular disadvantages being found. The gradient is propagated via the
assumed edge weights of the graph Z,. To prevent a latent collapse (where, for instance, all
edge weights have the same value), a careful balancing of the weighting factor y relative to
the other terms in the loss function is necessary. Similarly, the choice of § has a significant
impact on the structure of the object encodings. A relatively high value for § would cause the
encodings to approximate the prior distribution p(u) = N(0,I) too closely. This could result in
the encodings no longer containing any specific information from the input X,,.
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Algorithm 1 General training loop

Input:
Training dataset Dy,
Untrained model components ency, relg, dynx, comb,,, clsd,, distp,
Weighting factors «, 3, 7, 6,
Number of epochs E, batch size B, learning rate y
Output:
Trained model components ency, relg, dyn,, comby,, clsy, dist,

for Epochee =1to E do

1
2 for each batch in D,,;, do
3 L0 Initialize batch loss
4 for each element (X, a, X}, v) in batch do
5 Oy, (Ugs Zq) < ency(Xg) Encode state
6 Op, (up, Zp) < ency(Xp) Encode successor state
7 Z, <« relg(0,) Predict relations
8 Zy « rele(Ob)
9 g < comb,,(Z,, Zp, sg(0,), sg(0p)) Combined graph encoding
10 4 « clsy(g) Predict action
11 0 « dist,(g) Predict distance

12 L« aly(d,a)+
BL gist (0, v)+
0(Lxr(Ma> Za) + Lxr.(Mp> Zp))

13 if a is valid then

14 L Ay < dyn)((zaa Sg(oa)a a)

15 L« L+ yLayn(Ap, Op)

16 L« %

17 Compute gradients: V4L, VoL,V ,L,V,L,Vy L,V L
18 Update parameters:

19 return ency, clsy, dist,, comb,, dyn,, relg

Compute losses

Only forvalid actions

Predict dynamics
Add dynamics loss

Average batch loss
Backpropagation

AdamW optimization
{¢a o, X> @, lp, P} « Adamw({¢s 0, X @, z,b, P}, {V¢’ VG’ V)(’ Vco’ Vl/)a Vp}’ X)

Algorithm 1 outlines the training procedure used for the model. It serves as the foundational

loop for all experimental setups, with only minor deviations for specific experiments. The

model is trained using mini-batches. For each batch, the algorithm initializes a total loss £ to

zero (line 3) and accumulates the loss for each sample in the batch. This accumulated batch

loss is then averaged (line 16) and used to compute the gradients with respect to the parameters

of each model component via backpropagation (line 17). The parameters are subsequently

updated using the AdamW optimizer (line 18).

Two key details are worth noting. First, the stop-gradient operator (sg(-)) is applied to the

object encodings in lines 9 and 14. This prevents gradients of the action and distance GNN

model comb,, and the dynamics model dyn,, from flowing directly back into the encoder encg.
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Second, the dynamics model dyn,, and its corresponding loss term £ 4y, are only computed for
valid actions (lines 13-15). This is a crucial step, as invalid actions do not have a deterministic
or unambiguous successor state, making a meaningful dynamics prediction impossible. The
comprehensive training procedure detailed in Algorithm 1 is applied to all datasets identically.

4.4.1 Generalization

Both the N-Puzzle and Sokoban are classical planning domains. A key characteristic of such
domains is that larger problem instances, like the 15-Puzzle or Sokoban with an additional
box (SokobanB2), can be described by a larger set of objects while utilizing the same set
of relations. This structural property motivates an investigation into whether the model
components, particularly the relation predictors, can generalize from smaller instances to these
larger, more complex problems. Examples of such larger instances are shown in Figure 4.7.

The central hypothesis is that the relation predictor, relg, learns a set of rules for object relations
that are independent of the total number of objects in the scene. Consequently, a model trained
on the 8-Puzzle or SokobanB1 datasets should be adaptable to the 15-Puzzle and SokobanB2
domains, respectively.

To test this hypothesis, an adaptation strategy is employed. Since the object encoder ency is
architecturally bound to output a fixed number of objects n, it cannot be directly applied to
instances requiring more objects. Therefore, the original encoder is replaced by a new instance,
ency, configured to output a larger number of required objects. The dimension of each object
encoding, d, remains constant. This ensures that the interfaces to all other model components
remain unchanged, allowing the parameters for the relation predictors relg, the GNN comb,,,

and the action and distance head cls¢ and distp to be frozen and reused without modification.
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Figure 4.7: Examples of samples in the 15-Puzzle (left) and Sokoban with two boxes (right).
The corresponding minimal action sequence is R, U, L, D, D for the 15-Puzzle sample
and R, U, R, U, R, R, D, D for the Sokoban sample. The target field for the box in
Sokoban can be identified by the light border around the bottom element. The right
Sokoban state visualizes one box on a goal cell.
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The adaptation process involves training only the new object encoder encys on the larger
dataset (e.g., 15-Puzzle). This is achieved by following the general training procedure in
Algorithm 1, but exclusively updating the new encoder’s parameters ¢’ during the optimization
step (line 18). Success in this transfer task would demonstrate that the model has successfully
learned a generalizable, symbolic understanding of the environment’s dynamics.

4.4.2 Guided Search

To evaluate the practical utility of the learned state representation Z and dynamics model dyn,,
for planning, a guided search algorithm is employed. Given an initial state observation X;
and a goal observation X, the objective is to find a sequence of actions that transitions the
environment from the start to the goal state. The learned distance predictor, dist,, serves as a
heuristic to guide this search process.

First, both the start and goal observations are mapped to their respective object encodings (O;,
O¢) and symbolic graph representations (Z;, Z) using the trained encoder ency and relation
predictor relg. The search then proceeds iteratively. At each step, beginning from the current
state represented by (O;, Z;), the algorithm performs rollouts of length T = 3 to evaluate
potential action sequences. For each possible action sequence, the dynamics model dyn,, and
relation predictor relg are applied recursively to predict the resulting state. The one-step update
rules are therefore given by:

PN

011 =dyn,(Z;,0p,0), a€A (4.24)
2t+1 = re19(0t+1)- (4.25)

The distances between the predicted states for t = T and the goal state, Zs, are then computed
using the GNN comb,, and the distance regression head dist,. The action sequence that results
in the minimum predicted distance is identified as the locally optimal path. All actions of this
optimal sequence are then executed, leading to a new state that becomes the current state for
the next iteration of the search. When the goal is reached within these actions, the execution is
terminated. This process is repeated until the goal is reached or an iteration limit is exceeded.
A schematic of a single search step is depicted in Figure 4.8. For clarity, the figure illustrates a
two-step rollout, though all experiments are conducted with the three-step horizon described.

Two key simplifications are adopted, reflecting the nature of the training data:

1. Goal Condition: The search terminates successfully if the search reaches a state that is
one step away from the goal state. This is a necessary simplification for reaching the
goal, as the model was not trained on samples with a distance of zero, which would

correspond to identical states.
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Figure 4.8: Schematic of a single guided search step, illustrating a two-step rollout. The initial
state observation X; (left) and the goal observation X (right) have a minimal
distance of four steps. Both observations are mapped to their respective object
encodings and graph representations. Using the initial state representation (O;, Z;),
all possible two-step action sequences are then simulated with the dynamics model
dyn,, and the relation predictor relg. The distance d = dist,(comb,,(Z, Zs, 0,0¢))
to the goal is estimated for each final state of the rollouts. The first action of the
trajectory that leads to the minimum predicted distance is selected for execution.

2. Action Applicability: During the rollouts, only actions that are applicable and result in
a state change are considered. The model was not trained on transitions where a valid
action does not alter the state (e.g., attempting to move the blank out of the grid in the
8-Puzzle), so such actions are excluded from the search space at each step.

It is important to note that these are no general limitations of the proposed architecture. Both
scenarios could be addressed by augmenting the training data with zero-distance samples and
self-looping transitions, respectively, which can be generated automatically without domain-
specific knowledge. Due to the goal condition, it is sensible to execute all three actions of each
rollout per iteration, as explained above. Executing only the first action can cause infinite loops,
whereas executing all three increases the number of solved instances, albeit more suboptimally.

4.4.3 Tools and Frameworks

The presented approach and all related experiments are implemented in Python 3.13 [49]. The
PyTorch library [42] serves as the foundation for building individual model components and
handling datasets. In order to work efficiently with graph structures, the NetworkX library
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is used [37]. The GNN components are implemented with the PyTorch extension PyTorch
Geometric [41]. The training procedure and data management are organized with the Py-
Torch Lightning framework [55]. For experiment tracking, monitoring, and hyperparameter
optimization, the Weights & Biases (W&B) platform is utilized [54].

4.5 Evaluation

In the following subsections, the evaluation metrics used to assess all trained models throughout
this thesis are defined. During the evaluation phase of the model, neither the object encodings
nor the threshold in the discretisation step of the relation predictors are sampled, resulting in
a deterministic model. Thus, u = ¢ and w; = 0.5 for all i € {1, ..., m}, while evaluation.

4.5.1 General Metrics

To evaluate the performance of the IAM, two primary metrics are employed, corresponding to
its main learning targets: action classification and distance regression.

For the action classification task, performance is measured using classification accuracy. While
the model is trained using a cross-entropy loss function, accuracy provides an interpretable
measure of predictive performance. It is defined as:

N
1
ACC, = NZ 1(a; = d), (4.26)
i=1

where N is the total number of samples, q; is the ground-truth action, and g; is the predicted
action. The predicted action is determined by the one-hot encoded argmax of the model’s
output vector d;.

For the distance function prediction, which is a regression task, the root mean squared error
(RMSE) is used. This metric is a common choice for regression problems and is particularly
suitable here because it corresponds directly to the error in the predicted number of actions
between two states. The RMSE is calculated as:

N
1 .
RMSE = N Z(vi,target - Ui)za (4-27)
i=1

where N is the number of samples, v; 1,.0¢; I8 the target distance, and 0; is the distance predicted
by the model.

Let T = (84,1, 8p, V) denote an invalid transition and v,;, the minimal number of actions
required to transition from s, to s,. If v = v, asis the case for all transitions sampled with BFS,
then the target distance can be uniquely determined by the two states, and v; jarget = U = Upin-
With PGS and TS, however, the distance labels can be suboptimal, i.e., v > v;,, and the
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distance between the two states can no longer be uniquely determined by the IAM, allowing for
the interpretation of v as a random variable. The lowest RMSE can therefore only be achieved
when the model learns to predict the expected value of v of all transitions that share the same

mln [50]

Since PGS uses a random walk to generate the transitions, the variance of v increases with
higher v,,;,. Therefore, for transitions with greater v,;,, the loss penalties are, on average,
higher. The target distances with TS exhibit a similar behaviour. To account for this effect, the

target distance is weighted for sampling strategies that produce suboptimal distance labels:

i ,target — Z /1k - —(/‘UJ - 1) (4-28)

where 1 € (0, 1) is a hyperparameter. This geometric series effectively discounts predictions
for larger distances.

Similar to the value function prediction, the MSE is used for the loss of the dynamics model.
The interpretation of the MSE in the object encoding space is not straightforward due to the
stochasticity in the encoding space. Therefore, the dynamics model is evaluated by comparing
the set of relation matrices R}, of the successor state with that of the predicted successor state Rp,
which is calculated by evaluating the relation predictor relg on the predicted object encoding
0,, of the dynamics model dyn,,. The accuracy of the correctly predicted relations is used as
an evaluation metric:

1 G - 5
ACCy = N}z\}: v Z} Z; 1(Rpxij = Rppif): (4.29)
where m is the number of relation predictors, n is the number of objects, and N is the number
of samples.

4.5.2 Injectivity Metric

The tasks of action classification and distance prediction of the IAM serve to learn a func-
tion that maps environment observations to a latent, symbolic state representation. Ideally,
this function represents an injective mapping, where each environment observation x € XX
that corresponds to a unique state s € S is mapped to a unique latent state representation
z € Z. Within this work, each state observation corresponds exactly to one state, which is
why the injectivity of the mappingh : X - Z2,X — rele(enc¢(X)), can be examined directly
(cf. Section 4.3). Consequently, the cardinality of the observation space, denoted as N = |X|, is
considered equal to that of the state space |S|. The cardinality of the latent space is denoted as

= |Z]|. To simplify the analysis, we further assume that the latent space is at least half the
size of the observation space, i.e., M > N/2. This is not a general restriction, but it simplifies

the explanation and allows for a simple mathematical description. Mappings that do not satisfy
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this condition are considered insufficiently injective within the context of this work, making a
more detailed consideration of such cases unnecessary.

As explained in Chapter 4.3.1, conflicts in the training dataset are crucial for learning unique
state representations. However, since the number of these conflicts decreases as the state
representation becomes more expressive, the learned function is not guaranteed to be strictly
injective. To quantify the extent to which the learned mapping deviates from the property of
injectivity, we introduce, similar to the definition of collision resistance in cryptography [43],
the collision probability (CP).

Let X;, X, € X be two independent and identically distributed state observations with X; # X,.
Then Z; = h(X,) and Z, = h(X,) are the resulting latent state representations. The CP is then
defined as

CP =P(Z, = Z,), (4.30)

and gives the probability that Z; = Z, for two randomly drawn samples. Since Z; and Z, are
multigraphs, we say that they are equal if and only if their adjacency matrices are equal for all
edge types, i.e., R;; = R, ; foralli € {1,..., m} (cf. Section 4.1.2). An injective function has a
CP of 0, whereas a function that maps all elements to a single latent element has a CP of 1.

For large state spaces, computing the mapping for all unique state observations to evaluate the
CP is infeasible. Therefore, considering only a random uniformly distributed sampled subset
X C X of the observation space, the CP can be estimated by

(X X)) € T x Xli # j, h(X) = h(X)}

CP., = — (4.31)
(X, X)) € & x Xi # j}]

This approximation of the CP using XX is unbiased, i.e., CP = E[CP] (see proof in Ap-
pendix A.1). However, the estimated CP does not allow for an intuitive interpretation of the
actual size of the latent space, as the exact distribution of multiple mapped elements in Z (how
often which element is mapped in the latent space) is unknown. For a given size M of the
latent space, however, two edge cases of the distribution can be considered, for which the CP
becomes maximal and minimal:

1. Maximum CP: This case occurs when i elements from the state space are mapped to
a single element in the latent space, while the remaining N — i elements are mapped
injectively and produce no collisions, thus M = N —i + 1. Formally:

i) Lo
Q) _ -1
CPray = ~o = — . 4.32

2. Minimum CP: This case occurs when the mapping is as uniform as possible. Here, j

elements in the latent space are each targeted by exactly two elements from the state space,
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while the remaining elements are targeted only once, and thus M = N — j. Formally:

J 2j
CP. = -2 = . 4.33
2
Conversely, for an empirically measured CP,, we can estimate the bounds on the latent space
size. By setting CP. equal to CP,,,, and CP_;,, we can solve for i and j, respectively. This
yields a lower and upper bound on the cardinality of the latent space: M,,, = N — j and

Mmin=N—i+1.

To provide an intuitive measure, we report the latent space ratio interval (LSRI) as the interval

of these bounds relative to the observation space size:
LSRI = [M,;,/N, M. /N]. (4.34)

This interval quantifies the mapping’s deviation from perfect injectivity. A higher CP yields
a wider interval and a lower upper bound, indicating a more significant loss of unique state
representations. On the other hand, as the CP approaches zero, the interval narrows towards

[1, 1], signifying a nearly injective mapping where M,i, & Mp,.x & N.
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This chapter presents the empirical evaluation of the proposed model. Initially, the experi-
mental setup and dataset sampling parameters are outlined. Results on learning a useful state
representation, assessing generalization to larger problem instances, and evaluating planning
performance with the learned components are reported.

5.1 Experiment Setup

To ensure a robust and reliable evaluation, the methodology of Agarwal et al. [1] is adopted.
Specifically, to account for stochasticity, each experimental setup involves multiple training
runs with unique random seeds. This seed affects dataset sampling, model weight initialization,
and all probabilistic processes within the IAM. The performance metrics from these runs are
aggregated using the interquartile mean (IQM), with a 95% bootstrapped confidence interval
to quantify statistical uncertainty. The IQM is employed as a robust aggregator as it mitigates
the influence of outliers, to which the arithmetic mean is susceptible, while remaining more
sensitive to the data distribution than the median [1].

An exception is the CP, which is aggregated using the arithmetic mean due to the potential
sparsity of non-zero values for nearly injective functions. The LSRI is subsequently calculated
from this aggregated mean CP. The dataset sampling parameters, summarized in Table 5.2, were
chosen to maximize the number of conflicts as described in Section 5.1.1. Unless otherwise
specified, the hyperparameters listed in Table 5.1 are used for all experiments. These were
determined through a Bayesian hyperparameter search across 200 runs on the W&B platform,
using PGS datasets only.

5.1.1 Dataset Sampling Parameters

As discussed in Section 4.3.1, invalid transitions are essential for learning the state representa-
tion, with the number of conflicts being a crucial factor in this process. The sampling strategies
for the N-puzzle (BFS and PGS) and Sokoban (TS), as introduced in Section 4.3, generate
different numbers of such conflicting transitions. The frequency of them is largely determined
by the ratio between valid and invalid transitions. Therefore, an empirical investigation is
conducted in the following for each sampling strategy to determine the number of conflicts as a
function of the sampling parameters (psyc, Pinvi> a0d Pinwz)- For this investigation, 50 datasets,
each containing 10, 000 transitions, were generated for various parameter configurations, and

the number of conflicts was calculated.
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Parameter Symbol Value
Optimizer - AdamW
Learning rate n 1.38 x 1074
Batch size B 200
Number of epochs E 100
Classification loss weight a 0.411
Distance loss weight B 0.391
Dynamics loss weight 4 0.198
KL loss weight ) 518 X 1073
Distance discount A 0.95
Number of objects n 9(16)
Object dimension d 25
Aggregation dimension d’ 128
Number of relations m 4

Table 5.1: Model and training hyperparameters used in all experiments, unless otherwise noted.
Values were selected via Bayesian optimization over 200 trials utilizing the W&B
platform. Dataset sampling parameters are detailed separately in Table 5.2. The use
of 16 objects is specific to the generalization experiments.

Furthermore, for a fixed parameter configuration, the number of conflicts was analyzed as
a function of the total number of transitions in a dataset. It is assumed that the number
of conflicts, N, is proportional to the number of distinct transition pairs (N, « n,(n, — 1)
for n, transitions). The corresponding proportionality factor was determined by applying a
least squares fit to the IQM of the conflict counts. The proportionality factor enables the
estimation of the number of conflicts in larger datasets, where an exact calculation would be

computationally expensive.

8-Puzzle Partial Graph Sampling

In the PGS strategy, the two invalid transition types are not distinguished, as detailed in Sec-
tion 4.3.1. Consequently, the number of conflicts depends solely on the proportion of valid
transitions, pg,. = 1— piny- The left plot in Figure 5.1 illustrates this relationship for pg,,. values
ranging from 0.0 to 1.0. The IQM of the conflict count reaches its maximum at py,. = 0.4.
Although the IQM for pg,. = 0.5 is nearly identical and their confidence intervals exhibit sub-
stantial overlap, a ratio of pg,. = 0.4 was selected for all subsequent experiments to maximize

the expected number of conflicts.

For this selected ratio, the right plot in Figure 5.1 shows how the number of conflicts scales
with dataset size. The resulting estimation for the number of conflicts, N, at pg,. = 0.4 is:

N, ~1.6x107%-n, - (n, —1). (5.1)
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Figure 5.1: The IQM for the number of conflicts in the 8-Puzzle with PGS, based on 50 datasets
for each parameter configuration with 10, 000 transitions each. Left: Dependency
of the conflict count on py,.. The plot shows the IQM and its 95% bootstrapped
confidence interval. Right: Scaling of the conflict count with dataset size for
Dsuc = 0.4. The plot shows the IQM and a quadratic fit, N, ~ 1.6 x1073-n,-(n; — 1).

8-Puzzle Breadth-First Search Sampling

In contrast to the PGS strategy, the BFS approach allows for the explicit generation of both
invalid transition types, as detailed in Section 4.3.1. Consequently, the number of conflicts
depends on the proportions of pg,e, Pinv1> and Pinyz- These parameters are constrained by
Psuc + Pinvi + DPinvz = 1, defining a triangular region in the parameter space. The IQM of the
conflict counts was evaluated over a grid of parameter values, indicated by the marked points
in the left plot of Figure 5.2, and interpolated to generate the contour plot.

The analysis reveals that the maximum number of conflicts occurs when p;,;,; = 0.0 and
Pinv2 € [0.4,0.5]. Increasing the proportion of type-one invalid transitions consistently de-
creases the total number of conflicts.

However, as discussed in Section 4.3.1, type-one invalid transitions are necessary for the model
to learn to predict even-valued distances. A trade-off was therefore made to ensure a sufficient
proportion of these transitions without significantly diminishing the conflict count. A final
configuration of p;,,; = 0.2 and p;,,» = 0.4 was chosen, which implicitly sets p,,. = 0.4. For
this configuration, the scaling of the conflict count with dataset size is shown in the right plot
of Figure 5.2. Following the same methodology as for PGS, the proportionality factor was
determined, allowing the number of conflicts to be estimated with

N, ~ 7.25% 1073 - n, - (n, — 1). (5.2)

48



5 Results

6 F T T T T ]
9.6
T 8.4 D5 :
X X
Tn/ 7.2 \; 4 -
5 5
= 6.0 . =
o 4.8 § o 3 ]
O T Y O
B 16 kS
g 7 5 2F ]
E 24 E
j=] S 1F ]
Z 12 Z
0‘0 1 1 1 1 1 0 L 1 1 1 1 1 1
0.00 0.25 0.50 0.75 1.00 1000 3000 5000 7000 9000
Pinvt Sample Count

Figure 5.2: The IQM for the number of conflicts in the 8-Puzzle with BFS, based on 50 datasets
for each parameter configuration with 10, 000 transitions each. Left: Contour plot
showing the number of conflicts in the 8-Puzzle depending on p;;,; and pjps-
Psuc 1S given implicitly by pge = 1 — DPinv1 — Pinvz- The number of conflicts
was evaluated at the marked points, and a cubic 2D polynomial fit was used to
compute the contour lines. Right: Scaling of the conflict count with dataset size
for piypy1 = 0.2 and pj,z = 0.4. The plot shows the IQM and a quadratic fit,
N, ~725%x 1073 - n, - (n, — 1).

Sokoban Traces Sampling

The Sokoban environment features two distinct conflict types (cf. Definition 4.3.2), which are
analyzed separately. With the TS strategy, the invalid transition types are not distinguished,
similar to PGS, and the number of conflicts depends on pg,. = 1 — p;,, only. The left and
middle plots in Figure 5.3 show the number of type-one and type-two conflicts for py,. values
ranging from 0.0 to 1.0.

The number of type-one conflicts is maximized in the range of pg,. € [0.4,0.5], whereas the
frequency of type-two conflicts, which arise only from pairs of valid transitions, increases
quadratically with pg,.. A ratio of pg,. = 0.5 is selected for subsequent experiments, as this
value maximizes type-one conflicts while yielding a sufficiently large number of type-two
conflicts.

The dependency of the conflict count on dataset size is also analyzed and visualised in Figure 5.3
(right) to determine the proportionality factor. For Sokoban with one box and the selected
Psuc = 0.5 proportion of valid transitions, the number of conflicts can be estimated with:

N, ~ 2.65% 107> - n; - (n, — 1). (5.3)

All described results are summarized in Table 5.2.
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Figure 5.3: The IQM and 95% bootstrapped confidence interval for the number of conflicts
for Sokoban with one box, based on 50 datasets with 10,000 transitions each. The
left and middle plots show the dependency of type-one and type-two conflicts,
respectively, on the proportion of valid transitions (pg,.). The right plot illustrates
the scaling of the total conflict count as a function of the dataset size for a fixed
ratio of pg,. = 0.5, together with a quadratic fit, N, ~ 2.65 x 10~ - n,(n; — 1).

Environment Samphng Psuc  Pinv(1) Pinv2
8-Puzzle PGS 0.4 0.6 -
8-Puzzle BFS 04 0.2 0.4
15-Puzzle PGS 0.4 0.6 -
15-Puzzle BFS 04 0.2 0.4
SokobanB1 TS 0.5 0.5 -
SokobanB2 TS 0.5 0.5 -

Table 5.2: Overview of the sampling parameters for different dataset types. SokobanB1 and
SokobanB2 refer to datasets with one and two boxes, respectively.

5.2 Analysis of the Learned State Representation

This section analyzes the IAM’s performance in learning state representations for the 8-Puzzle
and Sokoban domains. For each sampling strategy (PGS, BFS, and TS), 60 models were trained
and evaluated to ensure robust results. The key parameters for the datasets, including training
size, validation size, and the estimated number of conflicts, are detailed in Table 5.3. The
models resulting from these strategies, hereafter referred to as PGS, BFS, and TS models, were
evaluated using the performance metrics also presented in the table. This analysis extends
beyond the quantitative metrics to qualitatively assess how the learned representations address
the key contributions of this thesis formulated in Section 1.1.

Hereafter, the term “learned state representation” refers to the multigraph Z representing
the latent state, as described in Section 4.1. A direct visual interpretation of these learned
graphs proved challenging. Since no a priori meaning was assigned to the relations during
training, the model developed an abstract encoding of the environment that does not directly
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map to human-interpretable symbols. The state representation is therefore assessed using the
performance metrics introduced in Section 4.5.1, supplemented by an action classification
analysis using a row-normalized confusion matrix in Figure 5.4, where the diagonal elements
directly correspond to the recall for each action label. The analysis begins by comparing the
two sampling strategies for the 8-Puzzle before extending this comparison to the Sokoban

domain.
Environment 8-Puzzle 8-Puzzle Sokoban (one box)
Sampling Method PGS BFS TS
Performance Metrics
ACC, [%] 98.6[98.5,98.7] 99.94[99.93,99.96] 96.6[96.5,96.7]
RMSE, 2.3[2.29,2.31] 0.47[0.44,0.5] 0.79[0.77,0.81]
ACCy [%] 75.6[75.2,75.9] 75.4[74.7,76.1] 75.6[75.3,75.9]
LSRI [%] [100.0, 100.0] [80.0,99.9] [100.0, 100.0]
Dataset Parameters
Training Set Size 120,000 120,000 120,000
N, ~ 23 x 10° ~ 104 x 10° ~ 382 % 103
Validation Set Size 20,000 20,000 20,000

Table 5.3: Performance metrics and dataset parameters for the IAM on the 8-Puzzle (N = 9!)
and Sokoban with one box (N = 2.06 x 10'#). Performance metrics are reported
as the Interquartile Mean (IQM) over 60 independent training runs, accompanied
by a 95% confidence interval derived from 5000 bootstrap repetitions. The reported
LSRI is calculated from the arithmetic mean of the CP over all runs, as described
in Section 4.5.2. The estimated number of conflicts N, was calculated with the
estimation formulas defined in Section 5.1.1.

Partial-Graph and Breadth-First Search Sampling

Action Classification Accuracy (ACC,) serves as a primary indicator of the learned repre-
sentation’s quality. The BFS strategy achieves a nearly perfect IQM of 99.94%, suggesting its
representations capture the necessary features (e.g., the positions of several tiles) to distinguish
between actions. As shown in the confusion matrix (Figure 5.4), both the BFS- and the PGS
models can reliably differentiate between valid actions. The primary source of error is the

misclassification between valid and invalid transitions.

The superior performance of the BFS models is particularly evident in their handling of invalid
actions, misclassifying less than 0.06% of them as valid. This high recall is likely due to the
dataset’s composition, where at least 66.6% of all invalid transitions are of type two. These
challenging, ambiguous cases force the model to encode a substantial amount of environmental

information to resolve them correctly.

In contrast, the PGS models misclassify a higher proportion of invalid actions, nearly 2%.
Although the proportion of type two invalid transitions to all invalid transitions was not
defined for dataset generation, it was calculated for the validation set to be 15.3%. The model’s
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ability to achieve a 98.02% recall on invalid actions indicates that it learns to encode more than
just the blank’s position. However, the higher error rate compared to BFS clearly demonstrates
that it encodes less environmental information overall.

Theoretically, every invalid transition in the PGS dataset is distinguishable from a valid one
since the PGS strategy (cf. Section 4.3.2) prevents any invalid transition from having a true
minimal distance of one. The performance gap between the strategies, therefore, highlights
that the proportion of conflicts is a critical factor for learning a meaningful representation,
which is around four times higher in the BFS training dataset compared to the PGS training
dataset. It is important to note, however, that higher accuracy does not necessarily imply a
proportionally larger amount of encoded information, as the number of available conflicts for
learning decreases exponentially as the representation captures more information.

PGS BFS TS

100

99.77 XN 0.00 0.00 0.22 100.00 EOX0[d] 0.00 0.00 0.00 98.63 U0 0.04 a
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Figure 5.4: Confusion matrices illustrating the action classification performance for models
trained with different sampling strategies (PGS and BFS for the 8-Puzzle, TS for
Sokoban). Each matrix shows the row-normalized IQM of predictions for a given
true label. Consequently, the diagonal elements represent the recall for each action
class. The results demonstrate that all strategies distinguish well between valid
actions (U, D, L, R), with misclassifications occurring primarily between valid and
invalid actions.

Also, for distance prediction, the BFS strategy is the most accurate, achieving an RMSE of
0.47. This not only shows that models trained with the BFS strategy represent symbolic states
distinctly but also that the model’s distance head is capable of predicting the number of steps
between two states. In contrast, the PGS strategy yields a considerably higher RMSE of 2.3.
This difference can partly be attributed to the sampling strategy itself. While BFS models are
trained on optimal, shortest-path distances, PGS models learn from non-unique, potentially
suboptimal distance labels (cf. Section 4.3.2), making it necessary to compare the RMSE with
the lowest possible RMSE, as described in Section 4.5.1. This best-case RMSE for PGS was
empirically calculated from the validation dataset to have a mean of 1.39. The RMSE of the
model’s distance predictions must therefore be considered in comparison to this minimal error.

52



5 Results

While the BFS model’s RMSE of 0.47 directly represents its deviation from the optimal ground
truth, the PGS model’s deviation from its best-case RMSE is 0.91. This result indicates that
the distance estimates from both PGS and BFS models are effective enough to be viable as
heuristics in a guided search (cf. Section 5.4).

As previously argued, accurate action classification and distance regression require distinguish-
able state representations. It would therefore be expected that the mapping learned by the BFS
model is also closer to the property of injectivity. However, the results show the opposite. The
mappings learned by the PGS models are effectively injective, with an LSRI of [100.0%, 100.0%|.
In contrast, the BFS models yield a less injective mapping, with an LSRI of [80.0%, 99.9%]. This
means that for the worst-case mapping behaviour, the learned representation space collapses
to only 80% of the observation space, and, in the best case, the learned mapping is only close to
being injective. This counterintuitive result suggests two possibilities. First, strict injectivity of
the symbolic graph structure may not be essential for high task performance. For example, the
object encodings themselves, used as node features in the GNN comb,,, could provide sufficient
distinguishing information even when the graph structures collide. Second, the hyperparame-
ter search was conducted exclusively on PGS datasets, which may have disadvantaged the BFS
strategy in optimizing for injectivity and RMSE,.

The model’s strong performance on its primary training targets (ACC, and RMSE,;) suggests
that the IAM architecture is fundamentally capable of learning a complete, lifted symbolic
state representation. The quality and structure of the training data are clearly a catalyst for the
quality of this representation.

Interestingly, the accuracy of the dynamics model (ACC,) remains consistently low at around
76% across all experiments. This suggests that predicting the exact successor object encoding is
a fundamentally challenging task when the dynamics model is trained simultaneously with the
other components. However, as supported by later findings, the model’s performance can be

significantly improved by fine-tuning it after the representation has converged (cf. Section 5.4).

Traces Sampling

The results for Sokoban are now discussed separately to evaluate the model’s ability to generalize
to a structurally different classical planning domain (cf. Section 1.1). Most performance metrics,
such as accuracy and RMSE, are comparable to those from the 8-Puzzle, as both domains share
the same grid-based action space and were trained with similar model parameters and distance
label distributions. However, a direct comparison of the LSRI is infeasible due to Sokoban’s
intractably large state space. For its size, the combinatorial upper bound was assumed.

Sokoban exhibits the lowest action classification accuracy, with an IQM of 96.6%. This is
attributable to two main factors. First, as seen in the confusion matrix in Figure 5.4, the model

has more difficulty distinguishing between valid actions, which may be caused by ambiguous
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”wall transitions” where an action results in no movement (cf. Section 4.3.3). Second, the
dataset itself contains inherent ambiguity: 4.95% of its invalid transitions are indistinguishable
from valid ones because they have a true minimal distance of one. This issue arises because
the TS strategy allows for suboptimal traces.

Despite these challenges, the model performs well. It misclassifies only a small fraction (0.22%)
of the inherently ambiguous invalid transitions, suggesting that the learned representation
successfully encodes essential environmental information, such as player and box positions.
The model’s distance prediction performance further supports this conclusion, with an RMSE
of 0.79. As with the PGS models, a zero RMSE is not possible because the distance targets
are suboptimal, but they are potentially closer to zero, since the transitions are derived from
goal-directed solution traces rather than pure random walks. Achieving this level of accuracy
in distance estimation likely requires the representation to include information about static
spatial elements, such as walls. Consistent with the findings for the 8-Puzzle, the Sokoban
analysis strongly indicates that the sampling strategy, and thus the structure of the training
data, is the most significant factor in the quality of the learned state representation. Crucially,
these results demonstrate that the model architecture is transferable across domains. This is
underscored by the fact that the Sokoban experiments required no domain-specific adjustments
to the model’s core components, such as the number of objects or relations.

The dynamics model for Sokoban performs similarly to its 8-Puzzle counterparts, achieving
a low accuracy of 75.6%, which means a large majority of the edges in the predicted succes-
sor graph are incorrect. This result appears to be an artifact of the simultaneous training
methodology rather than a fundamental flaw in the learned representation (cf. Section 5.4).

Finally, while the calculated LSRI of [100.0%, 100.0%] for the TS models suggests their latent
space mapping is injective, this result offers no meaningful insight into this property. The
calculation relies on a combinatorial upper bound for the Sokoban state space, which is only
a rough approximation of its true size, thereby artificially suppressing the underlying CP.
A precise calculation of the true state space size is computationally expensive and was not

undertaken as part of this thesis.

5.3 Generalizability Assessment

This section evaluates whether the relation predictors learned in the previous section have
captured general domain properties. In this context, general domain properties refer to a
PDDL-like structure, where predicates are retained across problem instances with a different
number of objects. Therefore, the models previously trained on the 8-Puzzle and Sokoban with
one box are now evaluated on the 15-Puzzle and Sokoban with two boxes.
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Following the methodology from Section 4.4.1, the trained model components are reused
and frozen. Since the new instances’ images are outside the training distribution and con-
tain a different number of objects, a new image encoder is trained. The dynamics model
is omitted from this assessment due to its poor performance. All sampling parameters and
hyperparameters remain unchanged, except for the number of objects, which is set to 16. The
key performance metrics are summarized in Table 5.4, with a detailed analysis of the action
classification performance provided by the confusion matrices in Figure 5.5.

Environment 15-Puzzle 15-Puzzle Sokoban (two boxes)
Sampling Method PGS BFS TS
ACC,[%] 73[69,76] 48[45,51] 8786, 88]
RMSE, 1.95[1.93,1.96] 1.49[1.44,1.56] 0.91[0.90,0.92]
LSRI[%] [< 50.0,99.9] [< 50.0,99.8] [100.0, 100.0]

Table 5.4: Performance metrics for the IAM on the 15-Puzzle (N = 16!) and Sokoban with
two boxes. Performance metrics are reported as the IQM over 60 independent
training runs, accompanied by a 95% confidence interval derived from 5000 bootstrap
repetitions. The reported LSRI is calculated from the arithmetic mean of the CP
over all runs, as described in Section 4.5.2.

Partial-Graph Sampling

The PGS-trained models exhibit a notable decline in performance on the 15-Puzzle, achieving
an overall action classification accuracy of only 73% for PGS. The confusion matrix reveals
that while valid actions can be distinguished from one another with sufficient robustness, the
primary source of error is the misclassification of valid transitions as invalid. Approximately
half of all valid transitions are incorrectly classified as invalid. Conversely, invalid transitions
are identified with a high recall of 92.6%, with only about 7.3% being misclassified as valid.
The validation set contains 11.5% type-two invalid transitions, which is higher than the 7.3%
error rate, but this does not suggest that the model encodes more than just the blank position.
This is because the models appear to have developed a bias: since 60% of the training data
consists of invalid transitions, misclassifying valid transitions randomly as invalid likely incurs
a smaller penalty to the overall loss than the alternative.

Regarding distance prediction, the model achieves an RMSE, of 1.95, which is better than its
performance on the 8-Puzzle. This can be attributed to the structure of the 15-Puzzle, since
there are, on average, more actions possible per state than in the 8-Puzzle. Consequently, a
random walk, as employed by the PGS strategy, tends to generate traces that are closer to the
minimal distance. The empirically calculated best-case RMSE,; on the validation set is 1.28
(15-Puzzle), confirming this trend. For comparison, predicting the Manhattan distance of the
blank position between the two states in a transition yields a much higher RMSE, of 4.28. This
indicates that the learned structure generalizes better for distance prediction than for action
classification.
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Figure 5.5: Confusion matrices for the generalization assessment, evaluating models on larger
problem instances: the 15-Puzzle (for PGS and BFS strategies) and Sokoban with
two boxes (for the TS strategy). Each matrix displays the row-normalized IQM.
Therefore, the diagonal elements represent the recall for each action class. The
performance of the BFS models degrades significantly, with a high rate of misclas-
sification. In contrast, the TS model demonstrates more robust generalization to
the Sokoban environment with two boxes.

Despite this partial success, the learned state representation fails the test of injectivity. The
reported LSRI of [< 50.0%, 99.9% | indicates that, in the worst-case mapping scenario, the latent
space collapses to less than half the size of the observation space. This means a significant
number of distinct environment states could be mapped to the same latent representation.
Therefore, the learned state representations do not meet the requirement for a suitable repre-
sentation due to their lack of injectivity. Nevertheless, it cannot be ruled out that the learned
relation predictors generalize, as they clearly encode part of the relevant domain informa-
tion (action and distance labels), and it may be a methodological problem to learn the object
encodings correctly.

Breadth-First Search Sampling

With an action classification accuracy of 48%, the newly trained BFS models perform the worst.
The confusion matrix clearly shows that the models are unable to distinguish between different
valid actions. The highest recall is achieved for invalid transitions at 80.4%. The fact that
approximately 45% of valid transitions are classified as invalid suggests the model has learned
a simple rule to distinguish valid from invalid transitions but has failed to capture the structure
of the valid transitions. This strongly indicates that the learned relations are too specific to the
8-Puzzle and do not generalize to larger instances.

This conclusion is supported by the RMSE,; of 1.49 for distance prediction. The model’s
predictions are only marginally better than the mean of the distance labels in the validation
set (1.64), implying that it has largely memorized the label distribution rather than learning a
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meaningful state representation. This is further reflected in the test of injectivity, where the
reported LSRI of [< 50.0%, 99.8%] is slightly worse than that of the PGS models, indicating a
more significant collapse of the latent space, which aligns with the overall poor performance.

Traces Sampling for Sokoban

In contrast, the TS-trained model demonstrates the best generalization performance, achieving
an action classification accuracy of 87% on Sokoban with two boxes. As shown in the confusion
matrix, the model is able to distinguish between valid actions to some degree (misclassification
< 4.3%), despite the inherent ambiguity introduced by “wall transitions” (cf. Section 4.3.3).
This indicates that the state representation successfully captures the information necessary to
differentiate between actions even in a more complex environment. Similarly, the RMSE,; for
distance prediction is the lowest among the generalization experiments, although it is higher
than in the one-box case.

The superior performance on Sokoban is expected. The input grid size remains constant (6 X 6),
and only one additional game element (a second box) is introduced. This is a smaller change
in the input distribution compared to the transition from the 8-Puzzle to the 15-Puzzle, which
involves a larger board and seven new, visually distinct objects. Therefore, the Sokoban results
are not directly comparable to those from the N-Puzzle, and they alone do not allow for a
conclusion on the generalizability of the relation predictors. As in the one-box scenario, the
LSRI is not meaningfully interpretable due to the use of a combinatorial upper bound for the

state space size.

In summary, the analysis suggests that the proposed model architecture is capable, in principle,
of learning generalizable, lifted representations. However, the significant performance disparity
between the PGS and BFS strategies indicates that either the methodology for adapting the
object encodings needs refinement or the properties of the initially learned representation are
critical for successful generalization.

5.4 Planning Assessment

This section validates the learned state representation by assessing its practical utility for
planning, thereby addressing the key contribution of whether the representation effectively

encodes the environment’s dynamics.

5.4.1 Experiment Setup

The following experiment and evaluation are conducted solely for the 8-puzzle environment
using the PGS and BFS sampling strategies. Due to computational cost, only a single model is
trained for each strategy. This approach is justified as the primary objective is to demonstrate
the general feasibility of a guided search with the learned components, rather than performance
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optimization. Therefore, the reported metrics are direct measurements from the two models,
without aggregation or confidence interval specification unless otherwise specified.

The evaluation in Section 5.2 shows that simultaneously training the dynamics model with all
other components yields a suboptimal dynamics model. To address this, a two-stage training
procedure is done for this assessment. First, two new IAM instances, one for each sampling
strategy, are trained from scratch on a dataset of 500,000 samples. The larger dataset is chosen
to ensure that the distance prediction generalizes sufficiently well across the entire observation
space. During this stage, the dynamics model is excluded from training by setting its corre-
sponding loss weight, y, to zero, and rescaling the remaining weights to ensure they sum to
one.

Subsequently, the parameters of the trained IAM components are frozen, and only the dynamics
model is then trained, also using 500,000 transitions. Therefore, only the dynamics model’s
parameters y get updated, using a loss function where only the dynamics term is active (y = 1
and a = 8 = § = 0). This sequential training approach ensures that the dynamics model is
trained on a stable latent state representation.

The fully trained models are then employed in a guided search, as described in Section 4.4.2.
The evaluation is performed on 100 unique start-goal pairs for each optimal distance between
two and ten. The search algorithm tries to find a solution path for each instance within 20
rollouts. The following evaluation examines the overall planning performance and discusses
the roles of the contributing components: the dynamics model and the distance prediction
heuristic. The evaluations of the PGS model’s distance predictions are done with respect to the

discounted target labels on which it was trained (cf. Section 4.5.1).

5.4.2 Results

The overall planning performance is depicted in Figure 5.6, which shows the guided search’s
success rate as a function of the problem’s optimal solution length. Since the search terminates
successfully when it transitions to a state one step from the goal (cf. Section 4.4.2), the optimal
distance in the figure is the minimum number of actions required to reach such a state.

The plot indicates a performance distinction between the two strategies. The BFS-trained model
is effective on short-horizon problems, solving nearly 100% of all instances with an optimal
distance of up to four. Beyond this, its performance steadily declines, reaching a success rate of
approximately 18% for problem instances requiring at least nine actions. In contrast, the PGS
model performs consistently worse. A performance gap of around 2 to 3% is already noticeable
at a distance of two to three. For higher optimal distances, the performance further drops
and reaches a success rate of 9% at a distance of nine. This decay in performance for both
models can partially be attributed to the training data distribution. As the optimal distance
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Figure 5.6: Success rate of the guided search for the BFS and PGS models on the 8-Puzzle,
plotted against the optimal solution length. The bars represent the percentage of
100 problem instances solved within 20 rollouts. The hatched area indicates the
proportion of optimally solved instances.

increases, the number of corresponding samples decreases, providing a weaker learning signal
for long-horizon predictions.

To further investigate the causes of the performance decline at longer distances and the overall
poorer performance of the PGS model, the following analysis will examine the accuracy of the
dynamics model and the distance-prediction model’s errors.

Dynamics Model Accuracy

During a planning rollout, the dynamics model predicts a sequence of latent states, with each
prediction based on the previous one. Therefore, inaccurate predictions accumulate and can
degrade the quality of the rollout, potentially misleading even a perfect distance-prediction
model.

The multi-step prediction accuracy (ACC,) of the dynamics model is shown in Figure 5.7. The
results are plotted against the prediction horizon, representing the number of sequential actions
taken from an initial state. As the figure illustrates, the accuracy of both models decreases
approximately linearly with increasing prediction horizon. While the BFS model has a higher
accuracy after a one-step prediction, its performance declines more steeply than that of the
PGS model.

For the three-step rollouts used in the guided search, however, the BFS model’s accuracy is
higher. After three steps, it achieves an ACC, of 98%, whereas the PGS model’s accuracy is
slightly lower at nearly 96%. This performance gap partially explains the PGS model’s weaker
overall planning results, as its rollouts are based on less accurate state predictions.
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Figure 5.7: Multi-step prediction accuracy of the dynamics model (ACC,), comparing the BFS
and PGS models on the 8-Puzzle. Accuracy is plotted against the prediction horizon
(number of sequential steps) and averaged over 100 rollouts.

Nevertheless, the general high accuracy of both models within the three-step horizon suggests
that dynamics error alone does not account for the sharp drop in planning success at longer
distances, particularly for the BFS model.

Distance Prediction Error

The distance prediction error of the IAM is evaluated by its RMSE,; under two conditions, as
shown in Figure 5.8. The left plot shows the inherent error in distance prediction, directly
calculated from environmental observations for different optimal distances between them. The
right plot shows the RMSE,; when the distance is predicted based on the latent states, predicted
by the dynamics model, over the respective optimal distance horizon.

The observation-based results (left) indicate a difference between the models. The BFS model’s
RMSE, is precise and stable for distances up to seven steps. Beyond this point, its error increases
significantly, making it an unreliable heuristic for problems with a high optimal distance. In
contrast, the PGS model’s heuristic exhibits a considerably higher baseline error that grows
continuously. At an optimal distance of just 4, its RMSE, is approximately 1.0, meaning its

estimates can be off by a full step.

In comparison, for the states predicted by the dynamics model (right), the BFS model’s predic-
tion errors increase. This is attributable to the inaccuracy of the dynamics model. For the PGS
model, however, the additional error falls within its already high baseline confidence interval.

This error analysis provides a possible explanation for the planning performance observed
in Figure 5.6. The PGS model’s consistently lower success rate is a direct consequence of its
inherently less accurate distance and dynamics model predictions. The BFS model performs
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Figure 5.8: IQM and 95% bootstrapped confidence interval (5000 repetitions) of the RMSE, of
the distance predictions for both models based on 50 datasets, each containing 2000
transitions per optimal distance. Left: Error based on environment observations
with the respective optimal distance. Right: Error based on states predicted by the
dynamics model for the respective optimal distance, illustrating the impact of the
accumulated prediction error of the dynamics model on the distance prediction.

well at shorter distances due to its precise distance predictions. Its performance drops when
the optimal distance exceeds five because the three-step rollouts require distance estimates
for unreliable distances. For instance, if the current search state is six steps from the goal, a
three-step rollout will lead to states that are potentially eight or more steps away, where the
high error of the distance predictor makes the guided search ineffective.

Further Analysis

This section presents the general performance metrics of the initially retrained IAMs on the
larger 500,000-sample dataset. As expected and shown in Table 5.5, both models achieve higher
action classification accuracy and lower distance prediction error than their counterparts
trained in Section 5.2. A notable result is the PGS model’s aggregate RMSE, of 1.47, which is
remarkably close to its empirically calculated optimal value of 1.39.

Sampling Method PGS BFS
ACC, [%] 99.4 100
RMSE, 147 0.24

Table 5.5: Performance metrics for the PGS and BFS models trained on 500,000 samples and
evaluated on a validation set of 2,000 samples. Results are direct results from a single
model instance per sampling strategy.
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This near-optimal performance appears to contradict the previous finding that the PGS distance
prediction is consistently less accurate than the BFS distance prediction at specific distances
(cf. Figure 5.8). The discrepancy is explained by examining the PGS model’s predictions for
different optimal distances, as shown in Figure 5.9. The figure plots the mean and variance of
the model’s distance predictions for each optimal distance, along with the optimal prediction
targets that minimize the error.
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Figure 5.9: Mean and variance of the PGS-model’s distance predictions for each optimal dis-
tance. The diamond markers show the optimal prediction targets that minimize
the RMSE, on the training distribution, using suboptimal distance labels with
a discount factor of 4 = 0.95. The mean and variance are calculated from the
500,000-sample dataset used to train the PGS model.

The analysis reveals that for optimal distances up to four, the distance predictions are unbiased
on average but suffer from high variance. For distances greater than 4, the model shows
significant bias, systematically underestimating the optimal prediction target. Although not
visualised, this problem is not as drastic for the BFS model predictions, whose prediction
variance remains below 0.1 for all optimal distances up to 7. However, while the PGS model is
accurate on average, its high variance at each step makes it unreliable as a heuristic for guided
search.

Finally, Figure 5.6 visualizes the proportion of optimally solved instances. The BFS model
finds optimal paths for the majority of problems across all distances, a trend that also holds for
the PGS model, except at horizons greater than eight. The majority of suboptimal solutions
can be attributed to the three-step execution strategy (cf. Section 4.4.2). Executing all actions
of each rollout per iteration increases the number of solved instances but results in more
suboptimal solutions. While a high rate of optimally solved instances is a positive outcome,
this investigation focuses on the learned state representation and the dynamics model, not
on optimizing the planner itself. The overall planning performance could likely be improved
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with standard enhancements to the search algorithm, such as implementing cycle detection to
avoid revisiting states.

5.4.3 Summary

This assessment successfully validates the key contribution that the proposed IAM architecture
learns a lifted state representation that effectively captures the environment’s dynamics, en-
abling functional guided search. The learned dynamics model and distance predictor are jointly
used to solve multiple 8-Puzzle problem instances, with the BFS-trained model demonstrating
particularly strong performance on short to medium-horizon tasks.

The analysis shows that a main limitation is the imprecise distance prediction for greater
optimal distances. The accuracy is lower at ranges where training data is sparse, a weakness
reinforced by the accumulation of prediction error in the dynamics model. These results
demonstrate the architecture’s ability to plan from images, while suggesting that its effectiveness
on more complex tasks could be improved by enriching the training data with more transitions
corresponding to higher optimal distances.
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This thesis addressed the challenge of learning symbolic state representations for planning
directly from raw image data. Traditional planning approaches rely on hand-crafted, sym-
bolic models of the environment, and constructing such models automatically from high-
dimensional data, such as images, remains an open research problem. The presented IAM
introduces a reconstruction-free approach for learning lifted, graph-based symbolic representa-
tions that capture the structure of the objects and their relational dependencies from images of

a classical planning domain.

The presented IAM architecture combines convolutional, feed-forward, and graph neural
networks. Given two environment observations as images, these are first encoded into sets
of object encodings. The object encodings are then used to infer multiple binary relations
between them. The objects and their relations are then used to construct a graph-based state
representation for each environment observation. These graphs are then merged and processed
by a GNN. It classifies the action that lies between the corresponding states of the observed
environment, and predicts the number of actions needed to transition between them. This
auxiliary task encourages the model to learn a meaningful symbolic latent-state representation

implicitly.

The conducted experiments on the N-Puzzle and Sokoban domains demonstrate that the IAM
successfully learns symbolic structures that capture the dynamics of the environment. The
model achieved high action-classification accuracy and low distance-prediction error, demon-
strating its ability to represent relational dependencies required for these training objectives.
Furthermore, the predicted distances served as heuristics in a guided search, allowing the
model to solve planning tasks within its latent space, which underscores that the learned

structure captures the environment’s dynamics.

The evaluation also revealed that the IAM’s performance depends on the structure and compo-
sition of the training data. Sampling strategies that incorporate more environmental knowledge
yielded more consistent and discriminative representations than strategies that incorporate
less environment knowledge. This observation indicates that the distribution of the training

data plays an important role in learning meaningful symbolic abstractions.

Finally, the architecture showed limited but encouraging generalization capabilities, success-
fully transferring learned relations from the 8-Puzzle to the 15-Puzzle and from single-box to
two-box Sokoban instances, without requiring domain-specific architectural modifications. To-

gether, these results validate the key contributions of this thesis by presenting a reconstruction-
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free, relational inverse-action model architecture that learns symbolic representations from
pixels, supports planning, and indicates possible transfer to other classical planning domains.

6.1 Future Work

Despite these promising results, several limitations highlight directions for future research.
While the learned representations are symbolic in structure, the learned relations are not
yet interpretable in terms of explicit predicates, such as PDDL-like ones. Future work could

investigate methods to interpret the learned representations and make them more accessible.

Furthermore, this work assumes noise-free image observations. In realistic scenarios, per-
ception is often affected by partial observability, occlusion, and noise. Future research could
assess the model’s reliability across different observation noise scenarios, thereby improving

its applicability to real-world environments.

This work also shows that the observed generalization capabilities remain limited when training
on a single domain instance. To enhance generalization capabilities, multiple instances of a
domain could be used simultaneously for training, such as combining the 8- and 15-Puzzles,
to encourage the discovery of higher-level, instance-invariant relations that generalize more
robustly to larger or more complex problem instances.

Additionally, the model’s reliance on sampling strategies that incorporate domain knowledge
highlights a dependency that could limit scalability. Developing domain-independent sampling
or training strategies could help overcome this limitation and make the approach more generally

applicable across different domains.

Finally, the planning capabilities of the current model are constrained by the distance function’s
prediction horizon, which is bounded by the maximum distance in the training data. Future
work could therefore explore datasets with transitions over longer distances and alternative

training strategies to enable planning over longer horizons.

In summary, this work represents a meaningful step toward bridging perception and symbolic
reasoning by learning structured, relational representations directly from raw images. It extends
the development of autonomous systems capable of building and exploiting their own symbolic
abstractions.
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A.l Proof of Unbiasedness of Collision Probability Estimator

Proof. Let XX be the total observation space of size N = |X|, and let h : XX — Z be the learned
state representation function. The true collision probability is the probability that two distinct

states, chosen uniformly at random from X, map to the same latent representation:
CPtrue = I]J’(h(xl) = h(xJ) | xi,xj e X, Xi ;é XJ)

Let X C XX be a set of k distinct observations sampled uniformly at random. The sample-based
estimate of the collision probability is calculated as the fraction of colliding pairs within this
sample:

cP. = {(x1 %) € X x X | i # j, h(x;) = h(x;)}] _ Number of colliding pairs in X
t = > P ; = .

® {(xi %) € XXX |1 # j} ®

We aim to show that this estimator is unbiased, i.e., E[CPq| = CP;,,., Where the expectation
is taken over all possible samples X of size k.

Let’s define an indicator random variable I,,, for any pair of distinct states {u, v} from the
sample X. Let I,,, = 1if h(u) = h(v) and I,,, = 0 otherwise. The number of colliding pairs in
the sample is the sum of these indicators over all unique pairs ¥ = {{u, v}|u,v € X x X, u # v}
> kel I,,,- The expected value of the estimator is:

D I
E[CPey] = [E[—{“’”}Ey ~.

(2)

By the linearity of expectation, we can move the expectation inside the summation:

E[CPel = = ) ElLol
(3) wtey

Since the sample X is drawn uniformly at random from X, any pair of states {u, v} from the
sample constitutes a uniformly random pair of distinct states from the total space X. Therefore,
the probability that this pair collides is, by definition, the true collision probability:

E[L,,] = P(h(u) = h(v)) = CPirye-
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This holds for every one of the (’;) pairs in the sample. Substituting this result back into our
equation for the expected value of the estimator yields:

1 /[k
CPirye = @((2) : CPtrue) = CPyrye-
2

Thus, the sample-based collision probability is an unbiased estimator of the true collision

E[CPy] = = O

() vty

probability over the entire state space. O

A.2 Model Architecture

The subsequent tables provide a detailed, layer-by-layer specification of the proposed inverse
action model architecture. All parameters and layer definitions are consistent with the conven-
tions of the libraries used for implementation (cf. Section 4.4.3).

Symbol Description

B Batch size

C Number of image channels (e.g., 1 for grayscale)
n Number of objects in latent representation

d Dimensionality of each object feature vector

m Number of relation types

RGCN Relational Graph Convolutional Network
SiLU Sigmoid Linear Unit activation (x - o(x))
Table A.1: Model architecture notation.

Layer Type Output Shape Parameters
Convl Conv2d (B,32,42,42) kernel=5, stride=2, padding=2
BatchNorml BatchNorm2d (B,32,42,42) -
Activation SiLU (B,32,42,42) -
Conv2 Conv2d (B,64,21,21) kernel=5, stride=2, padding=2
BatchNorm2 BatchNorm2d (B, 64,21,21) -
Activation SiLU (B,64,21,21) -
Conv3 Conv2d (B,128,11,11)  kernel=5, stride=2, padding=2
BatchNorm3 BatchNorm2d (B,128,11,11) -
Activation SiLU (B,128,11,11) -
Conv4 Conv2d (B,256,6,6) kernel=5, stride=2, padding=2
BatchNorm4 BatchNorm2d (B, 256,6,6) -
Activation SiLU (B, 256,6,6) -
Global Pool  AdaptiveAvgPool2d (B, 256) output_size=1
Mean Linear (B,n x d) -
Variance Linear + Softplus (B,nxd) €=10"°

Table A.2: Architecture of the object encoding model ency.
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Table A.3:

Layer Type Output Shape Parameters
Input Pairwise Concat (B,2,n?%2d) All object pairs
FC1 Linear (B,2,n?,32) -
LayerNorml LayerNorm (B,2,n?%32) -
Activation ~ SiLU (B,2,n?%32) -
FC2 Linear (B,2,n?%, 64) -
LayerNorm2 LayerNorm (B,2,n?% 64) -
Activation ~ SiLU (B,2, nz, 64) -
FC3 Linear (B,2,n%128) -
LayerNorm3 LayerNorm (B,2,n?,128) -
Activation  SiLU (B,2,n%,128) -
FC4 Linear (B,2,n?128) -
LayerNorm4 LayerNorm (B,2,n%128) -
Activation SiLU (B,2,n?128) -
FC5 Linear (B,2,n%128) -
LayerNorm5 LayerNorm (B,2,n%,128) -
Activation ~ SiLU (B,2,n%,128) -
FC6 Linear (B,2,n%128) -
LayerNorm6 LayerNorm (B,2,n?%,128) -
Activation  SiLU (B,2,n%128) -
FC7 Linear (B,2, nz, 64) -
LayerNorm7 LayerNorm (B,2,n?% 64) -
Activation  SiLU (B, 2,n?,64) -
FC8 Linear (B,2,n?%32) -
LayerNorm8 LayerNorm (B,2,n?,32) -
Activation  SiLU (B,2,n?%32) -
FC9 Linear (B,2,n%16) -
Activation ~ SiLU (B,2,n2,16) -
FC10 Linear (B,2,n,n) -
Output Sigmoid + Sampling (B, 2,n,n) -

Architecture of the relation predictor rel; for two simultaneous inputs (per relation
type, m instances).
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Layer Type Output Shape Parameters
Graph Convolutional Backbone:

RGCN Convl WeightedRGCNConv (2Bn, 64) m + 1 relation types

BatchNorm1l  BatchNormld (2Bn, 64) -

Activation SiLU (2Bn, 64) -

RGCN Conv2 WeightedRGCNConv (2Bn,128) m + 1 relation types

BatchNorm2  BatchNormld (2Bn,128) -

Activation SiLU (2Bn,128) -

RGCN Conv3 WeightedRGCNConv (2Bn, 256) m + 1 relation types

BatchNorm3  BatchNorm1ld (2Bn, 256) -

Activation SiLU (2Bn, 256) -

Global Pool Global Add Pool (B, 256) Graph-level aggregation
Action Classification Head:

FC1 Action Linear (B, 64) -

Activation SiLU (B, 64) -

FC2 Action Linear (B,5) Output action logits
Value Regression Head:

FC1 Value Linear (B, 64) -

Activation SiLU (B,64) -

FC2 Value Linear (B,1) State value estimate

Table A.4: Architecture of the R-GCN comb,,, the action classification head cls¢, and the value
regression head dist,.
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Layer Type Output Shape Parameters
Input State + Action Concat (Bn,d + 5) One-hot action
RGCN Convl WeightedRGCNConv  (Bn, 32) m relation types
LayerNorm1l LayerNorm (Bn, 32) -

Activation SiLU (Bn, 32) -

RGCN Conv2 WeightedRGCNConv  (Bn, 64) m relation types
LayerNorm2  LayerNorm (Bn, 64) -

Activation SiLU (Bn, 64) -

RGCN Conv3 WeightedRGCNConv  (Bn, 128) m relation types
LayerNorm3  LayerNorm (Bn,128) -

Activation SiLU (Bn,128) -

RGCN Conv4 WeightedRGCNConv  (Bn, 128) m relation types
LayerNorm4  LayerNorm (Bn, 128) -

Activation SiLU (Bn,128) -

RGCN Conv5 WeightedRGCNConv  (Bn, 128) m relation types
LayerNorm5  LayerNorm (Bn,128) -

Activation SiLU (Bn,128) -

RGCN Conv6 WeightedRGCNConv  (Bn, 128) m relation types
LayerNorm6  LayerNorm (Bn,128) -

Activation SiLU (Bn,128) -

RGCN Conv7 WeightedRGCNConv  (Bn, 128) m relation types
Activation SiLU (Bn,128) -

Reshape View (B,n x 128) Flatten per batch
FC1 Linear (B,128) -

Activation SiLU (B,128) -

FC2 Linear (B,128) -

Activation SiLU (B,128) -

FC Mean Linear (B,n,d) Predicted next state

Table A.5: Architecture of the dynamics model dyn, .
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PDDL
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RMSprop

SAE

Adam with Decoupled Weight Decay
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Action Model Acquisition

Breadth-First Search Sampling

Convolutional Neural Network
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Classical Planning Problem
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Graph Neural Network

Inverse Action Model
Interquartile Mean
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Large Language Model
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Multilayer perceptron
Model Predictive Path Integral
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Scene Graph
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General Mathematical and Machine Learning Notation

x,X

y

y

D

L

J(©)

0.9, 9,w,0,x
VeJ(6)

n

W, b
h(-),o(-)
Rnxd

E[-]

N, Z)
Dx1.(pllq)
1

sg(+)

%

O]

a,pB,y,0
A

input observation, typically an image

target label for supervised learning

predicted output from a model

dataset of input-output pairs {(x;, y;)}

general loss function

empirical risk or cost function parameterized by 6

sets of learnable parameters for different model components
gradient of the cost function J with respect to parameters 6
learning rate in gradient-based optimization

weight matrix and bias vector of a neural network layer
non-linear activation function, e.g., Sigmoid or SiLU

space of n X d matrices with real-valued entries

expected value

normal (Gaussian) distribution with mean u and covariance
KL divergence between distributions p and q

identity matrix

stop-gradient operator

convolution operation

element-wise multiplication

hyperparameters weighting the terms of the combined loss function
hyperparameter for discounting the distance loss

State Representation Learning

true, underlying state of the environment at time ¢

action taken at time ¢

high-dimensional observation (e.g., an image) of state s,
low-dimensional latent representation of state s;

state, action, observation, and latent spaces, respectively

encoder network mapping observations to latent representations
decoder network mapping latent representations back to observations
forward dynamics model predicting the next latent state

inverse action model for classifying the action from two states

model for regressing the distance between two states
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Lyecon
£cls
'Cdist
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LkL

reconstruction loss used in autoencoders

classification loss (e.g., cross-entropy) for the inverse action model
regression loss (e.g., MSE) for the distance prediction

prediction loss for the forward dynamics model

KL-divergence loss term used in variational methods

Graph Theory and Graph Neural Networks

Z = (V,E)
Za’ Zb

hs

N(v)

W
comb,,(+)
g

graph with a set of nodes V and a set of edges E

symbolic state representations of states a and b as directed multigraphs
embedding (feature vector) of node v at the k-th GNN layer

set of neighboring nodes of node v

learnable weight matrix for relation type r at layer k in an R-GCN
GNN module that processes the combined state graphs

graph-level embedding produced by the GNN

Proposed Model Architecture

X, X,
a,v

4,0

n

d

0c Rnxd
0; € R4
T

D
relg(-)
Rq,i»Rp,i

two input image observations

ground-truth action and distance labels for a transition

predicted action and distance from the model

number of objects in the symbolic representation

dimensionality of a single object embedding

object encoding matrix, containing » object embeddings
embedding of the i-th object

signature, a set of predicate symbols {R, ..., B,}

T-structure representing a state, consisting of objects and relations
relation prediction module with parameters 6

binary adjacency matrices for relation i in states a and b

Classical Planning

M

N e
Pre(0)
Add(o)
Del(o)

classical planning state model (S, sy, Sg, 4, dyn, c)
initial state and the set of goal states
preconditions of a STRIPS operator o

add effects of a STRIPS operator o

delete effects of a STRIPS operator o

Evaluation Metrics

ACC,
RMSE,
ACCy
CP
LSRI

action classification accuracy

root mean squared error of the distance prediction
prediction accuracy of the dynamics model’s output graph
collision probability, a measure of injectivity

latent space ratio interval, an interval as measure of injectivity
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