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Abstract

LLMs still have critical weaknesses in some reasoning and planning tasks. Although advances
such as chain-of-thought, or more generally tree-of-thought through explicit prompting or more
recently, reinforcement learning, have bettered performance, even these new techniques are
brittle and have not achieved human-level reasoning and planning in all domains. Additionally,
They also often suffer from high time and token cost. Inspired by the success of width-based
search in planning, we explore how the concept of novelty can be transferred to language
domains and how it can improve tree-of-thought reasoning. A tree of thoughts consists of
possible “paths” of consecutive ideas or thoughts. These are generated by repeatedly prompting
an LLM. In our paper a measurable concept of novelty is found that describes the uniqueness
of a new node (thought) in comparison to nodes previously seen in search tree. Novelty is
estimated by prompting an LLM and making use of embedded general knowledge from pre-
training. This metric can then be used to prune branches and reduce the scope of the search.
Although this method introduces more prompts, the overall token cost can be reduced. This
procedure is tested and compared using several benchmarks in language-based planning and

general reasoning.
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1 Introduction

In recent years, large language models (LLMs) have garnered much attention for their surpris-
ing strengths. These so-called foundation models perform well in language-based problems
of many different domains such as AP exams and coding [10, 25]. LLMs even display limited
reasoning capabilities [23, 24, 38]. However, on closer inspection, it is clear that these models
are incapable of complicated reasoning or long-term planning when used in a naive input-
output fashion [33, 43]. Attempts to remedy this through more complicated methods such as
Tree of Thoughts (ToT) [42] suffer from drawbacks such as high computation cost [18]. In ToT
specifically, the cost stems from branching “thoughts” that lead to exponential runtime and
token usage during the graph search.

Other methods of improving reasoning require reinforcement learning algorithms and human
feedback, which usually includes an expensive training step [8, 19]. There are also some
indications that too long Chain of Thoughts (CoTs) can lead to worse results [40].

On the other hand, classical algorithms such as Iterative Width (IW) have long been able to
efficiently solve planning problems of limited width [20, 21]. IW achieves state-of-the-art
performance by pruning states according to a measure of novelty and the problem’s width.
Width is defined such that the planner has a runtime that is exponential in the width of the
problem. This is effective as it has been shown that many problem domains have low width. It
stands to reason that the same is true for language-based planning tasks. The problem lies in
defining a concept of width and novelty for the language domain.

Most implementations of classical planning algorithms also require the problem to be formal-
ized in a specified manner. This rigid need for a certain problem structure has been a barrier
to utilizing classical planning algorithms in many language-based domains.

In this thesis we hope to apply novelty-based pruning in ToT for planning and reasoning
tasks. To this end, a planning algorithm using ToT is defined. It is comprised of four main
tasks: action generation, successor state mapping, plan verification, and novelty estimation.
The performance of an LLM in each of these sub-problems and the total algorithm will be
evaluated similarly to the PlanBench [34] benchmark. The benchmark allows for side-by-side
comparison of classical ground truths and alternative methods.

All code, prompts, and evaluation results for this thesis can be found in the GitHub repository!.

thttps://github.com/bobito25/bachelor-thesis



2 Background

2.1 Classical Planning

The classical planning problem is an important model for reasoning about actions [39]. It was
devised in 1970s with the Stanford Research Institute Problem Solver (STRIPS) [9].

The topic of classical planning has been continuously researched since. Notably, in 1998, the
Planning Domain Definition Language (PDDL) [1] was composed, a community standard,
versions of which are used to this day.

The general approach assumes a state-based representation of the world. States are charac-
terized by a collection of axioms, which can vary in type. The notation and problem schema
devised by Lipovetzky and Geffner [21] in 2012 is used here. The set of all possibles states is
denoted as S and an initial state s, € S is defined as a starting point. The agent or AI may then
choose from a set of actions O that change the current state s € S. Some restrictions or con-
straints can apply that limit which actions are allowed in a given state as given by A(s) C O. Any
action a € A(s) will change the current state as specified by a successor function: s’ = f(a, s).
The goal S C Sis defined as the set of target states that fulfill certain conditions. The planning
problem can then be described as finding a sequence of allowed actions ay, ..., a,,, a plan, that
maps the input state to a goal state: the actions generate a series of states s, sy, ..., S, Where
a; € A(Sy), siy1 = f(a;, 8;), and s,,, € Sg. This plan can be optimal in qualities such as length.
The planning problem can now be written as a tuple (S, 5o, Sg, 4, f)-

Most classical planners like Fast Forward [13] and Fast Downward [11] utilize heuristic search
to find such optimal plans.

2.2 Width-Based Planning

In 2012, Lipovetzky and Geffner devised a new way of expressing the complexity and hardness
of a planning problem [20, 21]. Their approach defines a width that provides a bound for the
complexity of a problem. To do this, a concept of state novelty is needed. Every state s here
is a subset of boolean features ®(s) C F. F is the set of all possible features as defined by the
problem. Planning is then modeled as a tree search in the graph constructed by the initial
state sy and all of its possible successors. The novelty w(s) is the size of the smallest subset of
features true in the current state s and false in all previously generated states S; :

w(s) = Mingca(s),pga(s),s'esy |P|- 2.1
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This notion can be be exploited by width-based planners to prune states above a specified width
k. The width w(P) of a planning problem can then be simplified as the minimum novelty
needed to solve the planning problem through breadth-first search while pruning all states
with w(s) > w(P). A width-based planner such as IW can find an optimal plan for a planning
problem of width k in O(|F |k). Interestingly, most problems with a single goal fluent have a
width less than or equal to two, leading to quadratic or even linear runtimes. Through problem
serialization we are thus provided with an efficient planner that can quickly and optimally
solve problems across many problem domains.

2.3 Large Language Models

Natural language processing has been a topic of extensive research ever since the 50s and
60s [6]. Recently, the field has advanced into natural language understanding using deep
learning and neural networks instead of statistical modeling. The advent of pre-trained models
using scalable transformer architecture [35] has catapulted the capabilities of current methods.
Models of sufficient size (in parameters or compute) gain new, emergent abilities never seen
before [37]. These models are focus of much recent research [44] and have been appropriately
named large language models (LLMs). LLMs have gained the ability to learn in-context and
excel at tasks such as conversation and exams. The ability to learn in-context allows a model to
adapt to a new problem using not only what information it has been trained on but also new
information contained in the context window at test time. While models have become more
and more powerful, research has shown that how a model is used can severely impact perfor-
mance [5, 38]. This has lead to a new field of research that tries to enhance the capabilities of
LLMs by methods such as prompt engineering.

In the following, a notation close to the one devised by Yao et al. in 2023 is used. A pre-
trained language model p with frozen parameters receives a sequence of prompt tokens
x = x[1],...,x[n] and autoregressively predicts the next token by sampling from a proba-
bility distribution dependent on previous tokens: x[n + 1] ~ p(x[n + 1]|x). This can be done
repeatedly while adding generated tokens to already existing tokens to generate a completion
y =y[1],....,y[m] = x[n + 1], ..., x[n + m] for x. For simplicity, we will write this as y ~ p(y|x),
x and y being natural language texts that can be encoded using tokens. In the case of prompt-
ing techniques, inputs x are first mapped using a named function t"%"¢ before completion:
y ~ p"Me(y|x) = p(y|t"¥™¢(x)). The prompting function can prepend or append text and
otherwise manipulate the input in a specified manner. Its name can be omitted if clear from
context. In a naive problem-solution context, the problem is the prompt and the completion the
solution. This naive method can be improved with few-shot prompting, where some example
problem-solution pairs are added to the prompt [4]. Such techniques have been criticized for
being brittle and overly reliant on manually tailoring prompts for the current domain [36]
although it is also possible to generate such prompts autonomously [29].
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2.4 Tree-of-Thought and other approaches

It may be surprising how much an LLM can achieve with auto-regressive left-to-right token
prediction. Although their architecture is designed for text generation, they can even find
solutions to some reasoning tasks. However, these models still have clear limitations. LLMs
often do not “think” about their answers and instead jump right to predicting the solution, akin
to a human answering with the first things that comes to mind. They do not have a built-in way
of deliberating on a problem. This leads to poor performance in tasks that require complicated
reasoning or long-term planning [17].

In an attempt to remedy this, new methods have been developed. So far, large improvements
were made by increasing train-time compute but recent approaches have focused on scaling
test- or inference-time compute instead. Historically, this was first done explicitly by using
prompting techniques.

One prominent and versatile technique is CoT [38]. It is a variant of few-shot prompting with
the difference of an added reasoning path between example inputs and outputs. Remarkably,
this simple trick is enough to significantly increase performance. A key factor here is the
relevance and similarity of the presented examples to the problem domain. The design of such
few-shot examples is usually done by a human, making domain transfer less efficient. A second
aspect to note is the strict linearity of the approach. Newer methods such as ToT or Graph
of Thoughts (GoT) [3] expand on this by modeling the reasoning steps as a tree or graph of
thoughts. In practice, an LLM is repeatedly prompted to generate the next thought or reasoning
step until a final output is produced. The model is then typically also used as an evaluation
heuristic in breadth-first or depth-first search to find a solution. Additional modifications
such as beam-search are also possible. These methods lead to improved performance in tasks
such as language-based math reasoning but an important disadvantage is compute cost. These
methods have high compute complexity as given by their branching factor [18].

More recent approaches have started training the LLM to implicitly use CoT on its own. New
so-called large reasoning models such as OpenAlI’s 0l [16] are fine-tuned using reinforcement
learning to “think” step by step. The disadvantage is that this requires large amount of compute
resources and data.

2.5 LLMs in Planning

The achievements of LLMs have lead researchers to believe that perhaps an LLM might even
be able to solve planning tasks. Efforts have been made to adapt these language models into
frameworks that can solve planning problems [2, 14, 15]. The appeal is clear. LLMs being
able to create and execute plans would open the path to many real world use cases. However,
researchers disagree on what parts of planning the model should be responsible for.

There are currently two main approaches to using LLMs for planning.
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The first uses the model in combination with some type of conventional and symbolic planner
or verifier. Examples of tasks for the LLM include translating planning goals between natural
language and a structured planning language [22, 41] or use as a decision-making heuristic [7,
28, 30].

The other approach omits a conventional planner and tries to solve the problem purely using
the model and corrective measures [14, 27].

While both approaches improve upon the naive LLM baseline, the second approach especially
has been criticized for its performance [17, 31]. According to these researchers, LLMs are
overly reliant on fitting examples and should not be used as sole reasoners. Many approaches
require a human to adapt the framework to the current domain and it is not trivial to create
prompts such as few-shot reasoning examples automatically. That is why few-shot prompts
will be avoided here whenever possible.
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As discussed before, many classical planning problems have low width when serialized. How-
ever, in contrast to this supposed low hardness, LLMs still have difficulty with these prob-
lems [21, 33]. Our goal is to improve upon an existing method (Tree of Thoughts) to solve such

problems by exploiting the low planning width.

3.1 Tree of Thoughts

We employ an LLM with ToT [42] as the planning problem solver. ToT relies on incremental
steps for its nodes, which lets us interpret each “thought” as a state. This means each node of
the tree is a state s with the initial state s, as the root node. In this context any state is a natural
language text that can be used to prompt the model. The goal is to find a series of thoughts
through tree-search that leads to a valid solution to the problem. In this framework, the LLM
can be responsible for four sub-tasks:

« action generation,

+ successor state mapping,

« target state verification,

« and novelty estimation.

The first three will be described here since they are part of the baseline ToT, while the fourth will
be discussed in the next section as it is the main novel concept. It should be noted that explicit
action and successor state mapping is not part of the original ToT paper but is a construct taken
from the planning domain to allow novelty over states.

Action Generation

The model acts as an action generator by using its common-sense heuristic and given knowledge
about the problem to generate possible next actions in a given state. This can be done in multiple
ways, most notably sampling and propose prompting. Sampling entails prompting the LLM
multiple times independently for m possible next steps:

ai1+1 ~ psample(ai+1|5i)a ---’aﬁq ~ psample(ai+1|5i)- (3.1)
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In propose prompting, the LLM is asked to propose multiple different possible next steps within
one completion:

1 1
alyq.-alty ~ pProPose(ag ;...aft|s;). (3.2)

This has the advantage of fewer duplicates and lower cost. It is similar to sampling while
adding already generated states to the prompt:

ai1+1 ~ p(ai+1|si),ai2+1 ~ p(ai+1|si,a}+1),...,a{'}r1 ~ P(ai+1|si’ai1+1~--’aﬁ11)- (3.3)

Successor State Mapping

After generating actions, the LLM must map these actions to states as a successor function:

Sis1 = fQig1,8) ~ PR (Si4a1i41, 5)- (34)

Different prompting methods can be used here, such as CoT. The resulting states are saved so
they can be used for purposes such as novelty estimation.

Plan Verification

In each step the model must also also verify if the current state is a target state. This plan
verification can be done either by trying to algorithmically parse the current state or by again
prompting the LLM if a verifier is not available. The first option is domain dependent and
presents the difficulty of forcing the model to output the state in a certain way, while the second
can be unreliable due to the black-box nature of LLMs.

The performance of the model in any of these sub-tasks can be augmented using few-shot
prompting with either domain specific or independent examples. It is also possible to combine
action generation and successor state mapping into one step by asking the LLM to predict both
or just either actions or states. This can be useful to reduce cost or in non-planning domains
where no practical concepts of actions or states may exist.

The resulting tree can be built and searched by a chosen algorithm to find a solution to the
given problem. This entire approach can, in principle, be applied to almost any reasoning or
planning problem. A key disadvantage though, is the high time and token cost associated with
LLM tree search. The core problem to be investigated is whether and how this tree search can
be improved by pruning states according to some measure of novelty.

3.2 Novelty-based Pruning

To be able to efficiently prune states, the concept of novelty must be adapted. The main
requirement of such an adaptation is an unstructured natural language input. Removing the
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need for defining explicit atoms for each state and compelling the LLM to generate completions
in a specific manner greatly simplifies the entire approach. However, the new concept of
novelty must be analogous in some way to allow for worthwhile pruning. It must also be
domain-agnostic and function as intended for any domain with states S.

It is assumed that states in any given domain have latent features ®(s). Given a set of previous
states Sy C S and a new state s € S the new novelty n(s|Sy’) should correlate with the original
novelty in some way.

Two approaches that may fulfill these requirements are proposed here.

3.2.1 Problem Width and Novelty Estimation

An LLM can be used as a novelty estimator: n(s|S;) ~ p"°’(n(s|Ss)|Ss ,s) using a prompting
function t"°". The prompting function adds a wrapper that asks the language model to estimate
the novelty of the new state is compared to the previous ones. However, an IW-like search
as in classical planning is not prudent because of cost and missing guarantees for iteration.
The LLM is used to estimate the width of the problem instance for this reason. These two
estimators can then be used to prune any natural language states as in classic width-based
pruning.

Problems may also arise when Sy is too large, leading to prohibitively expensive inference or
lower estimator performance. This can be alleviated through sampling. In sampling, either m
randomly selected states or the m last seen states can be used as a substitute for S .

This approach also relies on the fact that the model understands the concepts of novelty and
width through its pre-training and prompt.

3.2.2 Boolean Novelty Estimation

In many cases, a concept of width or novelty may be difficult to define or apply. For this reason,
a different method must be found that is more general. The LLM is asked whether the new state
is novel, as a true or false question. This means the model effectively directly prunes the search
tree according to its embedded idea of novelty. This method is very flexible and it could use the
LLM’s semantic understanding of text to, for example, give more weight to important features.
The simplicity of this approach could also be beneficial for both the model’s functioning and

cost. Too large states can be handled in the same way as before.
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The subject of this section is the details of our specific implementation of all needed framework.
First, the implementation of the main approach including ToT and novelty will be presented.
Then, the evaluation framework will be discussed.

4.1 Approach

The implementation of the main approach can be divided, as previously done, into ToT and
novelty estimation / pruning. Both have their own unique considerations.

4.1.1 Tree of Thought

Building on the Tree of Thought framework, a novel implementation was developed that
introduces several modifications. The goals are performance, modularity, visualization, and
universality.

Performance, measured by the speed at which the tree can be built, is important for rapid
iterative development and testing. Modularity means that features should be able to be added
and deactivated easily. This allows ablation tests and experimental designs. Visualization is
also an important aspect important due to the high volume of requests and tree nodes. The
logs of a tree can be very difficult to read, and visualization of resulting trees allows for quick
assessments. The last goal is to keep the approach general and as domain-independent as
possible. While this paper focuses on planning, it is but one application and other uses in
reasoning tasks are feasible. The implementation takes care to preserve this property.

This is why the implementation allows two options for building the search tree. The first
functions as discussed and specifically queries for the next action and then queries again to
map the action to a successor state. The second option instead combines action generation and
successor state mapping into one step. This makes it more general, because not all domains
have sensible definitions for these tasks.

For both options, plan verification is also generalized to ensure that any goal is sufficient, not
just a planning goal.

The prompts were designed to be domain-independent whenever possible. This also means
no few-shot examples are used. This is helpful because it reduces overhead in utilizing the
method. The only domain knowledge given is a hand-crafted context prompt that explains the
rules of the domain.
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In general, a prompting function will consist of multiple parts. An example prompt may be as
follows:

You are a smart assistant that answers concisely.

You will be given a problem / question to solve.

You must output exactly the next step in solving the problem when prompted.

This is your problem statement:

{CONTEXT}

{PROBLEM STATEMENT}

Now you must find the next step.

Output only the next step in solving the problem or '[FINISHED]' if you are done

-

Any problem statement can easily be inserted while the context stays the same for a set domain.
This prompt can be used to repeatedly query the LLM to obtain multiple possible next steps.

As small differences in prompts can have large differences in resulting behaviour, any reasonable
evaluation must be done over several prompting functions. In the implementation, prompts
can be easily exchanged via configs. A config contains all prompt parameters needed to run
the approach. This allows for quick setup and testing of various prompting variants.

For example, if explicit CoT should be tested the last part of the prompt can easily be changed
as such:

{PROBLEM STATEMENT}

Now you must find the next step. Give your reasoning and then '[OUTPUT]'
- followed by the next step in solving the problem or '[FINISHED]' if you
., are done.

When using explicit action-state-mapping, prompts might look like this:

{PROBLEM STATEMENT}
What is the next action to take based on the current state of the world to reach
-~ the goal? If the goal state is already reached, return "[FINISHED]".
{LLM ACTION RESPONSE}
What is the state of the world after applying this action? Output only the state
of the world concisely, without any additional text.

In this case, this prompt must be queried in multiple steps. Responses such as the final result
may also be extracted via an extra query such as in this example:

Extract the answer for the question
"{PROBLEM STATEMENT}'
from the answer

10
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"{FINAL RESULT}'
Remove all reasoning and unnecessary text. Do not add any other text.

This is to avoid cluttering the prompt with many extraneous thoughts that may cause errors,
perhaps by confusing the attention mechanism. One important use case for such an extraction
is in leaf nodes of the tree. Every leaf represents a possible solution for the problem as given
by the concatenation of all parent nodes. However, this may be an unnecessarily long string
and contain extra information. The LLM can be queried to extract a concise solution. After

extraction, a simple goal verification prompt may look like so:

Does the following answer correctly and completely solve the problem statement?
Your response must end with '[RESPONSE] yes' or '[RESPONSE] no'.

Problem statement:

{PROBLEM STATEMENT}

Answer:

{ANSWER}

While a more advanced prompt might add:

Redundant, unnecessary and additional information is fine as long as it is not
-~ incorrect. The phrasing does not matter as long as the meaning is correct.

It is worth noting that only LLMs are used in the verification process and no symbolic models or

plan verifiers. This only includes the ToT implementation and not the evaluation framework.

4.1.2 Novelty Estimation and Pruning

When using an LLM as a novelty estimator, the mechanisms are similar to the other prompts
discussed so far. The main addition is a list of previously seen states.

Because a newly generated state always needs an up-to-date state list, the implementation can
no longer be parallelized inside of a single run. Instead, the only parallelization is running
multiple trees at the same time.

Since all states are strings, a prompt for boolean novelty estimation can be exceedingly simple:

Is '{new_state}' a novel state compared to this list of states '{
- previous_states_str}'?

1 1

Respond with 'yes' or 'no'. Do not add any other text.

This will also work when directly asking for the next step instead of explicitly asking for states
and actions but may lead to mixed results.

On the other hand, integer novelty estimation only makes sense when states are readily available.
The instructions part of the prompt could look like this:

11
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You are an expert in reasoning and search algorithms.

You are given:

Environment / rules: [describe the dynamics, constraints, or how the world
. changes]

Initial state: [describe the starting situation]

Goal conditions: [list the desired target conditions or atoms]

Task: Estimate the problem width.

The width is the smallest number w of distinct conditions, variables, or
- features that must be considered together in order to make systematic
. progress toward the goal.

Width = 1 means each goal or subgoal can be reached by tracking single
-~ conditions independently.

Width = 2 means pairs of conditions must be tracked jointly (dependencies
- between two facts matter).

Width = 3 means triples matter, and so on.

When reasoning, follow these steps:
Identify the key variables, features, or atoms that describe the problem.
Analyze the dependencies: can goals be achieved by considering features one at a
time, or do combinations matter?
Estimate the minimal number of features that must be tracked jointly to
. guarantee progress toward the goal.

The context, query state and goal atoms can be programmatically added to the instructions.

We avoid attempting to improve estimation performance through domain-specific prompts

due to the main goal of generalizability as mentioned before.

To improve performance, different prompt templates for novelty estimation are tested using

the implementation.

4.1.3 Other Implementation Details

Coming back to LLMs in general, an additional problem of these models is that, due to their
nature, they are often used via the API of a large company such as OpenAl or Alphabet.
This leads to a loss of control and changes in the backend may not be transparent. To ensure
reproducibility and transparency, we use a self-hosted LLM that is available publicly: Qwen [32].
Tests were also done with other models to ensure that the approach works as intended with
any LLM.

An option provided by newer Qwen models is a so-called thinking-mode. This allows the
model to use the first part of its completion as hidden “thinking” and only use the second

12
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part as its normal output. The framework is designed so that this mode can be enabled and
utilized as an additional enhancement. Of course, this comes at the cost of time and compute
resources.

In general, compute resources and time are constraints on the amount of testing that can be
done. For this reason, the base ToT framework is built to be highly parallel and in practice it is
able to query a given model for all branches of a search tree simultaneously.

Since problem instances in the Blocksworld domain are often not solvable in just a few steps,
breadth-first search as in standard IW is not advisable. Exponential growth leads to impracti-
cally large search trees, as confirmed by our tests. The hope then is, that depth-first search will
more quickly find a solution and end the search. Other traversal strategies are also possible
but not in the scope of this paper.

4.2 Evaluation Framework

As mentioned previously, the LLM is mainly responsible for 4 sub-tasks:

« action generation
» successor state mapping
« target state verification

« novelty estimation

These sub-tasks provide estimates for the performance of LLMs in planning and novelty
estimation. Dividing the approach into its components and analyzing them separately improves
understanding of the full approach.

For extensive evaluation of these sub-tasks, a testing framework inspired by PlanBench [34]
was developed. The framework makes use of a planning domain simulator to easily generate
an arbitrary number of test instances. The classical planning domain allows for a well-defined
ground truth to many problems. The framework also allows bidirectional translation of PDDL
and natural language using algorithmic parsing. Responses are compared to ground truths
using a combination of LLM queries and this translation. For each sub-task, its implementation
in the framework will be explained.

Action Generation

For each test instance, a random planning problem is generated. Then, a list of possible actions
is generated using the simulator. The LLM is then prompted to list all possible actions given
the current state. The current state can be given either in PDDL form or translated into natural
language. The performance is measured by comparing the actions generated by the LLM to
the ground truth of the simulator.

There is a variant to this task, in which the model is given the goal atoms and is queried to

13
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generate one next action instead of all possible actions. The key difference here is that the
model tries to find good actions instead of just possible actions. The single generated action
can then be checked for validity and optimality. A valid action is allowed according to the
Blocksworld rules and the optimal action is one that is the first action of an optimal plan.
Examples for prompt templates and a concrete problem instance can be found in Appendix A.2.

Successor State Mapping

This sub-task uses the already generated states and actions from the previous sub-task. Each
action is mapped to its corresponding successor task using the simulator. The LLM is prompted
to do the same: map actions to resulting states. The results can be compared to the simulated
states. This also has a variant where actions are mapped to states separately instead of together

in one prompt and response.

Plan Verification

In a ToT run, the LLM will often only have the origin state and a series of actions (a plan) that
may or may not be complete and lead to a goal state. This means two types of test instances are
generated. The first half use the planner FastDownward [11] to generate a valid plan that leads
to a goal state. The second half of the instances are generated using a random plan generator
that guarantees the outputted plan does not reach a goal state. The LLM is thus prompted
with an origin state and a (in)complete plan and must decide whether the plan leads to a state

where all goal conditions are fulfilled.

Novelty Estimation

To start, a complete IW search on the origin state of every test instance is conducted and the
lowest resulting width that reached a goal state is found. This will be called the instance width.
To imitate a realistic intermittent search state, a partial width-based search in the state space is
conducted. The search includes a classic width-based pruning mechanism that prunes any
states with a novelty higher than the instance width. At a random point, the search is stopped
and test instance is composed of the list of previous states and the new, current state.

There are two tasks for each of these instances.

In the first, the LLM is prompted to decide whether the new state is novel or whether it should
be pruned. This can be compared to whether the state would have been pruned in the last
iteration of IW which acts as the ground truth. The task is meant to evaluate the boolean
novelty estimation capabilities of the model and to help design optimal prompts.

In the second, the model is prompted to estimate the novelty of the new state as an integer.
This can be compared to the actual novelty of the state and represents the integer novelty
estimation method.

One problem is that in this setting, most states are pruned because they are duplicates. The
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actually difficult scenario of pruning states by comparing to the instance width does not occur
often.

For this reason, there is also a more difficult variant in which the capabilities to prune are
stress-tested. This variant only contains test instances where the new state would be pruned
due to its novelty and not because it is a duplicate of a previous state. This means these query
states are never a duplicate of a previous state and their novelty is always higher than the
instance width.

Lastly, there is a further task to estimate the problem width of an instance which can again be

compared to the classical ground truth.
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Three main topics will be evaluated: the applicability and potential of our approach as measured
by reasoning and planning problem hardness, the devised sub-tasks in comparison to their
classical counterparts, and the performance of the entire approach against a naive LLM baseline
and state-of-the-art methods.

5.1 Applicability and Potential

First, to assess the applicability and potential of our approach, the hardness of a reasoning
problem used in the original ToT paper will be discussed and empirically calculated in terms
of latent and estimated novelty.

As previously mentioned, research has shown that many common planning domains have a
width below three when serialized. At the same time, many language-based reasoning problems
can be modeled as a classical planning problem. It is plausible then that these problems also
have a low width. In this thesis, the width of a popular LLM reasoning benchmark will be
computed. To do this, the domain will be manually converted to a discrete state-based model.
Using the IW algorithm, the effective width of the problem and a measure of the amount of
prunable states can be obtained.

The first hypothesis is that many LLM reasoning problems also have a low width. The second
is that a low latent width and a large amount of classically prunable latent states will lead to

more pruning in our LLM-based approach.

Game of 24

The reasoning problem to be examined is Game of 24. In this domain, the solver is given four
numbers x;, X,, X3, X4 € N as inputs and must combine these numbers using addition, subtrac-
tion, multiplication, and division to reach the number 24. Each number and each result of a
calculation may only be used once. A state in this domain is defined as the multiset of remain-
ing, unused numbers R;, the initial state being the first four numbers: Ry = {x;, x5, X3, X4}
An action is the combination of two numbers in the state using one of the four basic arithmetic
operations. The successor state is composed of the numbers not used in the action plus the
number resulting from the operation. The goal state is one where there is only one number and
that number is 24. However, this goal is currently not easily expressible using the current state
features. We are missing a measure of how many numbers are left. Therefore an additional
state feature is added that is equal to the size of R;. Now, a goal state can be easily defined
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using two atoms. Formally:

S={a} xN (5.1)
o = ({1, X2, x3, X4}, 4) (5.2)
s; =: (R;, 1) (5.3)
A={+—, =} (5.4)
O=0X0QOXxXA (5.5)
A(s) = AR ={0L YD) I ERL M ERN\NMLAEA A=) > (0 #0), r>1}
(5.6)
fla,s) = f(1 32,0, (R, 1) = (iAW R \ v, o r — 1) (5.7)
Se={({24}, D}. (5.8)

The evaluation found that the Game of 24 domain has an average effective width of 1.74. There
are no problem instances with a width higher than 3 and 88.2% of the states in the planning
trees can be pruned on average. The distributions of these metrics can be seen in Figure 5.1.
The problems had state trees made of 3698 states on average. These results show that a problem
domain normally used for testing LLM reasoning has width similar to many classical planning
domains.

Count

lom
o

T
0.75 0.80 0.85 0.90 0.95

1 2 3 o
width % pruneable

Figure 5.1: The distributions of calculated widths and percentage of pruneable states when
using width-based search for all examined problem instances.

5.2 Sub-task Evaluations

The sub-tasks were evaluated using the Qwen3 14B model. It is open-source and small enough
to be run locally. It is also relatively fast while still being able to compete with other state-of-
the-art models of a similar size. This makes it ideal for the testing done in this paper.

1See Appendix A.1 for multiset notation definitions.
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The testing of all four sub-tasks was done with two conditions: prompting and thinking.

Prompting can either be standard PDDL-like or translated to natural language. ”(ontable b)”
becomes “the blue block is on the table” and ”(on a ¢)” becomes “the orange block is on top of
the blue block”. Equivalent transformations are done for actions.

The goal is to see whether the LLM is better at dealing with structured, high information

density or sparse, natural language.
The second condition is simple, the model’s thinking mode can either be turned on or off.

The results can be found in Table 5.1.

Table 5.1: Performance of LLM in Sub-tasks across prompting and thinking (NDAP: No Dupli-
cates, All Pruned).

| Standard Prompting | Natural Language Prompting

Sub-task
| Normal  Thinking | Normal Thinking

Action Generation 1/50 50/50 1/50 48/50
Action Generation Single Valid 22/50 41/50 23/50 43/50
Action Generation Single Optimal 12/50 33/50 12/50 34/50
Success State Mapping 15/50 38/50 34/50 44/50
Success State Mapping Separate 26/50 47/50 32/50 45/50
Goal State Verification 47/50 47/50 48/50 48/50
Novelty Pruning 31/50 50/50 26/50 50/50
Novelty Pruning NDAP 0/50 0/50 0/50 1/50
Novelty Estimation 25/50 50/50 28/50 49/50
Novelty Estimation NDAP 21/50 32/50 17/50 29/50
Problem Width Estimation 17/50 27/50 15/50 22/50

In most cases, thinking mode either improves upon or has similar results to its counterpart.
This matches expectations, as the model was specifically trained to process inputs better using
thinking tokens.

Natural language prompting also mostly improves or keeps performance. Standard PDDL
prompting may perform better sometimes because it is more concise and easier to handle when
working with a large number of states and atoms.

Interestingly, in thinking mode, the model performs better when asked to name possible actions
in Action Generation than when asked to name the “next action to solve the problem” in Action
Generation Single. The added goal of choosing the right action leads to decreased validity
scores but in return gives information on optimality.

Although the model correctly prunes in the Novelty Pruning sub-task, it completely fails at
the more difficult variant. This is due to good duplicate recognition but poor other novelty
understanding. When explicitly asking for the novelty in Novelty Estimation, it performs much
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better. However, it is important to keep in mind that the novelty values only have few possible
values. This is especially true for Problem Width Estimation where all problem instances have
widths between one and three. This means the LLM does not perform very well in this task,
likely because of the difficulty of the problem.

In summary, the LLM is able to complete most sub-tasks successfully, especially when con-
figured optimally. The best results are usually achieved using natural language and thinking
mode.

A iterative qualitative analysis was conducted to understand where the LLM goes wrong. One
problem is the confusion of ”pick-up” and "unstack”. According to the domain, blocks may only
be picked up when they are on the table. If they are on another block they must be unstacked
and cannot be picked up. The model has difficulty in deciding when to use the respective
action, leading to lower performance in the Action Generation sub-task.

In an attempt to alleviate this, the context prompt was extended by an example:

For example, if I have a blue block on the table and a red block on top of it (
-~ and clear), then I may NOT pick up the red block because it is on top of
-~ another block. This means I must instead unstack it.

The effect of this manual prompt extension can be seen in Table 5.2. The performance increase
is apparent.

Table 5.2: Performance of LLM in Action Generation Single with Prompt Extension.

| Standard Prompting | Natural Language Prompting

Sub-task

| Normal  Thinking | Normal Thinking
Action Generation Single Valid 39/50 45/50 40/50 50/50
Action Generation Single Optimal 27/50 41/50 27/50 46/50

This case showcases the impact of prompts and the examples within them on LLM performance.
In fact, even the prompts used for general sub-task evaluation prior to the extension were
found by iterative testing of many different prompts. This iteration process took up much of
the development time for this part of the evaluation. The prompt design procedure cannot be
ignored either. Worse prompts often led to a complete collapse of performance.

5.3 Complete Approach Evaluation

Finally, the performance of the entire approach is measured on benchmarks in classical
planning and LLM reasoning. The results will be compared to ToT baselines using multiple
metrics. Important metrics include cost, accuracy, robustness, and adaptability. The main
objectives are to:
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improve upon cost of regular ToT

retain high accuracy similar to state-of-the-art approaches
« work towards robustness of classical methods
« make use of LLM flexibility

The main evaluations are performed in the planning domain, as that is the topic of this paper.
This means problems are structured as follows: given an origin state and a set of goal atoms, a
valid plan must be found that leads to a state that fulfills all goal conditions. Natural language
problem statements will be used in all of the following to preserve generality.

5.3.1 Naive Baseline

The first baseline is the naive approach: simply prompting an LLM to solve the problem. The
prompt will include domain-specific context, instructions to solve the problem, the origin state,
and the goal.

The Blocksworld domain is used to evaluate this approach and all PDDL expressions are
translated to natural language. It has five simple predicates and four actions that use up to two
objects, making it a relatively simple planning domain. A given solution is accepted if itis a
valid plan that reaches a goal state.

However, our main model for comparison: Qwen-14B, struggles to find valid plans, reaching
the goal in only three of 50 test instances. Thinking mode improves its performance up to 23
out of 50 but it is clear that better methods are needed. For reference, OpenAI’s GPT-40-mini
completes one task correctly and GPT-4o six of ten. GPT-40’s performance is likely explained
by a significantly bigger number of parameters.

Table 5.3: Performance of Naive Baseline LLM.

Model Normal Thinking
Qwen3/14B 3/50 23/50
GPT-40-mini 1/10 -
GPT-40 6/10 -

5.3.2 Basic Tree-of-Thought
The second baseline is basic ToT. This approach will again be evaluated using Blocksworld.

When using the ToT approach, parameters must be given. The two most important are
max_depth and branch_factor. The first constrains the maximum depth of the search tree
while the latter specifies how many successors (child nodes) each state has.

This is where we run into our first problem. Due to the inherent inefficiency of ToT, it is not
feasible to run many tests with a high depth. This is why the test instances were filtered to
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only contain problems with solution plans of length 8 and below. This allows us to set our
parameters as: max_depth = 8 and branch_factor = 2. The Blocksworld instances used in the
following have four blocks and an average plan length of 6.

In addition to these basic parameters, ToT can also be configured in diverse ways. One way, for
example, is choosing whether the tree should be traversed depth-first or breath-first. A second,
is deciding how to phrase the prompts. A third, whether to explicitly ask for actions and states
or simply combine them into abstract steps.

This approach also suffers from the same problems as the naive baseline. Separating the
problem into smaller steps does not always help the LLM understand the domain.

Additionally, repeated and recursive prompting can lead to disastrous chain reactions. One
ill-fitting response can lead to bad subsequent responses. Quality can quickly decline and the
model may, for example, respond by repeating the last parts of the prompt (see example in
Appendix A.3). For this reason, responses that break the output length limit are checked for
mass repetitions and subsequently retried with a higher frequency penalty parameter.

In fact, the base ToT approach without any examples does not solve a single Blocksworld
problem instance successfully. Through qualitative analysis, we can find that one main problem
is the previously mentioned difference between picking up and unstacking. The context is
again extended by the example as before. This and further iterative testing of prompting
configurations allowed for working prompts to be found. In the end, the final configuration
was able to solve 11 of 50 problem instances without any other examples. This high variability in
performance depending on the prompts highlights the fragility of LLM prompting. Activating
thinking mode increases the amount of solved instances to 94%. Both methods consume
large amounts of tokens with an average run using 229k or 330k tokens for non thinking and
thinking respectively.

Next, explicit action-state-mapping will be evaluated. We expected this method to lead to
higher performance but the opposite is the case. The new method does not solve any instances
when utilizing the initial prompts and takes even longer to tune. However, when using the
improved prompts, the explicit method does achieve similar although subpar performance
to the previous method. A possible reason is that more prompts/queries per ToT allow more
mistakes.

The results of all base ToT tests can be found in Table 5.4

Table 5.4: Performance of Base ToT.

Method | Normal | Thinking

\ Performance Avg. Token Usage \ Performance Avg. Token Usage
Direct 11/50 229k 47/50 330k
Explicit State Action 7/50 438k 45/50 686k
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5.3.3 Tree-of-Thought with Novelty Pruning

The previously formulated approaches of improving ToT by pruning with some measure of
novelty will be evaluated and compared to the baseline.

Problem Width and Novelty Estimation Pruning

The instance width and integer novelty estimation approach is evaluated on the same 50 test
instances used before and the results are shown in Table 5.5. Both breadth-first and depth-first
search are evaluated.

Table 5.5: Performance of ToT with Width Estimation and Novelty Pruning.

Method | Normal | Thinking

\ Performance Avg. Token Usage \ Performance Avg. Token Usage
Depth-first 1/50 40k 37/50 39k
Breadth-first 0/50 37k 38/50 80k

This method seems to rely heavily on thinking mode and solves almost no instances with-
out. Using thinking however, yields results that starkly reduce token costs while reducing
performance moderately. Additionally, this method does not generalize to domains outside of

planning. This is why the rest of the evaluation will focus on boolean novelty pruning.

Boolean Novelty Pruning

Using the simple boolean novelty prompt previously discussed, results are found as shown in
Table 5.6. These are then compared to base ToT in Figure 5.2 and Figure 5.3.

Table 5.6: Performance of ToT with Boolean Novelty Pruning.

Method | Normal | Thinking

\ Performance Avg. Token Usage \ Performance Avg. Token Usage
Direct 5/50 146k 42/50 18k
Explicit State Action 5/50 1038k 33/50 43k

The success of novelty pruning seems to depend, in large part, on the previous base performance.
Configurations that performed the best before, such as direct with thinking, still perform the
best but use much less tokens. The same cannot be said for other configurations that sometimes
even use more tokens than before due to the novelty queries. In all cases, pruning significantly
reduces the number of states generated.

Using novelty pruning, the tree can also be evaluated using breadth-first search instead of
depth-first search. This was not possible without pruning due to the prohibitive token/compute
cost. However, this does not lead to improved performance as can be seen in Table 5.7. The
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Figure 5.2: Comparison of performance and average token cost of Base ToT and Novelty Prun-
ing with 50 test instances.
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Figure 5.3: Distribution of average number of states per instance of different ToT configura-
tions.

reason for this is most likely that breadth-first search allows more room for error since more
states are generated and pruned on average. Depth-first search can quickly find solutions for
easy problems without wasting compute.

All of the tests so far have been in the Blocksworld domain. To show the generalizability of the
approach, the tests were run again in the also well-known Logistics domain [26]. The objective
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Table 5.7: Performance of ToT using Breadth-First Search with Novelty Pruning.

Method | Normal | Thinking

\ Performance Avg. Token Usage \ Performance Avg. Token Usage
Direct 4/50 51k 34/50 29k
Explicit State Action 5/50 829k 27/50 89k

in this domain is to bring one or more packages to their destination across cities using trucks
and airplanes. The results for this domain can be found in Table 5.8.

Table 5.8: Comparison of Base vs. Novelty Pruning in Logistics Domain (ATU: Avg. Token

Usage).
| Normal | Thinking
Method | Base Nov. Pruning | Base Nov. Pruning
| Perf. ATU | Perf. ATU | Perf. ATU | Perf. ATU
Direct 24/50 101k | 19/50 12k | 47/50 69k | 48/50 9k
Explicit State Action 19/50 100k | 24/50 83k | 48/50 204k | 24/50 43k

As visible in the data, the approach easily generalizes to this domain with some configurations
performing even better than in Blocksworld. The only manual input for the domain change
was the handwritten context prompt explaining the environment. No further prompt tuning
was done, showing that the prompts found previously generalize to other planning domains.

To test how well the approach transfers to domains outside of planning, all tests were run on
the MATH benchmark [12] using a maximum depth of 6. This benchmark contains various
math problems from high school mathematics competitions and was filtered to only contain
questions of the highest difficulty (Level 5). Due to the low depth, all tests could be run using
depth-first and breadth-first search. Again, no prompts were changed to accommodate the
new problem domain. The results can be found in Table 5.9. When not using thinking mode,

Table 5.9: Comparison of Base vs. Novelty Pruning on MATH Benchmark with Depth-First
Search (DFS) and Breadth-First Search (BFS). ATU: Avg. Token Usage, ESA: Explicit

State Action
| | Normal | Thinking
Search | Method | Base Nov. Pruning | Base Nov. Pruning
\ | Perf. ATU | Perf. ATU | Perf. ATU | Perf. ATU
DFS Direct 9/50 55k 8/50 128k | 38/50 9k | 42/50 10k
ESA 17/50 9k 8/50 11k | 36/50 12k | 35/50 11k
BES Direct 9/50 49k 8/50 134k | 49/50 15k | 45/50 15k
ESA 21/50 13k | 16/50 10k | 47/50 22k | 46/50 21k

explicit state action mapping seems to improve performance and token costs. In reality, the
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frozen prompts lead to smaller steps in reasoning for direct prompting than for explicit state
action. This lead to much deeper search trees and thus higher token costs. The boolean novelty
pruning seems not to change either performance or token cost much. This is not because
states were not pruned, instead the pruned states were compensated by tokens used for novelty

prompts. These results could feasibly be improved through changes in prompting which will
not be done here.
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The main goal of this thesis was to lower token costs of ToT by pruning using a LLM novelty
estimator.

The potential of novelty pruning in reasoning tasks outside of classical planning was motivated
through qualitative testing of a common reasoning problem. The idea is to utilize the embedded
knowledge in LLMs to make use of this potential.

A general implementation was achieved that allows relatively easy experimentation and prompt
tuning but requires minimal manual work when switching domains. Using an additional
evaluation framework, the sub-components of the method were examined and some problems
or hurdles were found. The proposed approach was then tested and compared to the baseline
ToT.

Different configurations of prompt templates and LLM parameters were tested. It was quickly
clear that these configurations make a big difference in performance and cost. The new method
of novelty pruning was found to work as intended in configurations that performed well in the
baseline.

In these cases, the model was able to estimate novelties in a way that pruned most states while
still allowing the search to reach a valid solution. The implementation was even found to
generalize to other problem domains.

In the other cases, the model performed much worse, solving close to zero problem instances,
and average costs sometimes increased over 100%. This instability and dependency on many
factors made the configuration process arduous and time-consuming. The unreliable black-box
nature seems to be fundamental characteristics of current approaches that utilize repeated or
recursive prompting of LLMs.

Despite these drawbacks, the advantage of adaptability to new domains and understanding
of natural language should not be understated and is completely missing in many classical
planning approaches.

This approach was inspired by width-based pruning in classical planning but the resulting
method can be said not to have very much in common with the original. No guarantees are
made to either solutions or the way novelty is calculated. But the novelty sub-task evaluation
do imply that the model estimates novelty such that pruning is done similarly when configured
correctly.

In total, this work described and evaluated an approach that successfully improves upon the
existing ToT when well configured. In the process, the extensive evaluation provided insight
into problems that hinder methods that utilize LLMs in general.
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6 Conclusion

Further work could explore how goal serialization or other estimators could improve this
approach or whether it would work with better base models instead of thinking.
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A.1 Multiset Notation

A multiset is a set in which the same elements can appear multiple times. It can be created on
the basis of a normal set S:

M = {S}. (A1)

M can now contain multiple copies of all elements in S.
Elements of a normal set can be added to a existing multiset as follows:

M =SwM. (A.2)

M’ now contains one more copy of every element in S than it did previously.
Subtraction is also possible:

M =M\S. (A.3)

In this case, M’ contains one fewer copy of each element in S, provided that at least one copy
of that element was present in M.

A.2 LLM Sub-task Examples

In the following, all prompts are automatically computed, except for a static context block.
This is an example for an action generation prompt in the Blocksworld domain.
The template:

<context>

Output exactly the next action for solving the problem. Be concise and specific.
State:

<query_state>

Goal:

<goal_atoms>

And the instantiation:
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I am playing with a set of blocks where I need to arrange the blocks into stacks
-~ . Here are the actions I can do:

Pick up a block

Unstack a block from on top of another block

Put down a block

Stack a block on top of another block

I have the following restrictions on my actions:

I can only pick up or unstack one block at a time.

I can only pick up or unstack a block if my hand is empty.

I can only pick up a block if the block is on the table and the block is clear.

A block is clear if the block has no other blocks on top of it and if the block
-~ 1is not picked up.

I can only unstack a block from on top of another block if the block I am
- unstacking was really on top of the other block.

I can only unstack a block from on top of another block if the block I am
- unstacking is clear.

Once I pick up or unstack a block, I am holding the block.

I can only put down a block that I am holding.

I can only stack a block on top of another block if I am holding the block being

stacked.

I can only stack a block on top of another block if the block onto which I am
. stacking the block is clear.

Once I put down or stack a block, my hand becomes empty.

Once you stack a block on top of a second block, the second block is no longer
. clear.

Output exactly the next action for solving the problem. Be concise and specific.

State:

the orange block is on top of the red block, the blue block is clear, the yellow
-~ block is clear, the yellow block is on the table, the hand is empty, the
. blue block is on the table, the red block is on the table, the orange
- block is clear

Goal:
the blue block is on top of the red block

and its completion:

unstack orange from red
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A.3 LLM Repetition Example

This is an example where the LLM gets stuck in a repitition loop. In this case ”Since the yellow
block is on top of the blue block, we need to unstack the yellow block from the blue block.
However, this is not possible unless the blue block is clear. Therefore, we must first ensure that
the blue block is clear™.

This is the beginning of the full response:

The current state is that the yellow block is on top of the blue block, and
-~ the blue block is not clear. The goal is to have the blue block on top
of the yellow block and the yellow block on top of the red block. To
-~ achieve this, we must first unstack the yellow block from the blue
. block. However, this is not possible unless the blue block is clear.

- Since the yellow block is on top of the blue block, the blue block is
-~ not clear. To make the blue block clear, we need to unstack the yellow
block from it. This seems like a contradiction, but the key is that

-~ the yellow block is on top of the blue block, and the blue block is

. not clear. Therefore, we must unstack the yellow block from the blue

- block to make the blue block clear. However, this is not possible

-~ unless the blue block is clear. Therefore, we must first ensure that

- the blue block is clear. Since the yellow block is on top of the blue
-~ block, we need to unstack the yellow block from the blue block.

. However, this is not possible unless the blue block is clear.

-~ Therefore, we must first ensure that the blue block is clear. Since

. the yellow block is on top of the blue block, we need to unstack the

- yellow block from the blue block. However, this is not possible unless
-~ the blue block is clear. Therefore, we must first ensure that the

- blue block is clear. Since the yellow block is on top of the blue

-~ block, we need to unstack the yellow block from the blue block.

. However, this is not possible unless the blue block is clear.

- Therefore, we must first ensure that the blue block is clear. Since

. the yellow block is on top of the blue block, we need to unstack the

- yellow block from the blue block. However, this is not possible unless
-~ the blue block is clear. Therefore, we must first ensure that the

. blue block is clear. Since the yellow block is on top of the blue

-~ block, we need to unstack the yellow block from the blue block.

. However, this is not possible unless the blue block is clear.

- Therefore, we must first ensure that the blue block is clear. Since

. the yellow block is on top of the blue block, we need to unstack the

- yellow block from the blue block. However, this is not possible unless
-~ the blue block is clear. Therefore, we must first ensure that the

. blue block is clear. Since the yellow block is on top of the blue

-~ block, we need to unstack the yellow block from the blue block.

30




A Appendix

. However, this is not possible unless the blue block is clear.

Therefore, we must first ensure that the blue block is clear. Since

the yellow block is on top of the blue block, we need to unstack the

yellow block from the blue block. However, this is not possible unless
the blue block is clear. Therefore, we must first ensure that the

. blue block is clear. Since the yellow block is on top of the blue

block, we need to unstack the yellow block from the blue block.

. However, this is not possible unless the blue block is clear.

Therefore, we must first ensure that the blue block is clear. Since

the yellow block is on top of the blue block, we need to unstack the

yellow block from the blue block. However, this is not possible unless
the blue block is clear. Therefore, we must first ensure that the

. blue block is clear. Since the yellow block is on top of the blue

block, we need to unstack the yellow block from the blue block.

. However, this is not possible unless the blue block is clear. [...]
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List of Acronyms

CoT Chain of Thought

GoT Graph of Thoughts

Iw Iterative Width
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PDDL Planning Domain Definition Language
STRIPS Stanford Research Institute Problem Solver

ToT Tree of Thoughts
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