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Abstract

Inmodern artificial intelligence (AI), creating goal-oriented agents that can generalize solutions

across different tasks is a central challenge. Symbolic approaches to generalized planning offer

interpretable solutions, but rely on handcrafted features or predefined feature pools. On the

other hand, recent graph neural network (GNN)-based approaches have demonstrated that

they can successfully learn general solutions in the form of policies and value functions without

requiring predefined feature pools. However, the neural approaches lack the transparency

offered by symbolic solutions.

This thesis addresses this gap between symbolic and neural methods by introducing relational

IDTs (R-IDTs), which are designed to distill the knowledge of a trained GNN for generalized

planning into symbolic formulas. R-IDTs are a direct generalization and extension of iterated

decision trees (IDTs), adapted to handling the multi-relational structures of planning states.

The proposed method reflects the layerwise neural calculations performed by a GNN in a

symbolic basis by fitting decision trees on logical properties and embeddings provided by the

GNN. To predict the optimal value function required for generalized planning, R-IDTs derive

state-level features and learn a linear regression.

Themethod is experimentally evaluated on five generalized planning benchmark problems. The

results demonstrate that R-IDTs can learn perfectly generalizing value functions for bounded

problems in theGripper andMiconic domains. For unbounded problems in the Blocksworld and

Visitall domains, models fit the training data perfectly, but generalizing provides a challenge to

the models. The experiments further reveal that the learned features are described by formulas

that are too complex to be understood. Nonetheless, this work provides a starting point for

future research to further bridge the gap between neural and symbolic methods for generalized

planning.
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1 Introduction

Creating goal-oriented agents that can generalize solutions and exploit similarities between

tasks is arguably an important part of modern artificial intelligence (AI) [41]. The AI research

field of planning [21, 41] is concerned with creating goal-oriented agents that solve tasks

by generating a plan of actions such that following the plan sequentially achieves a set goal

condition. While classical planning is concerned with solving individual problems by finding

plans, generalized planning [2, 8, 12, 31, 43, 44] is concerned with finding solutions in a general

form that solve a whole class of planning problems, for example, general policies or value

functions.

Most approaches to solve classical and generalized planning problems are symbolic and result

in human-readable solutions. However, these methods rely on handcrafted features that give

relevant information about the agent’s environment, or on large predefined feature pools from

which an agent can select relevant features [11, 12, 19, 20]. In contrast, recent research has

explored the possibility of leveraging deep learning with graph neural networks (GNNs) for

generalized planning [45–47], aiming for better scalability. Such neural methods do not require

handcrafted or predefined features as they are able to identify relevant information on their

own. Specifically, relational GNNs (R-GNNs) have been applied successfully to learn optimal

value functions and policies for generalized planning problems. R-GNNs are a special case of

aggregate-combine GNNs (AC-GNNs), for which there exist crisp theoretical results on their

capabilities. In particular, the logical expressiveness of AC-GNNs has been fully characterized

in terms of a fragment of first-order logic [7, 24], which in turn can be used to express general

solutions to many generalized planning problems [16, 29, 36, 45]. For many standard planning

benchmark domains, the R-GNN-based approaches have been shown to yield promising results.

Unlike symbolic approaches, neural networks are inherently harder to understand and explain.

For the R-GNNs used for generalized planning, it remains unclear what they learn about the

planning problems, which information about the planning states they leverage, or how they

generalize. Understanding AI systems is of crucial importance for many reasons, including

trust in the system, and proving that a system is correct.

Recent progress in explainable AI andGNN research has shown promising results on explaining

GNNs [34], motivating the application of such explanation methods on R-GNNs used for

generalized planning. One method that seems particularly suited to explain the R-GNNs

used for generalized planning was proposed recently by Pluska et al. [40]. They introduce a

novel transparent and interpretable model called iterated decision trees (IDTs) as to capture the
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1 Introduction

calculations of AC-GNNs in a symbolic way. They call the process of findingmatching symbolic

formulas logical distillation. In their evaluation, they demonstrated that the method effectively

explains models of several state-of-the-art AC-GNN architectures for graph classification.

A method that learns formulas from a given learned R-GNN would help to bridge the gap

between symbolic and neural approaches for generalized planning, as it eliminates the need

for predefined feature pools, but would be able to represent the learned solution transparently,

effectively combining the advantages of both approaches. To learn IDTs based on AC-GNNs for

generalized planning, several modifications and extensions to the original IDT model structure

and learning algorithm are required, because the structures defined by planning states are more

complex than the graphs that GNNs and IDT are usually applied to. The core contributions

of this thesis are relational IDTs (R-IDTs), which provide a generalization and modification

of the original IDTs and can be applied to R-GNNs. R-IDT are designed to leverage both the

interpretability and transparency of symbolic methods and the independence of predefined

features offered by R-GNN-based methods.

1.1 Thesis Outline

The remainder of this thesis is structured as follows: In Chapter 2, we review the necessary

background of the approach. Afterward, Chapter 3 introduces related work, including IDTs.

Chapter 4 presents the core contributions of this thesis, that is, R-IDTs. An experimental

evaluation of R-IDTs is presented in Chapter 5. Chapter 6 concludes the thesis by providing a

summary and directions for future research.
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2 Background

This chapter introduces the background of our work. We begin with notational conventions

in Section 2.1, followed by an overview of the relevant research fields. First, we define the

planning setting that underlies our approach in Section 2.2. Section 2.3 then briefly introduces

relational structures, followed by an overview of key deep learning concepts in Section 2.4.

The subsequent sections detail GNNs, covering both their general formulation (Section 2.5)

and their application to learning value functions for generalized planning (Section 2.6). We

then establish the explicit connection between these models and logic in Section 2.7. Finally,

we introduce decision trees (Section 2.8) and hierarchical clustering (Section 2.9).

2.1 Notation

First, we fix some notation and terms that are used throughout this work. Letℕ denote the set of

non-negative integers {0, 1,…}. Multisets, denoted by {{…}}, are analogous to sets, but allowing

for multiple occurrences of elements. To simplify notation, a tuple of arbitrary length is written

as ̄𝑜 instead of ⟨𝑜1,… , 𝑜𝑛⟩. We denote the Iverson bracket by 𝕀[⋅], which maps true statements to

1, and false statements to 0, e.g., 𝕀[2 < 3] = 1, and 𝕀[1.5 ∈ ℕ] = 0. For matrices or vectors 𝐚 and

𝐛 with an equal number of rows, [𝐚 𝐛] denotes their concatenation, that is, 𝐚 and 𝐛 stacked

horizontally. For a graph ⟨𝑉, 𝐸⟩, the neighborhood of a node 𝑣 is 𝑁(𝑣) ≔ {𝑤 | {𝑣, 𝑤} ∈ 𝐸}. True

and false are denoted by⊥ and⊤, respectively. For convenience, the set {0, 1} of Boolean values

is abbreviated by 𝔹. For logical expressions 𝜑 and interpretations 𝐼 of any kind, 𝐼 ⊨ 𝜑 denotes

that 𝜑 is satisfied by 𝐼.

2.2 Planning

Planning, which is the process of constructing a sequence of actions to achieve a goal, is a

fundamental component of AI. There are many properties of environments that affect which

kind of planning is required or applicable, such as which information is available to the agent,

and to which degree the consequences of one’s actions are predictable. Accordingly, many

environment and agent types have emerged. For more information on planning environment

and agent types, we refer to [21, 41]. The kind of planning this work focuses on is classical

planning, which we will introduce in the following. Building upon classical planning, we also

give an introduction to generalized planning.

3



2 Background

2.2.1 Classical Planning

In classical planning, it is assumed that at every point in time, the relevant information about

both the agent and its environment is fully available to the agent. Furthermore, the agent’s

action outcomes are deterministic and known, meaning that applying the same action in the

same state will always lead to the same, computable successor state. In the following, the

relevant details of classical planning as well as a more formal description will be provided.

A classical planning problem is given as the tuple ⟨𝒟, ℐ⟩, consisting of the domain𝒟 and the

instance ℐ. The domain𝒟 = ⟨𝑃, 𝐴⟩ consists of a set of predicates and a set of action schemata,

while the problem instance ℐ = ⟨𝑂, 𝐼𝑛𝑖𝑡, 𝐺𝑜𝑎𝑙⟩ consists of a set of objects 𝑂, a single initial

state 𝐼𝑛𝑖𝑡, and goal conditions 𝐺𝑜𝑎𝑙 which are to be achieved. Predicates and objects are used

to describe the state of both the agent and its environment. A predicate 𝑝 that has 𝑘 parameters

is said to be of arity 𝑘, denoted by ar(𝑝) = 𝑘. The arguments that can be used are the objects

𝑂. Given 𝑘 objects 𝑜1,… , 𝑜𝑘, we call 𝑞 = 𝑝(𝑜1,… , 𝑜𝑘) a ground atom. States are sets of ground

atoms, and an atom 𝑞 is said to hold in a state 𝑠 if and only if 𝑞 ∈ 𝑠. The set 𝐺𝑜𝑎𝑙 consists of

ground atoms, and when in a state, all of these atoms hold, that state is a goal state. Each action

schema specifies the atoms that need to hold in order to be able to execute the action, as well

as how the action changes the state by adding and removing atoms. As a common standard,

the Planning Domain Definition Language (PDDL) [22, 27] is used to encode such planning

problems. The presented model induces a state model ⟨𝑆, 𝑠0, 𝑆G, 𝐴𝑐𝑡, 𝐴, 𝑓⟩, where

• 𝑆 is the state space, that is, the set of all sets of ground atoms,

• 𝑠0 = 𝐼𝑛𝑖𝑡 is the initial state,

• 𝑆G = {𝑠 | 𝑠 ∈ 𝑆, 𝐺𝑜𝑎𝑙 ⊆ 𝑠} is the set of the goal states,

• 𝐴𝑐𝑡 is the set of all ground actions,

• 𝐴(𝑠) ∈ 𝐴𝑐𝑡 is the set of applicable actions for each state 𝑠, and

• 𝑓(𝑠, 𝑎) is the successor state obtained by applying 𝑎 in 𝑠 for every state 𝑠 and action

𝑎 ∈ 𝐴(𝑠).

Additionally, one can specify a cost function 𝑐 ∶ 𝑆 × 𝐴𝑐𝑡 → ℝ>0 that specifies the cost of

executing 𝑎 in 𝑠. Here, uniform costs are assumed, that is, for all 𝑠 ∈ 𝑆 and 𝑎 ∈ 𝐴𝑐𝑡, 𝑐(𝑠, 𝑎) = 1.

As an example, let us introduce the domain Blocksworld. In this domain, the objects are a

number of blocks, which can be rearranged by a robot arm. The domain’s predicates are

• on(𝑥, 𝑦), which means that block 𝑥 is placed on top of block 𝑦,

• ontable(𝑥), which denotes that 𝑥 is on the table,

• clear(𝑥), which says that there is no block above 𝑥 and that it is not being held,

• handempty, which is true if no block is held, and

• holding(𝑥), which is true if 𝑥 is the block being held.
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2 Background

For a full PDDL definition of the domain, see Listing A.1. In Listing 2.1, the PDDL definition

of the action schema unstack of the Blocksworld domain is shown. It operates on two blocks

𝑥 and 𝑦. For any two blocks, the ground action unstack(𝑥, 𝑦) can only be applied if the

preconditions are satisfied, that is, 𝑥 is on 𝑦, 𝑥 is clear, and the hand is empty. The effects of the

action are that 𝑥 will be held, 𝑦 will be clear, 𝑥 will be clear no longer, the hand will be empty

no longer, and 𝑥 will no longer be on 𝑦.

A Blocksworld problem instance defined in PDDL is shown in Listing 2.2. It defines the objects,

the initially true atoms, and the goal. The initial state as well as two of its successor states are

visualized in Figure 2.1.

Listing 2.1: Definition of the action unstack of the Blocksworld domain in PDDL.

1 (:action unstack

2 :parameters (?x ?y)

3 :precondition (and (on ?x ?y) (clear ?x) (handempty))

4 :effect (and

5 (holding ?x)

6 (clear ?y)

7 (not (clear ?x))

8 (not (handempty))

9 (not (on ?x ?y))

10 )

11 )

Listing 2.2: Example of a Blocksworld problem instance definition in PDDL.

1 (define (problem blocks-4)

2 (:domain blocks)

3 (:objects a b c d)

4 (:init

5 (clear a) (on a b) (clear c) (clear d) (ontable b)

6 (ontable c) (ontable d) (handempty)

7 )

8 (:goal (and (clear b)))

9 )

In classical planning, the task is to obtain a plan ⟨𝑎1,… , 𝑎𝑛⟩ of actions such that applying it

sequentially leads from the initial state to a goal state, that is,

𝑠0
𝑓(⋅,𝑎1)
−−−−→ 𝑠1

𝑓(⋅,𝑎2)
−−−−→ …

𝑓(⋅,𝑎𝑛)
−−−−−→ 𝑠𝑛, with 𝑠𝑛 ∈ 𝑆G.

5
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𝑠0

b

a

c d

pic
kup

(c)

unstack(a,b)

𝑠′

c

b

a

d

𝑠″

a

b c d

Figure 2.1: Visualization of three states of the problem instance shown in Listing 2.2. The

left panel shows the initial state 𝑠0. The top-right and bottom-right states

are achieved by applying the actions pickup(c) and unstack(a, b) respectively:

𝑠′ ≔ 𝑓(𝑠0, pickup(c)), and 𝑠
″ ≔ 𝑓(𝑠0, unstack(a, b)).

When assuming uniform costs as we do, the cost of a plan equals its length. A plan is optimal

if there is no plan with a lower cost. For a single problem instance, an (optimal) plan can be

computed using a planner.

2.2.2 Generalized Planning

Following Bonet and Geffner [12], a generalized planning problem is defined as a collection of

classical planning problems that share a common domain, but may differ in their objects, goals,

and initial states. One such example is the problem class 𝒬clear, which denotes the problems

in the Blocksworld domain where the goal is to clear a single specified block, independent

of the number of blocks and their arrangement, that is, the initial state. To solve a general-

ized planning problem, the computation of a single plan is no longer sufficient. Rather, the

computation of a general solution is required. Several forms of such general solutions and

approaches to learn them have been explored, including synthesizing programs, controllers,

and policies [2, 12, 14, 43, 44]. In our work, we are concerned with policies for generalized

planning problems, called general policies.

6



2 Background

General Policies and Value Functions

Policies are functions which take a state, and return an action to apply. When following a

policy, that is, sequentially using the policy to get an action and applying the action, like

𝑠0
𝑓(⋅,𝜋(𝑠0))
−−−−−−→ 𝑠1

𝑓(⋅,𝜋(𝑠1))
−−−−−−→ …

𝑓(⋅,𝜋(𝑠𝑛−1))
−−−−−−−−→ 𝑠𝑛,

a path is generated. A policy is said to solve a problem (optimally) if the resulting path is a path

(an optimal path) to a goal state. One can define the value function 𝑉𝜋 ∶ 𝑆 → ℝ of a policy,

which equals the number of actions required when following 𝜋 until a goal state is reached.

When given an arbitrary value function 𝑉, one can infer a policy that is greedy in 𝑉 [48] by

choosing an action that leads to a state with the lowest value among all successors, that is,

𝜋(𝑠) = 𝑎 ∈ 𝐴(𝑠) such that𝑉(𝑓(𝑠, 𝑎)) = min𝑎′∈𝐴(𝑠) 𝑉(𝑓(𝑠, 𝑎
′)). The optimal value function𝑉∗(𝑠)

equals the number of actions required when following an optimal plan from 𝑠. Thus, when 𝑉∗

is known, an optimal policy 𝜋∗ can be obtained by constructing it greedily as described above.

As an example, consider the optimal values of the states depicted in Figure 2.1 where the goal

is to clear block b. The optimal value of 𝑠″ is 0, because it is a goal state, that is, block b is clear.

It follows that the optimal value of 𝑠0 must be 1, because 𝑠″ can be reached with a single step,

namely pickup(c). From 𝑠′, at least two steps are required to reach a goal state: The hand has

to be freed by dropping block c anywhere except on block a, and block a has to be unstacked

from block b. Therefore, 𝑉∗(𝑠′) = 2.

Features as Abstractions

In the following, we introduce how one can define and use abstractions of planning states,

known as features, that in turn can be used to define general policies. Features are abstrac-

tions in the sense that they provide information about a state, regardless of irrelevant details.

Returning to the example of Figure 2.1, the number of blocks above the block that should be

cleared is a feature. It abstracts away both the actual object names and the ordering of the

blocks while still providing relevant information.

As explored by [11, 12, 19, 36], one can define unary properties known as concepts over states,

that can express increasingly complex statements about the objects of the problem instance

in a state. As an example for a concept in the Blocksworld domain, consider the formula

𝜑(𝑥) ≔ ontable(𝑥) ∧ ∃𝑦 (on(𝑦, 𝑥) ∧ clear(𝑦)). This concept is true for an object 𝑥 if there is

a tower of two blocks such that 𝑥 is on the table, and one block 𝑦 that is stacked onto 𝑥 and has

no blocks stacked above it. Let 𝜓 be such a concept and 𝑠 be some state. We then distinguish

two features based on 𝜓: The Boolean feature 𝑝𝜓, that evaluates to 0, if no objects satisfy 𝜓 in

𝑠, and else to 1. Similarly, let 𝑛𝜓 denote its numerical feature, that evaluates to the number

of objects that satisfy 𝜓 in 𝑠. The Boolean feature of a concept is therefore a more abstract

7



2 Background

representation of the same information as the numerical feature, as

𝑛𝜓 = 0 iff 𝑝𝜓 = 0, but (2.1)

𝑛𝜓 ≥ 1 iff 𝑝𝜓 = 1. (2.2)

The necessary concepts underlying these features can be expressed by description logic formu-

las [36]. Their expressive power correspond to the fragment of first-order predicate logic called

𝖢2, which are discussed in Section 2.7.

To define concepts that refer to the goal, one needs to be able to access the goal condition of

the problem instance, as it is not assumed that the goal is shared between all instances. One

way to provide information about the goal is to encode it in the states using special atoms. This

can be done by adding the goal predicate 𝑝G for each predicate 𝑝. In every state of a planning

problem, 𝑝G( ̄𝑜) is set to hold if and only if 𝑝( ̄𝑜) is an atom that must be achieved as a goal [36].

For example, assuming that the goal of an instance is the single atom clear(a), then every

state of that instance gets the extra atom clearG(a).

For many common benchmark domains, optimal value functions can be expressed based

on features. More specifically, linear value functions of the form 𝑉(𝑠) = ∑
𝑓∈ℱ

𝑤𝑓𝑓(𝑠) for a

suitable set of features ℱ and their respective weights ⟨𝑤𝑓⟩𝑓∈ℱ
can often express the optimal

value function [20, 45]. As an example, recall the problem class 𝒬clear. The goal is to clear some

block 𝑥, which is encoded by the atom clearG(𝑥).

For any number of blocks 𝑛 ≥ 1, the optimal value function for this generalized planning

problem can be written as

𝑉∗(𝑠) = (𝛼 ∧ 𝐻)(𝑠) +

𝑛−1

∑
𝑘=1

(2𝑘 − 1)𝐵𝑘(𝑠), (2.3)

using the Boolean features

𝛼 = ∃𝑥 (clearG(𝑥) ∧ ¬clear(𝑥)), (2.4)

𝐻 = ∃𝑥 holding(𝑥), (2.5)

𝐵𝑘 = ∃𝑥 (clearG(𝑥) ∧ 𝜂𝑘(𝑥)), (2.6)

and helper formulas

𝜂0(𝑧) = clear(𝑧), (2.7)

𝜂𝑘(𝑧) = ∃𝑦 (on(𝑦, 𝑧) ∧ 𝜂𝑘−1(𝑦)). (2.8)

For any state 𝑠, the feature 𝛼 holds if and only if 𝑠 is not a goal state,𝐻 if and only if the gripper

is occupied, and 𝐵𝑘 if and only if there are exactly 𝑘 blocks above the block to be cleared. To

8
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express this, 𝜂 is introduced. For any 𝑘 ∈ ℕ and block 𝑧, 𝜂𝑘(𝑧) holds if and only if there are

exactly 𝑘 blocks above 𝑧.

As explained by Ståhlberg et al. [46], if a value function can be expressed in such a linear

form, then it can also be expressed as a function over objects directly, which can be written as

𝑣 = 𝐹(𝜙(𝑜1),… , 𝜙(𝑜𝑛)). For this, a suitable function 𝜙 is needed, whichmaps objects to Boolean

vectors, that is, 𝜙 ∶ 𝑂 → 𝔹𝑘. This way, for each object, 𝑘 Boolean features are computed. The

other function, 𝐹, takes all the objects’ feature vectors, and can then compute the values of state

features from the values of the object features. Returning to the Blocksworld example, assume

that for all objects 𝑜 and some index 𝑖, 𝜙(𝑜)
𝑖
= 1 if and only if object 𝑜 is being held. Then, the

corresponding Boolean state feature can be extracted by 𝑝𝜑 = max𝑜∈𝑂 𝜙(𝑜)𝑖. Analogously, the

numerical state feature can be extracted by 𝑛𝜑 = ∑
𝑜∈𝑂

𝜙(𝑜)
𝑖
. This construction guarantees the

existence of a suitable function 𝐹 that can compute state values from features of objects.

2.3 Relational Structures

A relational structure ⟨𝐷, 𝑅1,… , 𝑅𝑛⟩ consists of a domain of discourse 𝐷 (not to be confused

with the domain of a planning problem) and a number of relations over 𝐷. A simple case of

relational structures is the graph, where the domain of discourse is the set of vertices 𝑉, and

the only relation is the edge relation 𝐸 ⊆ 𝑉2.

States of planning problems can also be seen as relational structures. Assume a planning

problem with the set of objects 𝑂, and the set of predicates 𝑃 = {𝑝1,… , 𝑝𝑛}. The set of objects

is the domain of discourse, and for each predicate (including the added ”goal predicates” 𝑝G),

there is a corresponding relation. The relation 𝑃 of a predicate 𝑝 is defined as 𝑃 ≔ { ̄𝑜 | 𝑝( ̄𝑜) ∈ 𝑠},

that is, the set of tuples of objects for which the predicate holds in 𝑠. As an example, consider

the binary predicate on of the Blocksworld domain. In a state 𝑠, the induced binary relation

On ⊆ 𝑂2 is then the set of all pairs of objects ⟨𝑜1, 𝑜2⟩ with on(𝑜1, 𝑜2) ∈ 𝑠. In conclusion, the

corresponding relational structure of a state is ⟨𝑂, 𝑃1,… , 𝑃𝑛, 𝑃
G
1 ,… , 𝑃G𝑛 ⟩. For convenience, we

may refer to a state’s relational structure as the state’s graph, although strictly speaking, it is

not a graph.

2.4 Deep Learning

In this section, we review the necessary background regarding deep learning. It is heavily

based on the textbook by Goodfellow et al. [23], to which we refer for more information. Deep

learning is part of the field of machine learning, and is particularly concerned with neural

networks. Neural networks are parametrized functions which are used as learnable function

approximations. It has been shown that, in a sense, they can universally approximate a wide

class of functions [30].
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2.4.1 Multilayer Perceptrons

Multilayer perceptrons (MLPs) are an essential type of neural network. They are composed of

a number of functions which are applied sequentially, called layers. MLPs process data layer

by layer, where each layer uses the information provided by the previous layer. When an MLP

processes data, the first layer, known as the input layer, is applied to the input data. Next, the

so-called hidden layers are applied. Finally, the network’s output is computed by the output

layer. Thus, an MLP is the result of chaining functions together. The function computed by an

MLP can be written as

𝖬𝖫𝖯(𝐱) = 𝑓(𝑛)(…𝑓(2)(𝑓(1)(𝐱))… ),

where 𝑓(𝑖) is the 𝑖-th layer. To show this MLP’s architecture in a compact way, we write

ℝ𝑘0
𝑓(1)

−−→ ℝ𝑘1
𝑓(2)

−−→ ℝ𝑘2…
𝑓(𝑛)

−−−→ ℝ𝑘𝑛,

where 𝑘0 is the size of the input, and 𝑘𝑖 is the size of the vector that is computed by 𝑓(𝑖).

Typically, the layers of an MLPs are constructed using linear transformations, followed by a

non-linear activation function. A linear transformation uses a weight matrix𝐖 ∈ ℝ𝑎×𝑏 and a

bias vector 𝐛 ∈ ℝ𝑎 as learnable parameters. Its output is computed as

Linear(𝐱) = 𝐖 ⋅ 𝐱 + 𝐛.

The size of the output of a layer is defined by the choice of 𝑎.

There are many valid choices for activation functions [23]. Below, we present some that are

relevant for our work. There are both activation functions that are applied elementwise to

each scalar value of a vector, and functions that take all the values of 𝐱 into consideration for

computing the result (such as softmax). When we write functions with respect to a scalar input

like ReLU below, it is implied that this function is applied elementwise.

Examples for activation functions are the rectified linear unit (ReLU), defined as

ReLU(𝑥) ≔ max{0, 𝑥},

andMish [38], which is defined as

Mish(𝑥) ≔ 𝑥 tanh(ln(1 + exp(𝑥))).

While ReLU has been a popular choice for some time, Mish has gained increased interest

recently.

For a visualization of the ReLU and Mish function, see Figure 2.2.
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Figure 2.2: Plots of the ReLU and Mish activation functions.

There are many more common and historically influential activation functions like tanh and

the sigmoid function, which we do not detail here. For more information, we refer to [10, 23].

An MLP’s inner layer is then constructed by chaining an activation function ℎ and a linear

transformation, that is,

𝑓(𝐱) = ℎ(𝐖 ⋅ 𝐱 + 𝐛).

When an MLP is used for regression, it is common that its last layer is a linear transformation

without an activation function.

2.4.2 Training Neural Networks

To train a neural network, one defines a measure of loss 𝐿. The loss measures how bad the

network’s prediction of a single input is. For supervised learning, the loss is commonly based

on comparing the prediction and the known true value. Training a network corresponds to

minimizing the loss over the whole dataset by adjusting the learnable parameters 𝜽. For a set

of training data 𝐷, the empirical risk is defined as

𝐽(𝜽) ≔ 𝔼
⟨𝐱,𝑦⟩∼𝐷

𝐿(𝑓𝜽(𝐱), 𝑦) =
1

|𝐷|
∑

⟨𝐱,𝑦⟩∈𝐷

𝐿(𝑓𝜽(𝐱), 𝑦),

where 𝑓𝜽 denotes the function computed by the neural network using parameters 𝜽. In practice,

this loss is often approximated by sampling many minibatches, which are smaller subsets of

the training data, and calculating the risk only with respect to one minibatch at a time.

For regression tasks, common loss functions include the absolute and squared error (also

known as L1 and L2 loss), which are defined as

𝐿AE(𝑎, 𝑏) ≔ |𝑎 − 𝑏|, and (2.9)

𝐿SE(𝑎, 𝑏) ≔ (𝑎 − 𝑏)
2
. (2.10)
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Based on these, the sum of absolute errors and sum of squared errors are defined as

SAE(𝜽) ≔ ∑
⟨𝐱,𝑦⟩∈𝐷

𝐿AE(𝑓𝜽(𝐱), 𝑦), and (2.11)

SSE(𝜽) ≔ ∑
⟨𝐱,𝑦⟩∈𝐷

𝐿SE(𝑓𝜽(𝐱), 𝑦). (2.12)

Minimizing the sum of squared errors is especially suited under the assumption that the

observed target 𝑦 has additive normally distributed noise [10].

Most often, the empirical risk is minimized by using the gradient ∇𝜽𝐽(𝜽), which can intuitively

be seen as a measure of the influence of each parameter on the risk. This gradient can be

computed using the Backpropagation algorithm. As we do not go into details here, we again

refer to [23] for more information.

Once the gradient has been computed, the parameters are updated, typically using some variant

of gradient descent. In its most basic form, gradient descent iteratively computes the gradient

∇𝜽𝐽(𝜽) for the current parameter values 𝜽 and updates them as

𝜽 ← 𝜽 − 𝜂∇𝜽𝐽(𝜽),

where the hyperparameter 𝜂 is called the learning rate. Again, it is common to use mini-

batches to estimate the gradient of the empirical risk. In this case, the update schema is called

(minibatch) stochastic gradient descent (SGD) [23].

In practice, more involved optimizers may be used, which make use of the momentum of the

gradient, second-order derivatives, adaptive learning rates, or other techniques. A popular

example of an optimizer using momentum terms and adaptive learning rates is Adam [33].

2.5 GNNs for Graph Classification and Regression

GNNs [42] are neural networks that take graphs as inputs. They have become an important

tool to analyze data with complex relations between objects, as well as data which is naturally

represented as graphs, such as transportation systems, molecules, and many more [52]. Com-

pared to MLPs, an important advantage of GNNs is that they are structurally designed to work

on data of variable size, that is, graphs of a variable number of nodes and edges.

While there are also GNNs for tasks such as node prediction, edge classification, and other

tasks, we focus on GNNs for graph classification and regression. Even for these use cases,

there exist different types of GNNs, however, but the focus of this work is on the so-called

message-passing or AC-GNNs.

An AC-GNN is specified by
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• the number of layers 𝐿 ∈ ℕ,

• the embedding size 𝑘 ∈ ℕ,

• each layer’s aggregation function ⟨𝖺𝗀𝗀𝑖⟩
𝐿−1

𝑖=0
,

• each layer’s combination function ⟨𝖼𝗈𝗆𝖻𝑖⟩
𝐿−1

𝑖=0
, and

• the pooling function 𝗉𝗈𝗈𝗅.

The number of layers 𝐿 influences how far the messages generated by the GNN can travel

between graph nodes. Specifically, the number of edges a message can pass is at most 𝐿. To

ensure that a model is in principle able to learn features that require to access nodes that are a

certain distance away, setting a proper value for 𝐿 is of great importance. It also has a direct

impact on the computational effort required by the GNN, as will become evident later. Similar

to any neural network, the embedding size 𝑘 influences how many different features about the

data can be learned by the GNN. Thus, it also influences the number of model parameters, the

model’s size, and its computational requirements.

To illustrate how a GNN operates, let 𝐺 = ⟨𝑉, 𝐸⟩ denote an undirected graph. For each node

𝑣 ∈ 𝑉, a GNN proceeds to initialize the node embeddings 𝐱
(0)
𝑣 ∈ ℝ𝑘, which may include node

features in some form. In each layer 𝑖 ∈ {0,… , 𝐿 − 1}, every node simultaneously sends its

embedding to each of its neighbors, which in turnwill use them to update their own embedding.

In layer 𝑖, each node 𝑣 has the embedding 𝐱
(𝑖)
𝑣 . It aggregates all incoming messages into a single

embedding, which is then combined with the node’s old embedding into its new embedding,

that is,

𝐱
(𝑖+1)
𝑣 ≔ 𝖼𝗈𝗆𝖻𝑖(𝐱

(𝑖)
𝑣 , 𝖺𝗀𝗀𝑖({{𝐱

(𝑖)
𝑤
|
| 𝑤 ∈ 𝑁(𝑣)}})).

Finally, after 𝐿 iterations, the resulting embeddings are pooled to yield a single output for the

whole graph, that is,

̂𝑦 ≔ 𝗉𝗈𝗈𝗅({{𝐱
(𝐿)
𝑣

|
| 𝑣 ∈ 𝑉}}),

which can be used to achieve either graph level classification or regression.

Usually, the functions 𝖺𝗀𝗀𝑖, 𝖼𝗈𝗆𝖻𝑖, and 𝗉𝗈𝗈𝗅make use of trainable neural networks. When every

layer uses the same aggregation and combination functions, the GNN is called homogeneous.

In this case, we simply write 𝖺𝗀𝗀 and 𝖼𝗈𝗆𝖻 instead of 𝖺𝗀𝗀𝑖 and 𝖼𝗈𝗆𝖻𝑖, respectively.

2.6 GNNs for General Value Functions

Previously, GNNs for undirected graphs with a single edge relation 𝐸 were introduced. GNNs

can be modified to work on relational structures, as they are a generalization of graphs (see

Section 2.3). Specifically, Ståhlberg et al. [45] introduced the R-GNN architecture, which has

since been used to learn generalized value functions and policies for generalized planning

problems using supervised and unsupervised learning as well as actor-critic reinforcement

learning [3, 45–47]. This section introduces R-GNNs for learning the optimal value functions
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Algorithm 1 R-GNN for optimal value functions over planning states.

1 procedure R-GNN(𝑠, 𝑂)

2 for all objects 𝑜 ∈ 𝑂 do

3 𝐱
(0)
𝑜 ← 𝟎𝑘 Initialize node embeddings

4 for 𝑖 = 0,… , 𝐿 − 1 do

5 for all atoms 𝑞 = 𝑝(𝑜1,… , 𝑜𝑛) ∈ 𝑠 do

6 𝐦𝑞 ← 𝖬𝖫𝖯𝑝(𝐱
(𝑖)
𝑜1 ,… , 𝐱

(𝑖)
𝑜𝑛) Atoms receive the embeddings of contained objects

7 for all 𝑗 = 1,… , 𝑛 do

8 𝐦𝑞,𝑗 ← 𝐱
(𝑖)
𝑜𝑗 + (𝐦𝑞)𝑗

Atoms generate messages to be sent back to contained

objects

9 for all objects 𝑜 ∈ 𝑂 do

10 𝐦𝑜 ← {{𝐦𝑞,𝑗 || 𝑞 = 𝑝(… , 𝑜𝑗 = 𝑜,… ) ∈ 𝑠}} Objects gather all incoming messages

11 𝐱
(𝑖+1)
𝑜 ← 𝐱

(𝑖)
𝑜 + 𝖬𝖫𝖯U(𝐱

(𝑖)
𝑜 , 𝖺𝗀𝗀(𝐦𝑜)) Objects aggregate messages and combine

with previous embeddings

12 𝑣 ← 𝖬𝖫𝖯R(⨁𝑜∈𝑂
𝐱
(𝐿)
𝑜 ) Apply pooling over all embeddings

13 return 𝑣

of generalized planning problems. Although the explained variant is based on the original

formulation [45, 46], minor modifications are included. Algorithm 1 shows the neural network

structure in an algorithmic form.

Before the first layer is applied, each object embedding is initialized with a vector of zeros.

While embeddings can also be initialized randomly as in [45, 46], this option is neglected here.

For each predicate 𝑝 of the planning domain, there is an MLP 𝖬𝖫𝖯𝑝 ∶ ℝ
𝑘⋅ar(𝑝) → ℝ𝑘⋅ar(𝑝). For

each parameter, it takes an object embedding as input and outputs a message, that is, it takes

ar(𝑝) object embeddings and outputs ar(𝑝)messages of size 𝑘. After the initialization, each

of the 𝐿 iterations occurs as follows: Each object 𝑜 receives one such message𝐦𝑞,𝑗 by each

atom 𝑞 = 𝑝(… , 𝑜𝑗 = 𝑜,… ) where it is used as an argument in the 𝑗-th position. The objects

individually aggregate these messages by using the 𝖺𝗀𝗀 function.

For example, consider a Blocksworld state with the ground atom 𝑞 = on(a, b). The blocks a

and b would send their embeddings 𝐱a and 𝐱b to the atom, which would then compute the

messages

⟨𝐦on(a,b),1,𝐦on(a,b),2⟩ = 𝖬𝖫𝖯on(𝐱a, 𝐱b)

for a and b, respectively. Both a and b would then aggregate this and all other messages they

receive, that is, all messages𝐦𝑝(𝑜1,…,𝑜𝑛),𝑗
where 𝑜𝑗 = a and 𝑜𝑗 = b, respectively.

The MLP for each predicate is of the form

ℝ𝑘⋅ar(𝑝)
Linear
−−−−→ ℝ𝑘⋅ar(𝑝)

Mish
−−−→ ℝ𝑘⋅ar(𝑝)

Linear
−−−−→ ℝ𝑘⋅ar(𝑝).
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Common choices for the aggregation function include summing up all messages, taking the

maximum across all messages as

max({{𝐱1,… , 𝐱𝑛}}) ≔
⎛
⎜
⎜
⎝

max𝑖 𝑥𝑖,1

…

max𝑖 𝑥𝑖,𝑘

⎞
⎟
⎟
⎠

, (2.13)

or computing a smooth maximum with the logsumexp function

LSE({{𝐱1,… , 𝐱𝑛}}) ≔
⎛
⎜
⎜
⎝

log(exp(𝑥1,1) +⋯ + exp(𝑥𝑛,1))

…

log(exp(𝑥1,𝑘) +⋯ + exp(𝑥𝑛,𝑘))

⎞
⎟
⎟
⎠

. (2.14)

For updating the object embeddings, a single shared MLP 𝖬𝖫𝖯U is employed in every layer. It

takes both the previous object embedding and the aggregated messages as inputs and is of the

form

ℝ2𝑘
Linear
−−−−→ ℝ2𝑘

Mish
−−−→ ℝ2𝑘

Linear
−−−−→ ℝ𝑘.

The object’s new embedding is then computed by a residual update, that is, by summation of

the old embedding and the output of 𝖬𝖫𝖯U.

Finally, after 𝐿 such iterations, a final graph-level aggregation ⨁ is applied to the object

embeddings. As options for ⨁, we consider taking the component-wise maximum (as in

Equation (2.13)) and summation. The R-GNN’s single scalar output value 𝑣 is computed by

applying another MLP 𝖬𝖫𝖯R to the graph-level aggregation. The MLP is of the form

ℝ𝑘
Linear
−−−−→ ℝ2𝑘

ReLU
−−−→ ℝ2𝑘

Linear
−−−−→ ℝ1.

Note that in the original formulation by Ståhlberg et al. [45, 46], the output is computed using

two MLPs: 𝑣 ← 𝖬𝖫𝖯2(∑𝑜∈𝑂
𝖬𝖫𝖯1(𝐱

(𝐿)
𝑜 )). When training the R-GNN with SGD, the learnable

parameters are the parameters of the predicate MLPs, 𝖬𝖫𝖯U, and 𝖬𝖫𝖯R.

2.7 Graphs, GNNs, and Logic

The first-order logic fragment 𝖢2 is closely connected to both the expressiveness of GNNs and

description logics [6], which are able to express state concepts for planning. In the following,

we give an introduction and highlight its importance for this work.

According to Grohe [24] and Lutz et al. [35], the formulas of 𝖢2 are defined as the first-order

formulas that

• do not use functions or constants symbols,

• only use the variables 𝑥 and 𝑦, and
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• only use relation symbols with an arity of one or two.

In addition to the usual first-order quantifiers ∃ and ∀, the counting quantifiers ∃≥𝑛, ∃≤𝑛, and

∃=𝑛 for 𝑛 ∈ ℕ can be used. Their interpretation is straightforward: Any 𝖢2 formula ∃≥𝑛𝑥 𝜑(𝑥)

holds iff in the domain of discourse, there are at least 𝑛 unique elements 𝑥 that satisfy 𝜑(𝑥).

The other counting quantifiers are interpreted similarly.

As shown by Martín and Geffner [36], for many planning domains, general policies can be

expressed through Boolean and numerical features induced by state concepts. These concepts

can be expressed using description logics, which in turn are restricted by 𝖢2 in their expressive

power [6].

The logic fragment 𝖦𝖢2 (called guarded 𝖢2) is obtained by restricting 𝖢2 even further: Every

formula must be guarded by a binary relation 𝑅, enforcing locality in a sense: For a formula

𝜑(𝑥), that has the free variable 𝑥, every subformula using quantifiers over the other variable 𝑦

is required to include 𝑅(𝑥, 𝑦) without negation as part of a conjunction. For example, assume

some unary predicate𝑈, then both 𝜓1(𝑥) ≔ ∃≥8𝑦𝑈(𝑦) and 𝜓2(𝑥) ≔ ∃≥8𝑦 (¬𝑅(𝑥, 𝑦) ∧ 𝑈(𝑦)) are

not 𝖦𝖢2 formulas, but 𝜑(𝑥) ≔ ∃≥8𝑦 (𝑅(𝑥, 𝑦) ∧ 𝑈(𝑦)) is.

When considering graphs and their nodes, the relation symbols of arity one are the node

features, and the only binary relation is the edge relation 𝐸. It follows that 𝖦𝖢2 formulas over

graph nodes must be guarded by the edge relation, which is similar to each node only having

information about itself and its neighbors.

Formulas with one free variable can be seen as node classifiers, in the sense that they are

only satisfied by nodes of a certain class. Consider 𝜑(𝑥) from before, where the relation 𝑅 is

the edge relation 𝐸: For any graph 𝐺 and node 𝑣, ⟨𝐺, 𝑣⟩ ⊨ 𝜑 if and only if in 𝐺, 𝑣 has at least

eight neighbors which satisfy 𝑈. Further, formulas with no free variable can be seen as graph

classifiers. For example, consider 𝜑 ≔ ∃≤1𝑥 ¬∃𝑦 𝐸(𝑥, 𝑦), which expresses that there is at most

one disconnected node in a graph.

As shown in [7, 24], the expressive power of AC-GNNs for node classification corresponds

exactly to that of 𝖦𝖢2: Every 𝖦𝖢2 formula over graphs is equivalent to a function expressible by

an AC-GNN (without a 𝗉𝗈𝗈𝗅 function), and vice versa. These connections are what motivated

the application of GNNs to learn general optimal value functions in the first place (see [45]).

2.8 Decision Trees

Decision trees are prediction models that can be leveraged for classification and regression

tasks. Here, we focus on decision tree regressors and numerical data features, as they are what

we need for our work. We see Boolean data features as a special case of numerical data features,

which can only take the values 0 and 1. The data decision trees work on can be divided into two

16



2 Background

distinct parts: The input features based on which the prediction happens, and the dependent

variable, which gets predicted based on the input features.

Decision trees are learned in a supervised way, that is, the training data is given as a collection

of labeled samples. Each sample is a tuple ⟨𝐱, 𝐲⟩, where the vector 𝐱 ∈ ℝ𝑘 contains the values

of the input features, and 𝐲 ∈ ℝ𝑙 is the value of the dependent variable. In the following, we

denote the training data by 𝐷 = {⟨𝐱𝑖, 𝐲𝑖⟩}
𝑛

𝑖=1
. In practice, it is common to give the training data

in form of two matrices 𝐗 ∈ ℝ𝑛×𝑘 and 𝐘 ∈ ℝ𝑛×𝑙, where each row contains all values regarding

a data sample.

Training a decision tree works as follows: First a single root node is created, which contains all

the training data samples 𝐷. Iteratively, at each node𝑚, the algorithm computes the node’s

prediction value 𝐲̂𝑚, which is usually set to the mean

𝐲̂𝑚 =
1

|𝐷𝑚|
∑

⟨𝐱,𝐲⟩∈𝐷𝑚

𝐲, (2.15)

where 𝐷𝑚 ⊆ 𝐷 are the data samples held by𝑚. Then, the algorithm selects an input feature

𝑓 ∈ {1,… , 𝑘} and a threshold 𝑡 ∈ ℝ, and splits the data into two disjunct parts 𝑃≤𝑚 (𝑓, 𝑡) and

𝑃>𝑚 (𝑓, 𝑡). One part of the data only has values for the chosen feature that are less than or equal

to the threshold, while the other part only has values that are greater than the threshold, that

is,

𝑃≤𝑚 (𝑓, 𝑡) ≔ {⟨𝐱, 𝐲⟩ || ⟨𝐱, 𝐲⟩ ∈ 𝐷𝑚, 𝑥𝑓 ≤ 𝑡}, and

𝑃>𝑚 (𝑓, 𝑡) ≔ {⟨𝐱, 𝐲⟩ || ⟨𝐱, 𝐲⟩ ∈ 𝐷𝑚, 𝑥𝑓 > 𝑡}.

These data parts are then used to create two new nodes𝑚′ and𝑚″, each of which gets one of

the partitions, that is, 𝐷𝑚′ ≔ 𝑃≤𝑚 (𝑓, 𝑡) and 𝐷𝑚″ ≔ 𝑃>𝑚 (𝑓, 𝑡). A decision tree iteratively splits the

data in this way. The depth of a node is the number of splitting decisions on its path to the root

node. The depth of a whole decision tree is defined as the maximal depth of its leaf nodes. See

Figure 2.3 for an illustration of a decision tree of depth two.

Splits are chosen such that they minimize some measure of the heterogeneity (or equivalently,

maximize the homogeneity) of the dependent variable within each of the obtained partitions.

For a specified heterogeneity measure ℎ, the quality of a potential split ⟨𝑓, 𝑡⟩ can be calculated

by the weighted heterogeneity measure of the resulting partitions as

𝑞𝑚(𝑓, 𝑡) ≔
||𝑃

≤
𝑚 (𝑓, 𝑡)||

|𝐷𝑚|
ℎ(𝑃

≤
𝑚 (𝑓, 𝑡)) +

||𝑃
>
𝑚 (𝑓, 𝑡)||

|𝐷𝑚|
ℎ(𝑃

>
𝑚 (𝑓, 𝑡)). (2.16)

The best split is then chosen as ⟨𝑓∗, 𝑡∗⟩ = argmin
⟨𝑓,𝑡⟩

𝑞𝑚(𝑓, 𝑡).
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Feature 𝐴 ≤ 𝑡1

Feature 𝐵 ≤ 𝑡2

Partition

𝑃1

yes

Partition

𝑃2

no

yes

Feature 𝐶 ≤ 𝑡3

Partition

𝑃3

yes

Partition

𝑃4

no

no

Figure 2.3: Illustration of a decision tree of depth two. It uses the features 𝐴, 𝐵, and 𝐶 to split

the data into four partitions.

There are many stopping criteria for determining when to stop splitting, for example, when a

specified maximum depth is reached, when there are too few samples in a node to continue

splitting, or when the heterogeneity does not improve by a set threshold.

When the model is used for regression, as in our case, a possible heterogeneity metric is the

mean squared error, which is equivalent to the resulting in-partition variance. For a partition

𝑃, it is defined as

MSE(𝑃) ≔
1

|𝑃|
‖𝐲 − 𝐲̂𝑚‖

2
. (2.17)

In the case that some target values are strongly overrepresented in the training dataset, it can be

useful to define a weight𝑤 for each data sample. When training decision trees for classification

or regression on a discrete set of target values, a common choice is to weight each sample by

its class’s or target value’s reciprocal frequency, For this, let 𝑝𝑣 be the fraction of occurrences of

the value 𝑣, that is,

𝑝𝑣 ≔
|{⟨𝐱, 𝐲⟩ | ⟨𝐱, 𝐲⟩ ∈ 𝐷, 𝐲 = 𝑣}|

𝑛
, (2.18)

and define the weight of each sample ⟨𝐱, 𝐲⟩ depending on its target value as

𝑤⟨𝐱,𝐲⟩ ≔
1

𝑝𝐲
. (2.19)

This weighting scheme ensures that the model does not become biased toward majority classes

in imbalanced datasets.

Each leaf node corresponds to the conjunction of the splitting decisions on its path to the root

of the tree. For example, partition 1 of Figure 2.3 corresponds to 𝐴 ≤ 𝑡1 ∧ 𝐵 ≤ 𝑡2. Further, a set

of leaf nodes therefore corresponds to the disjunction of the conjunctions of the paths leading

to each contained leaf node, for example {𝑃1, 𝑃3} corresponds to𝐴 ≤ 𝑡1∧𝐵 ≤ 𝑡2∨𝐴 > 𝑡1∧𝐶 ≤ 𝑡3.

A set of leaf nodes is called a leaf set.

When applying the trained model on data, the learned splitting decisions are sequentially

executed on the input, and the predicted value of a sample is 𝐲̂𝑚, where 𝑚 is the leaf node
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it ends up in. In contrast to neural networks, decision trees are white box models, as their

workings are transparent and can directly be extracted in the form of logical expressions.

Decision trees are a much broader field of research than presented here. For more information,

we refer to [28, 37].

2.9 Hierarchical Agglomerative Clustering

Hierarchical agglomerative clustering [1, 28] is used to create clusters of data based on a

numerical feature. This kind of clustering works bottom-up, that is, at the beginning, each data

point is its own cluster. Then, iteratively, two of clusters are merged together to create a larger

cluster. Which clusters should bemerged next is decided by computing the similarities between

all pairs of current clusters, and choosing the pair which exhibits the highest similaritymeasure.

We understand distances as the opposite of similarities. For more information on distances and

similarities, we refer to [15]. The clustering process can be stopped after a specified condition,

e.g., when the algorithm has computed a certain number of clusters. How the distances are

computed is subject to configuration: Usually, one defines how the distances between any two

data points is computed, as well as a linkage method, which determines the distance measure

to minimize when choosing the clusters that should be merged next.

In the following, we present some similarity and distance measures and linkage methods

commonly used with hierarchical agglomerative clustering. Let 𝐚, 𝐛 ∈ ℝ𝑛 denote the feature

values of two data points, and 𝐴, 𝐵 ⊆ ℝ𝑛 be two clusters of feature values.

Commonly used distance and similarity measures include the Manhattan distance

𝑑manhattan(𝐚, 𝐛) ≔

𝑛

∑
𝑖=1

|𝑎𝑖 − 𝑏𝑖|,

the Euclidean distance

𝑑euclidean(𝐚, 𝐛) ≔ ‖𝐚 − 𝐛‖ =

√
√

√

𝑛

∑
𝑖=1

(𝑎𝑖 − 𝑏𝑖)
2
,

as well as the cosine similarity

𝑠cos(𝐚, 𝐛) ≔
𝐚 ⋅ 𝐛

‖𝐚‖ ⋅ ‖𝐛‖
.

From a given distance measure 𝑑, many linkage methods can be defined. In contrast to the

distance and similarity measures shown before, linkage methods act on pairs of clusters of data

points, rather than pairs of single data points. Each linkage method defines how the distance

between two clusters is determined, which we denote by ℓ. Strategies commonly used with
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hierarchical clustering include average linkage, where

ℓaverage(𝐴, 𝐵) ≔
1

|𝐴| ⋅ |𝐵|
∑
𝐚∈𝐴

∑
𝐛∈𝐵

𝑑(𝐚, 𝐛).

This strategy minimizes the average distance between any two data points in the new cluster.

Maximum or complete-linkage minimizes the maximum distance between points in a cluster,

formally defined by

ℓcomplete(𝐴, 𝐵) ≔ max
𝐚∈𝐴,𝐛∈𝐵

𝑑(𝐚, 𝐛),

and minimum or single-linkage minimizes the smallest distance in the new cluster, that is,

ℓsingle(𝐴, 𝐵) ≔ min
𝐚∈𝐴,𝐛∈𝐵

𝑑(𝐚, 𝐛).

Finally, Ward’s clustering [50] minimizes the total in-cluster variance by choosing the clusters

that minimize

ℓward(𝐴, 𝐵) ≔
|𝐴| ⋅ |𝐵|

|𝐴 ∪ 𝐵|
𝑑euclidean(𝝁𝐴, 𝝁𝐵)

2
, (2.20)

where

𝝁𝐴 =
1

|𝐴|
∑
𝐚∈𝐴

𝐚 and 𝝁𝐵 =
1

|𝐵|
∑
𝐛∈𝐵

𝐛. (2.21)
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This chapter gives an overview of work related to our approach. First, we present a method to

distill AC-GNNs into a symbolic form [40]. As it forms the basis of our approach (see Chapter 4),

it is discussed in more detail. There is also an approach by Ståhlberg et al. [45] to check if an

R-GNN has learned a specified set of features, which is briefly presented afterward.

3.1 Logical Distillation of GNNs

A trained GNN is typically a black box to the user, that is, its learned function is neither

transparent nor readable, leading to burgeoning interest in AI explainability. Due to the proven

correspondence between GNNs and logic, there is significant motivation to find a logic formula

equivalent to a given GNN, as this would provide a full and interpretable description of the

model. However, there is no known, scalable, straightforward way to do so.

Recently, Pluska et al. [40] proposed iterated decision trees (IDTs) as a novel model structure

and an algorithm to learn them from the embeddings of fitted AC-GNNs. In contrast to many

neural network explainability methods, which have the goal of making a model’s predictions

understandable, the main purpose of IDTs is to learn symbolic prediction functions guided by

neural networks, and then to be used as prediction models on their own.

The intuition behind IDTs is that an AC-GNN works in layers, and that a whole AC-GNN can

be described by formulas. To reflect this, IDTs also consist of layers applied sequentially, each

of which corresponds to extractable formulas, which could theoretically have been learned

by the GNN. Each IDT layer learns a decision tree, whose splits correspond to logic formulas.

As the decision trees receive data in a specific form, the splits they make can be expressed in

the logic language ℰℳℒ𝒞, which is proven to have the same expressiveness as 𝖢2, and thus, as

GNNs. By applying layers one after another, formulas of increasingly higher quantifier depth

can be represented.

In this framework, Pluska et al. consider graphs consisting of a set 𝑉 of 𝑛 nodes, a single

undirected edge relation 𝐸, and𝑚 Boolean node features. The features are represented by the

feature matrix𝐔 ∈ 𝔹𝑛×𝑚, where𝐔𝑖𝑗 = 𝕀[node 𝑖 has feature 𝑗]. For an example of such graphs,

see Figure 3.1. Every graph has a class label, and the considered GNNs are trained to predict

the label, that is, the task is graph classification. The learned IDTs therefore constitute graph

classifiers.
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(b) Graph 𝐺2.

Figure 3.1: Example graphs 𝐺1 and 𝐺2 with their feature and adjacency matrices. The node

features are 𝑢1 = red and 𝑢2 = blue.

In the following, the logic ℰℳℒ𝒞 is introduced first. Afterward, the definition of IDTs and the

proposed learning method are introduced.

3.1.1 The Logic Language ℰℳℒ𝒞

The logic language ℰℳℒ𝒞 [7, 35] is central to their approach, as it is the language in which the

learned formulas are expressed. It includes only formulas that have to be evaluated on a single

element, comparable to first-order logic formulas with exactly one free variable. Indeed, as

proven by Lutz et al. [35], the expressive power of ℰℳℒ𝒞 formulas is equivalent to that of 𝖢2

formulas with one free variable. Thus, the language can be used to express node classifiers (as

introduced in Section 2.7). This language is especially suited to make statements about nodes

of graphs, as the neighborhood of nodes is explicitly part of the language’s grammar. In the

following, we present a restricted definition for ℰℳℒ𝒞: Themodal parameters are defined as 𝐈,

𝐀, and 𝟏. For a graph 𝐺 and a node 𝑣, their interpretations 𝜀 are

𝜀𝐈(𝑣) ≔ {𝑣}, (3.1)

𝜀𝐀(𝑣) ≔ 𝑁(𝑣), and (3.2)

𝜀𝟏(𝑣) ≔ 𝑉. (3.3)

An ℰℳℒ𝒞 formula is defined by the grammar

𝜑 ⩴ 𝑢𝑗 ∣ ⊤ ∣ 𝜑 ∧ 𝜑 ∣ 𝜑 ∨ 𝜑 ∣ ¬𝜑 ∣ 𝑆𝜑 > 𝑡, (3.4)
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where 𝑢𝑗 is a node feature, 𝑆 is one of the modal parameters, and 𝑡 ∈ ℕ. The semantics are

defined as follows:

⟨𝐺, 𝑣⟩ ⊨ 𝑢𝑗 iff node 𝑣 has feature 𝑢𝑗 (3.5)

⟨𝐺, 𝑣⟩ ⊨ ⊤ ∀𝑣 (3.6)

⟨𝐺, 𝑣⟩ ⊨ 𝜑 ∧ 𝜓 iff ⟨𝐺, 𝑣⟩ ⊨ 𝜑 and ⟨𝐺, 𝑣⟩ ⊨ 𝜓 (3.7)

⟨𝐺, 𝑣⟩ ⊨ 𝜑 ∨ 𝜓 iff ⟨𝐺, 𝑣⟩ ⊨ 𝜑 or ⟨𝐺, 𝑣⟩ ⊨ 𝜓 (3.8)

⟨𝐺, 𝑣⟩ ⊨ ¬𝜑 iff ⟨𝐺, 𝑣⟩ ⊭ 𝜑 (3.9)

⟨𝐺, 𝑣⟩ ⊨ 𝑆𝜑 > 𝑡 iff |{𝑤 | 𝑤 ∈ 𝜀𝑆(𝑣), ⟨𝐺, 𝑤⟩ ⊨ 𝜑}| > 𝑡 (3.10)

To evaluate such formulas on a graph of 𝑛 nodes, it is helpful to identify 𝐈 with the identity

matrix of size 𝑛 × 𝑛, 𝐀 with the graph’s adjacency matrix, and 𝟏 with the all-ones-matrix of

size 𝑛 × 𝑛. Also, each feature 𝑢𝑗 is identified with the 𝑗-th column of the feature matrix𝐔, true

with 1, and false with 0. Evaluating formulas for all nodes can then be vectorized: For any

formula 𝜑, let 𝜑𝐺 denote the Boolean vector which consists of the truth values of 𝜑 on every

node of 𝐺. More specifically, for all indices 𝑖 ∈ {1,… , 𝑛}, 𝜑𝐺𝑖 = ⟨𝐺, 𝑣𝑖⟩ ⊨ 𝜑. Then, the usual

logic symbols are applied over all the vector’s values, for example (𝜑 ∧ 𝜓)
𝐺

𝑖
= 𝜑𝐺𝑖 ∧ 𝜓𝐺𝑖 , and

(¬𝜑)
𝐺

𝑖
= (¬𝜑𝐺)

𝑖
. The modal parameters can be evaluated using matrix-vector multiplication:

For any modal parameter 𝑆 and Boolean vector 𝜑𝐺 of size 𝑛, it holds that

(𝑆 ⋅ 𝜑𝐺)
𝑖
= |{𝑤 | 𝑤 ∈ 𝜀𝑆(𝑣𝑖), ⟨𝐺, 𝑤⟩ ⊨ 𝜑}|. (3.11)

For example, the product 𝐀𝜑 gives for each node the number of neighbors that satisfy 𝜑. Let

𝜓 ≔ 𝑆𝜑 > 𝑡, then 𝜓𝐺𝑖 = (𝑆 ⋅ 𝜑𝐺)
𝑖
> 𝑡. The calculation of Equation (3.11) can be extended to a

matrix of features𝐔, e.g.,

(𝐀 ⋅ 𝐔)
𝑖𝑗
= ||{𝑤 || 𝑤 ∈ 𝑁(𝑣𝑖), ⟨𝐺, 𝑤⟩ ⊨ 𝑢𝑗}||. (3.12)

Note that every formula 𝜑 is equivalent to 𝐈𝜑 > 0, a fact that will be used later.

As an example, consider the ℰℳℒ𝒞 formulas and equivalent 𝖢2 formulas in Table 3.1, which

are defined over graphs. The formula 𝜑1 is made true if and only if the node has more than

three neighbors, and 𝜑2 is satisfied if and only if the node is blue and has at least one neighbor,

that is not red. The more complex formula 𝜑3 is satisfied if and only if the node has at least one

neighbor, that does not have any blue neighbors. Their evaluation on the graphs of Figure 3.1

is shown in Table 3.2.

The introduced part of ℰℳℒ𝒞 is restricted in the sense that the full definition allows for

five more modal parameters. These modal parameters allow making statements about non-
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neighbor nodes like 𝟏, and are required for ℰℳℒ𝒞 to have the exact same expressive power as

𝖢2. For our purposes, however, the introduced modal parameters are sufficient.

Table 3.1: Example ℰℳℒ𝒞 formulas and equivalent 𝖢2 formulas over graphs.

ℰℳℒ𝒞 𝖢2

𝜑1 ≔ 𝐀⊤ > 3

𝜑2 ≔ blue ∧ (𝐀¬red) > 1

𝜑3 ≔ 𝐀¬(𝐀blue > 0) > 0

𝜑1(𝑥) ≔ ∃≥4𝑦 𝐸(𝑥, 𝑦)

𝜑2(𝑥) ≔ blue(𝑥) ∧ ∃≥2𝑦 (𝐸(𝑥, 𝑦) ∧ ¬red(𝑦))

𝜑3(𝑥) ≔ ∃𝑦 (𝐸(𝑥, 𝑦) ∧ ¬∃𝑥 (𝐸(𝑥, 𝑦) ∧ blue(𝑥)))

Table 3.2: Evaluation of the formulas 𝜑1, 𝜑2, and 𝜑3 on the graphs 𝐺1 and 𝐺2.

𝐺1 𝐺2

𝜑1

𝐀⊤ > 3

≡(4, 1, 1, 1, 1)
T
> 3

≡(1, 0, 0, 0, 0)
T

≡ node 𝑣1

𝐀⊤ > 3

≡(3, 1, 1, 1)
T
> 3

≡(0, 0, 0, 0)
T

≡ no node

𝜑2

blue ∧ (𝐀¬red > 1)

≡ (0, 1, 0, 0, 0)
T
∧ (𝐀¬(1, 0, 0, 0, 0)

T
> 1)

≡ (0, 1, 0, 0, 0)
T
∧ (𝐀(0, 1, 1, 1, 1)

T
> 1)

≡ (0, 1, 0, 0, 0)
T
∧ ((4, 0, 0, 0, 0)

T
> 1)

≡ (0, 1, 0, 0, 0)
T
∧ (1, 0, 0, 0, 0)

T

≡ (0, 0, 0, 0, 0)
T

≡ no node

blue ∧ (𝐀¬red > 1)

≡(1, 0, 0, 0)
T
∧ (𝐀¬(0, 1, 0, 0)

T
> 1)

≡(1, 0, 0, 0)
T
∧ (𝐀(1, 0, 1, 1)

T
> 1)

≡(1, 0, 0, 0)
T
∧ ((2, 1, 1, 1)

T
> 1)

≡(1, 0, 0, 0)
T
∧ (1, 0, 0, 0)

T

≡(1, 0, 0, 0)
T

≡ node 𝑢1

𝜑3

𝐀(¬(𝐀blue > 0)) > 0

≡𝐀¬(𝐀(0, 1, 0, 0, 0)
T
> 0) > 0

≡𝐀¬((1, 0, 0, 0, 0)
T
> 0) > 0

≡𝐀¬(1, 0, 0, 0, 0)
T
> 0

≡𝐀(0, 1, 1, 1, 1)
T
> 0

≡(4, 0, 0, 0, 0)
T
> 0

≡(1, 0, 0, 0, 0)
T

≡ node 𝑣1

𝐀(¬(𝐀blue > 0)) > 0

≡𝐀¬(𝐀(1, 0, 0, 0)
T
> 0) > 0

≡𝐀¬((0, 1, 1, 1)
T
> 0) > 0

≡𝐀¬(0, 1, 1, 1)
T
> 0

≡𝐀(1, 0, 0, 0)
T
> 0

≡(0, 1, 1, 1)
T
> 0

≡(0, 1, 1, 1)
T

≡ nodes 𝑢2, 𝑢3, 𝑢4

3.1.2 Iterated Decision Trees

In the following, IDTs are introduced. This section is divided into the formal definition, and

the proposed learning algorithm. Recall that for GNNs, there are strictly proven results on their

expressiveness, but there are no general guarantees on themodels that are learned. For example,

one could train a GNN to classify graphs that can be distinguished by 𝖢2 formulas, but it may
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still be that the GNN will not be perfectly accurate. This is because the training procedure,

which is usually some form of gradient descent (see Section 2.4.2), does not guarantee that

the trained model will perform well. Thus, it makes sense to make a distinction between the

model’s definition and its learning method. The case of IDTs is similar, as there is a formal

definition and proven results on its expressive power, but the proposed learning method works

heuristically and does not offer guarantees. In the following, we therefore distinguish between

the IDT model definition and learning method.

Formal Definition and Expressiveness

An IDT is a sequence of layers, each of which corresponds to a set of ℰℳℒ𝒞 formulas. When

another layer is appended, it works on the formulas of the previous layers and can combine

these using Boolean operations and modal parameters, which results in new formulas, that

is, a set of disjunctions 𝐷. Thus, with an increasing number of layers, formulas with a higher

number of nested modal parameters can be represented.

Formally, Pluska et al. [40] define an IDT layer to be composed of

• a decision tree that splits on the features 𝑆𝜑 > 𝑡 for a modal parameter 𝑆 and 𝑡 ∈ ℕ, and

• a set 𝐷 of leaf sets the layer’s tree, which thus corresponds to a set of disjunctions of

splitting paths (see Section 2.8).

As the modal parameters of splitting features can also be 𝐈, a layer does not necessarily nest

another modal parameter, but can also use existing features from its input.

From this, an IDT is defined as a sequence of 𝐿 IDT layers. For every layer depth 𝑖 = 0,… , 𝐿−1,

every split 𝑆𝜑 > 𝑡 of layer 𝑖 either has to be

• on a formula 𝜑 of depth 0, or

• on a formula 𝜑 that is equivalent to a disjunction 𝑑 ∈ 𝐷(𝑙) of any previous layer 𝑙 < 𝑖.

Similar to AC-GNNs, there is a crisp result on the expressiveness of IDTs: For every ℰℳℒ𝒞

formula 𝜓 with at most 𝐿 nested modal parameters, an 𝐿 layer IDT exists such that for some

𝑑 ∈ 𝐷(𝐿−1), 𝜓 ≡ 𝑑. On the other hand, given an IDT of 𝐿 layers, for each formula 𝑑 ∈ 𝐷(𝐿−1),

there is an ℰℳℒ𝒞 formula 𝜓 with at most 𝐿 nested modal parameters such that 𝜓 ≡ 𝑑.

Learning Algorithm

To learn an IDT from an AC-GNN, a learning algorithm is proposed. It is explained in the

following, and Algorithm 2 displays its pseudocode. Like GNNs, it requires a set of graphs

as training data. To understand the algorithm, it is helpful to see a set of graphs as a single

joined graph, where the individual graphs are disjoint. Following this view, one can define the

adjacency and feature matrix of a set of graphs. For fitting an IDT, besides the graphs 𝒢, the

embeddings of the nodes of 𝒢 after each layer of the GNN are required.
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Algorithm 2 IDT Learning Algorithm.

Hyperparameters: width 𝑤, sample size 𝑠

1 procedure LearnIDT(𝒢, 𝐱(1),… , 𝐱(𝐿), 𝐲true)

2 layers ← EmptyList()

3 for 𝑖 = 1,… , 𝐿 do

4 layers[i] ← EmptyList()

5 for 𝑗 = 1,… ,𝑤 do Learn 𝑤 parallel layers at every depth

6 ⟨𝒢, 𝐔̃, 𝐱̃⟩ ← Sample(𝑠, 𝒢,𝐔, 𝐱(𝑖))

7 ℓ ← LearnInnerLayer(𝒢, 𝐔̃, 𝐱̃) Learn layer based on previous features

8 Append(layers[𝑖], ℓ)

9 𝐷ℓ = {𝐷1,… ,𝐷𝑁} ← LeafSets(ℓ)

10 𝐔
(𝑗)
new ← [FeatureVector(𝒢, 𝐷1) … FeatureVector(𝒢, 𝐷𝑁)] Evaluate

new features for all nodes

11 𝐔 ← [𝐔 𝐔
(1)
new … 𝐔

(𝑤)
new] Append the new features of this layer depth

12 final ← FitDecisionTree(𝟏 ⋅ 𝐔, 𝐲true) Learn to predict 𝐲true based on 𝟏 ⋅ 𝐔

13 return ⟨layers, final⟩

14 procedure LearnInnerLayer(𝒢,𝐔, 𝐱)

15 𝐀 ← adjacency matrix of 𝒢

16 𝑡 ← FitDecisionTree([𝐔 𝐀 ⋅ 𝐔], 𝐱) Learn to predict 𝐱 based on𝐔 and 𝐀 ⋅ 𝐔

17 𝑐 ← FitClustering(𝑡) Learn clustering of leaf nodes based on their predictions

18 return ⟨𝑡, 𝑐⟩

For each GNN layer, an IDT layer is created. The layer’s decision tree is fitted to predict the

nodes’ embeddings 𝐱 as computed by the GNN. The tree’s predictions are learned based on the

given graph features𝐔 and the features that were computed by any previous IDT layer. As in

the formal definition of the layers, splits are learned in the form of 𝑆𝜑 > 𝑡, where 𝜑 is one of

the given features, that is, a column of 𝐔. Analogously to the AC-GNN, which only has local

information available at each node, 𝑆 is restricted to 𝐈 and 𝐀. For each node and feature, the

trees get two types of information, that is,

• whether the node has the feature. The feature matrix𝐔 contains this information for all

nodes and features. The second type of information is

• the number of neighbors of the node that have the feature. For all nodes and features,

this is given by the result of 𝐀 ⋅ 𝐔 (see Equation (3.12)).

When a tree makes a splitting decision, it effectively selects a combination of a modal parameter

𝑆 and a feature 𝜑 and determines a splitting threshold 𝑡, resulting in a split on the derived

ℰℳℒ𝒞 feature 𝑆𝜑 < 𝑡. Such a split results in two node partitions, where one only has 𝑆𝜑 < 𝑡,

and the other one only has ¬(𝑆𝜑 < 𝑡) ≡ 𝑆𝜑 ≥ 𝑡. Note that each such partition corresponds to a

conjunction of ℰℳℒ𝒞 formulas, and thus, corresponds to an ℰℳℒ𝒞 formula itself according

to the definition (Equation (3.4)).

26



3 Related Work

After learning the decision tree, the set of leaf sets of the layer is computed. This is done

by applying hierarchical agglomerative clustering (see Section 2.9) to the leaf nodes of the

decision tree. The leaf nodes and their respective predictions 𝐲̂ ∈ ℝ𝑘 of the embeddings

are used as the input of the clustering, which determines hierarchically growing sets of the

leaf nodes. When there are 𝑙 leaf nodes, the clustering results in 2𝑙 − 1 sets, as opposed to

taking all combinations of the leaf nodes, which would result in 2𝑙 sets. Since a set of leaf sets

corresponds to a disjunction of ℰℳℒ𝒞 formulas, it itself corresponds to an ℰℳℒ𝒞 formula.

As an example, consider the IDT layer depicted in Figure 3.2. The equivalent formulas for each

leaf set are shown in Table 3.3.

Table 3.3: Formulas corresponding to the leaf sets as determined by the IDT layer shown in

Figure 3.2.

Leaf set Formula

{𝑃1}

{𝑃2}

{𝑃3}

{𝑃4}

𝐶1

𝐶2

𝐶3

blue < 1 ∧ 𝐀red < 1 ≡ ¬blue ∧ 𝐀red < 1

blue < 1 ∧ ¬(𝐀red < 1) ≡ ¬blue ∧ 𝐀red ≥ 1

¬(blue < 1) ∧ 𝐀⊤ < 2 ≡ blue ∧ 𝐀⊤ < 2

¬(blue < 1) ∧ ¬(𝐀⊤ < 2) ≡ blue ∧ 𝐀⊤ ≥ 3

{𝑃1, 𝑃2} ≡ (¬blue ∧ 𝐀red < 1) ∨ (¬blue ∧ 𝐀red ≥ 1) ≡ ¬blue

𝐶1 ∪ {𝑃3} ≡ (blue ∧ 𝐀⊤ < 2) ∨ ¬blue

𝐶2 ∪ {𝑃4} ≡ (blue ∧ 𝐀⊤ < 2) ∨ (¬blue) ∨ (blue ∧ 𝐀⊤ ≥ 3) ≡ ⊤

After a layer has been learned, its derived features in the form of leaf sets are explicitly evaluated

on all training sample nodes. In the pseudocode, this is denoted by FeatureVector(𝒢, 𝐷) for

a leaf set 𝐷. For example, consider the leaf set {𝑃1}, its corresponding formula, and the graphs

from Figure 3.1. Of 𝐺1, only node 𝑣1 satisfies the feature, and thus,

FeatureVector(𝐺1, {𝑃1}) = (1, 0, 0, 0, 0)
T
.

Regarding 𝐺2, all nodes except 𝑢1 satisfy the feature, therefore

FeatureVector(𝐺2, {𝑃1}) = (0, 1, 1, 1)
T
.

As the setting in which IDTs are used is graph classification, a special final layer is appended

after the 𝐿-th layer. It uses a decision tree classifier instead of a regressor, and does not cluster

leaf nodes. This layer is fitted to predict the graphs’ true labels based on 𝟏𝜑. The use of modal

parameter 𝟏 results in every node of each graph having the same valuation for any feature, that

is, at this point, only graph-level but no node-level distinctions can be made. Thus, the final

layer learns to classify graphs.
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DECISION TREE

CLUSTERING

blue < 1

𝐀red < 1

Partition

𝑃1

yes

Partition

𝑃2

no

yes

𝐀⊤ < 2

Partition

𝑃3

yes

Partition

𝑃4

no

no

Cluster

𝐶1 = {𝑃1, 𝑃2}

Cluster

𝐶2 = 𝐶1 ∪ {𝑃3}

Cluster

𝐶3 = 𝐶2 ∪ {𝑃4}

Gather

Set of leaf sets {{𝑃1}, {𝑃2}, {𝑃3}, {𝑃4}, 𝐶1, 𝐶2, 𝐶3}

Compute node neighborhood

feature matrix 𝐀 ⋅ 𝐔

Graph 𝒢 with

adjacency matrix 𝐀
Node features

𝐔

Node embeddings

𝐱

Figure 3.2: Schematic figure of a single IDT layer using the features red and blue. The upper

block shows a decision tree with four leaf nodes, and the lower block shows a

clustering of these leaf nodes. The layer results in a set of seven sets of leaf nodes.
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Both the decision tree and clustering learning are heuristic approaches, which have an intuitive

backing. It is a reasonable assumption that nodes with similar logical properties with respect to

the task learned by the GNNwill be embedded similarly. Learning decision trees and clustering

on embeddings is where properties expressed in an interpretable way, that is, ℰℳℒ𝒞 formulas,

are matched with what the GNN has learned in an incomprehensible form.

The authors observe empirically that it is beneficial to create multiple layers in parallel for each

GNN layer. The number of such parallel layers is called the width 𝑤. Each parallel layer is

trained on a randomly sampled subset of 𝑠 nodes of 𝒢. The decision tree regressors use themean

squared error (Equation (2.17)) as the heterogeneity measure, and use Ward’s linkage strategy

(Equation (2.20)) for the hierarchical clustering. To increase the models’ interpretability, the

maximal depth of the decision trees is limited to two.

3.2 Explicit Feature Testing

Ståhlberg et al. [45] present handcrafted features and linear value functions for some of the

covered general planning problem classes. Their approach to understanding a learned R-GNN

is to check whether the pooled values of the R-GNN contain a linear transformation of the

valuations of their handcrafted features. This method requires that a hypothesis about the

learned features is stated explicitly.

Specifically, their models perform pooling as

𝑣 ← 𝖬𝖫𝖯2(∑
𝑜∈𝑂

𝖬𝖫𝖯1(𝐱
(𝐿)
𝑜 )),

where 𝖬𝖫𝖯2(𝐱) ≔ Linear(ReLU(𝐱)). Ståhlberg et al. collect the valuations of the pooling at

each layer of 𝖬𝖫𝖯2, that is, they define the layerwise pool vector 𝐩 as the concatenation of the

values

𝐩′ ≔ ∑
𝑜∈𝑂

𝖬𝖫𝖯1(𝐱
(𝐿)
𝑜 ),

𝐩″ ≔ ReLU(𝐩′), and

𝐩‴ ≔ Linear(𝐩″).

Further, let 𝐲 ∈ ℝ𝑛 be the vector with the valuations of the 𝑛 handcrafted features. To check

whether 𝐩 ∈ ℝ𝑗 is a linear transformation of the handcrafted features, they fit a regression,

optimizing the weights𝐀 ∈ ℝ𝑛×𝑗 and 𝐛 ∈ ℝ𝑛 to minimize the overall loss∑
𝑛

𝑖=1
||(𝐀𝐩 + 𝐛 − 𝐲)

𝑖
||.

This loss is the sum of absolute differences between the handcrafted features’ valuations and

the linear transformation of the values the R-GNN computes during its pooling operation.
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When the loss is close to 0, it is likely that the R-GNN has indeed learned features equivalent

to the handcrafted ones.

Using this method, Ståhlberg et al. conclude that some of their R-GNNs can be interpreted in

terms of the handcrafted features. However, for some problems, the features their models have

learned remain unknown.
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In this chapter, we introduce our approach to apply logical distillation to the R-GNNs employed

for learning optimal value functions of generalized planning problems. The basis for our

approach is the IDT model and learning algorithm by Pluska et al. [40], see Section 3.1. While

IDTs operate on graphs, nodes, node features, and edges, the corresponding terms for our

method are state graphs, objects, object features, and edges of different relations. There are

several key aspects in which our framework differs from theirs, and thus, several adaptations

are required. We call the core of the adapted method relational IDT (R-IDT). Additionally to

R-IDTs, our setting also requires fitting a regression. The modifications and additions of the

approach are summarized in the following.

1. In contrast to the framework of IDTs, our input is not directly given in the form of

graphs, but planning states. Therefore, we first need to encode each state as a graph. In

Section 4.1, we detail how the graphs are created.

2. The state graphs that we create have multiple relations, as opposed to the single edge

relation 𝐸 that IDTs can handle. Our modifications are both theoretical, as the logic

ℰℳℒ𝒞 as used by Pluska et al. [40] is no longer sufficient to express the required features,

and practical, since computational concerns arise when considering multiple relations.

Section 4.2 covers our additions to support multiple relations.

3. Another computational issue is that equivalent and thus, unnecessary features are gener-

ated. In Section 4.3, our observations and additions are discussed briefly.

4. Unlike the original IDT framework, we are concerned with graph-level regression instead

of classification. Different types of state features require learning formulas at multiple

levels, which IDTs alone cannot do. Section 4.4 further clarifies the issue, and presents

an approach to overcome it. This modification concludes the part on R-IDTs, before the

regression is discussed.

5. To finally fit the regression on the optimal value function, there are multiple viable

approaches, which are discussed in Section 4.5.

Since several hyperparameters are introduced throughout this chapter, Section 4.6 provides an

overview of the parameters and their possible values.

4.1 State Encodings

Planning states have to be encoded as graphs with multiple relations in order to use R-IDTs on

them. In Algorithm 3, our encoding is defined. It assumes that the goal is already included in
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the state using goal predicates as introduced in Section 2.2.2. In summary, the nodes of the

graph are the objects of the instance. The edges of the state graph are defined by the binary

atoms, and the features of the objects by the unary atoms. To illustrate the encoding, Figure 4.1

shows an example of Blocksworld states encoded as graphs.

Algorithm 3 Encoder mapping planning states to graphs.

1 procedure Encode(𝑠, 𝑂, 𝑃)

2 ⟨𝑜1,… , 𝑜𝑛⟩ ← sort(𝑂) Fix ordering of objects

3 ⟨𝑢1,… , 𝑢𝑙⟩ ← sort({𝑝 | 𝑝 ∈ 𝑃, ar(𝑝) = 1}) Fix ordering of unary predicates

4 𝐵 ← {𝑝 | 𝑝 ∈ 𝑃, ar(𝑝) = 2} Get the set of binary predicates

5 𝐔 ← 𝟎𝑛×𝑚 Initialize empty feature matrix

6 for all unary atoms 𝑢(𝑜) ∈ 𝑠 do

7 Let 𝑖, 𝑗 be the indices such that 𝑜𝑖 = 𝑜 and 𝑢𝑗 = 𝑢

8 𝐔𝑖𝑗 ← 1 Set Boolean entry of predicate-object combination to true

9 for all binary predicates 𝑏 ∈ 𝐵 do

10 𝐸𝑏 ← {⟨𝑜1, 𝑜2⟩ ∈ 𝑂2 || 𝑏(𝑜1, 𝑜2) ∈ 𝑠} Construct the edge set of binary predicate 𝑏

11 𝐺 ← ⟨𝑂, ⟨𝐸𝑏⟩
𝑏∈𝐵

, 𝐔⟩

12 return 𝐺

a b

c d

on

𝐔𝑠0 =

⎛
⎜
⎜
⎝

1 0 0 0 0 0

0 1 0 1 0 0

1 1 0 0 0 0

1 1 0 0 0 0

⎞
⎟
⎟
⎠

a b

c d

𝐔𝑠′ =

⎛
⎜
⎜
⎝

1 0 0 0 0 0

0 1 0 1 0 0

0 0 1 0 0 0

1 1 0 0 0 0

⎞
⎟
⎟
⎠

, 𝐔𝑠″ =

⎛
⎜
⎜
⎝

0 0 1 0 0 0

1 1 0 1 0 0

1 1 0 0 0 0

1 1 0 0 0 0

⎞
⎟
⎟
⎠

Figure 4.1: The states shown in Figure 2.1, encoded as graphs. The upper part shows the

graph of 𝑠0, while the lower part shows those of 𝑠
′ and 𝑠″. For the feature matrices,

assume the object ordering ⟨𝑜1,… , 𝑜4⟩ = ⟨a, b, c, d⟩, and the unary predicate order-

ing ⟨𝑢1,… , 𝑢6⟩ = ⟨clear, ontable, holding, clearG, ontableG, holdingG⟩. The

latter states’ graphs only differ in their feature matrices𝐔𝑠′ and𝐔𝑠″.

For an overview of different methods to encode planning states as graphs and the impact of

the choice of encoding, we refer to [29]. We chose the presented encoding method because it is

similar to that used in [45–47] and to that used by the R-GNN implementation by Aichmüller

and Krude [4] leveraged for our experiments. The state encoding method that we use to

generate the input for the R-GNNs and the presented method for the R-IDTs are equivalent in
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their expressiveness and thus, their differences are not expected to have any influence on our

results.

Without loss of generality, it is sufficient to assume that only unary and binary predicates are

given. The reason for this is that we are attempting to distill GNNs whose expressive power

is bounded by 𝖢2, and that every first-order logic formula expressible in 𝖢2, but making use

of more than two variables, can equivalently be written as a formula making use of only two

variables (see the definition of 𝖢2 in Section 2.7). When there are only two variables, it is

sufficient to only consider predicates with an arity of at most two.

4.2 Supporting Multiple Relations

In contrast to the framework IDTs were originally considered for, we do not only have a single

symmetric binary relation 𝐸 that connects nodes, but every binary predicate induces a possibly

non-symmetric binary relation between objects. To adapt to this relational context, we propose

R-IDTs, which consider not only one relation for splitting decisions, but can choose to split on

any of the available relations.

Recall that the logic ℰℳℒ𝒞 considers only one relation, and thus, the single modal parameter

𝐀 is sufficient to express statements about the neighbors of a node (see Section 3.1). In the

relational framework, it is necessary to distinguish the relations, and the logic language needs

to be appropriately extended. Therefore, for each relation 𝑅, ℰℳℒ𝒞 is extended by the modal

parameters 𝐀𝑅 and 𝐀T
𝑅. Their interpretations are defined as

𝜀𝐀𝑅
(𝑣) ≔ {𝑤 | 𝑅(𝑣, 𝑤)}, and (4.1)

𝜀𝐀T
𝑅
(𝑣) ≔ {𝑤 | 𝑅(𝑤, 𝑣)}, (4.2)

and thus are generalizations of 𝐀 (see Equation (3.2)). This extension is easily integrated, as

the grammar of ℰℳℒ𝒞 (Equation (3.4)) and the semantics (Equations (3.5) to (3.10)) do not

change. In our running example Blocksworld, the binary predicates are on and onG, and the

corresponding modal parameters are 𝐀on, 𝐀
T
on, 𝐀onG

, and 𝐀T
onG

.

Analogously to ℰℳℒ𝒞, each 𝐀𝑅 is identified with the adjacency matrix with respect to 𝑅,

and 𝐀T
𝑅 with the transposed adjacency matrix. Since the adjacency matrix 𝐀𝑅 encodes binary

relations such that (𝐀𝑅)𝑖𝑗 = 𝕀[𝑠 ⊨ 𝑅(𝑜𝑖, 𝑜𝑗)], the transpose encodes the inverse of the relation,

as (𝐀T
𝑅)𝑖𝑗

= 𝕀[𝑠 ⊨ 𝑅(𝑜𝑗, 𝑜𝑖)]. To calculate the number of ”neighboring” objects with respect to a

relation that satisfy a feature, the respective adjacency matrix is multiplied with the feature
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matrix. Equation (3.12) generalizes to

(𝐀𝑅 ⋅ 𝐔)𝑖𝑗 =
||{𝑜′ || 𝐺 ⊨ 𝑅(𝑜𝑖, 𝑜

′), ⟨𝐺, 𝑜′⟩ ⊨ 𝑢𝑗}||, and (4.3)

(𝐀T
𝑅 ⋅ 𝐔)𝑖𝑗

= ||{𝑜′ || 𝐺 ⊨ 𝑅(𝑜′, 𝑜𝑖), ⟨𝐺, 𝑜
′⟩ ⊨ 𝑢𝑗}||. (4.4)

To illustrate this on the Blocksworld example class 𝒬clear, let 𝜑𝑘 be true for an object if and only

if it is the block that should be cleared and has 𝑘 blocks above it. In ℰℳℒ𝒞, it can be expressed

as

𝜑𝑘 = clearG ∧ 𝜂𝑘, (4.5)

𝜂0 = clear, (4.6)

𝜂𝑘 = 𝐀T
on𝜂𝑘−1 > 0. (4.7)

Recall that on(𝑥, 𝑦) denotes that 𝑥 is on 𝑦. With only 𝐀on but not 𝐀
T
on available, we would not

be able to express 𝜂𝑘, and in consequence, 𝜑𝑘. This is because with 𝐀on, we can only access

blocks below a given block, but not above. Note the resemblance to the definition of the state

feature 𝐵𝑘 as defined in Equation (2.6). However, also note that 𝐵𝑘 was defined as a feature

over states, while 𝜑𝑘 is a feature over objects. It can be used to express 𝐵𝑘 as

𝐵𝑘 ≔ 𝟏𝜑𝑘 > 0, (4.8)

as the modal parameter 𝟏 is defined to range over all objects of a state (see Equation (3.3)).

To accommodate for the more general present case of multiple relations, an R-IDT layer needs

to multiply each adjacency matrix with the feature matrix. Because of this, the required com-

putational effort depends on the number of relations. More formally, given a set of adjacency

matrices 𝒜 ⊆ 𝔹𝑛×𝑛 and a feature matrix 𝐔 ∈ 𝔹𝑛×𝑙 of 𝑙 features, each adjacency matrix is

multiplied with𝐔. Therefore, |𝒜|matrix-matrix multiplications are performed, resulting in

|𝒜|matrices of size 𝑛 × 𝑙. The number of features a single decision tree needs to consider is

(|𝒜| + 1) ⋅ 𝑙 ∈ 𝒪(|𝒜| ⋅ 𝑙), (4.9)

corresponding to the set of modal parameters 𝒜 ∪ {𝐈}. As the matrices have potentially many

entries, saving unnecessary calculations can have a considerable impact on computation times.

Therefore, before fitting the R-IDT layers, an R-IDT pre-prunes empty relations such asOnG for

𝒬clear. It also checks whether each relation 𝑅 is symmetric, that is, whether𝐀𝑅 = 𝐀T
𝑅, in which

case it does not keep the inverse relation. Which relations are kept or discarded is decided once

on the training data, and then applied when an R-IDT is applied as a predictive model. Note

that this does not add any new assumptions or constraints, as we expect the relations that are

useful on the training data to be exactly those that are useful on any other data:
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• A split determined by a decision tree (see Section 2.8) in an R-IDT layer would never

include an empty relation, as for any decision tree node𝑚 and dataset𝐷𝑚 ⊆ 𝐷, the result-

ing partitions would strictly be 𝐷𝑚 and ∅, respectively. It follows from Equation (2.16)

that 𝑞𝑚(𝑓, 𝑡) = ℎ(𝐷𝑚), that is, the split would not decrease heterogeneity measure at all.

• When a relation 𝑅 is symmetric in the training data, a split on 𝐀𝑅 is as good as a split

on 𝐀T
𝑅 and thus, there is no reason to expect that choosing the inverse relation over the

given relation is beneficial. Therefore, removing the inverse relation is not expected to

limit the model in any way.

4.3 Filtering Unique Features

We note that when training R-IDTs, many equivalent features are generated. This happens

both in parallel layers and in subsequent layers. We find that filtering out duplicate features

before each layer markedly reduces the overall train time, as the number of calculations at each

layer (as shown in Equation (4.9)) scales with the number of features. The influence of filtering

features only grows as more and more R-IDT layers are learned sequentially. Specifically, we

filter the unique features such that given a feature matrix, only the first occurrence of each

feature is kept, that is, subsequent duplicate columns are removed.

Figure 4.2 provides an overview of an R-IDT’s parallel layer, that is, what is learned for each

layer depth. Learning a single R-IDT layer, denoted by Layer, is essentially the same as an

IDT layer as shown in Figure 3.2, with the exception, that more than one adjacency matrix is

used. Further, note the similarities to the IDT learning algorithm shown in Algorithm 2.

4.4 From Object Features to State Features

Unlike Pluska et al. [40], our goal is to do regression on state features, not classification. While

the classifier needs to be replaced by some kind of regression, one also needs to consider how to

derive the features needed for the regression. Deriving the features is the topic of this section,

while the next section discusses the regression.

Recall that the original IDT learning method (see Section 3.1.2) fits a final layer after the 𝐿

inner layers. This final layer classifies graphs instead of nodes based on the features learned

so far, again by using a decision tree. Although the decision tree classifier could simply be

replaced by a decision tree regressor and fitted to predict 𝑉∗, this would predictably fail to

generalize for state values that are not in the training data. This is because decision trees can

only predict piecewise constant functions [28], as a tree’s predictions are constant values that

are grouped nodewise (see Equation (2.15)), and each node covers some partition of the data.

Alternatively, we consider representing 𝑉∗ in a linear form as introduced in Section 2.2.2. As

an R-GNN pools the object embeddings after its last layer into its scalar output, and the last
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Figure 4.2: Schematic overview of a single parallel R-IDT layer. The input is a set of state

graphs 𝒢 along with its object features and object embeddings. By Filter, the

unique feature filtering (Section 4.3) is denoted, and Layer denotes a single R-IDT

layer.

layer of an R-IDT is fitted to reflect the GNN’s last layer, one might assume that an R-IDT’s last

layer is also able to learn the features that are needed to compose the value function linearly.

However, it turns out that not all required features can be learned by an R-IDT’s last layer, but

that in principle, the learned features can be used to compose the needed ones. The following

sections explain how the features are derived.
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4.4.1 Learning Boolean and Numerical State Features

First, we explain our approach to learning Boolean and numerical state features. When an

R-IDT layer ℓ is fitted, it learns to divide the objects into a set of leaf sets 𝐷ℓ, depending on

logical properties. We can interpret the defining properties of each leaf set as state concepts,

as they are formulas that are evaluated on objects (see Section 2.2.2). Since each R-IDT layer

clusters the leaf nodes of its tree into sets, 𝐷ℓ technically is a set of sets of leaf nodes, and each

set of leaf nodes corresponds to a disjunction of formulas (see Section 2.8). Let all concepts

that are learned at any layer of the R-IDT be gathered in 𝒞, that is,

𝒞 ≔
⋃

ℓ∈layers

𝐷ℓ = {𝑐1,…}.

From the concepts, the numerical state features 𝑓n𝑗 and the simple Boolean state features 𝑓b𝑗 are

derived. We call these Boolean state features ”simple” to distinguish them from other features

introduced later on. For a state 𝑠, let𝐔(𝑠) ∈ 𝔹𝑛×|𝒞| denote the object feature matrix that holds

the values of all features derived by an R-IDT for every object of that state. Each numerical

feature’s value is computed as

𝑓n𝑗 (𝑠) ≔ ||{𝑜 || 𝑜 ∈ 𝑂, 𝑠 ⊨ 𝑐𝑗(𝑜)}|| =

𝑛

∑
𝑖=1

𝐔(𝑠)
𝑖𝑗
, (4.10)

and each simple Boolean feature’s value is derived as

𝑓b𝑗 (𝑠) ≔ 𝕀[𝑓n𝑗 (𝑠) > 0] = max
𝑖∈{1,…,𝑛}

𝐔(𝑠)
𝑖𝑗
, (4.11)

that is, each numerical feature evaluates to the number of objects satisfying a concept, and

each simple Boolean feature evaluates to whether there are any objects satisfying a concept.

Coming back to the example of 𝜑𝑘 of Equation (4.5), the state feature 𝐵𝑘 can be expressed as

the simple Boolean feature of 𝜑𝑘. Clearly, the simple Boolean features 𝛼 and 𝐻 can also be

expressed based on ℰℳℒ𝒞 formulas. In the following, let the set of numerical state features

be denoted by 𝐹n ≔ {𝑓n𝑗 || 𝑗 ∈ {1,… , |𝒞|}}, and the set of simple Boolean state features by

𝐹b ≔ {𝑓b𝑗 || 𝑗 ∈ {1,… , |𝒞|}}.

Note that computing a numerical feature’s value also corresponds to applying the modal

parameter 𝟏 (Equation (3.3)). Computing a Boolean feature’s value is similar, but provides an

additional abstraction (Equation (2.1)). This is comparable to sum and max pooling at the end

of GNNs. When considering pooling only for Boolean values, the pooling and feature value

calculations are in fact the same.
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4.4.2 Learning Combinations of State Features

While the previous section detailed how numerical and simple Boolean features state are

computed, these types of features are not sufficient to compose optimal linear value functions for

any of the problems we consider (see Section 5.1). Optimal linear value functions often involve

conjunctions of state features [45], such as 𝛼 ∧ 𝐻 in our example for 𝒬clear (Equation (2.3)).

However, these are state features derived from object features. This marks a transition from

Boolean combinations expressible in𝖦𝖢2 to those requiring𝖢2 formulas, or from the perspective

of ℰℳℒ𝒞, combining formulas that use the modal parameter 𝟏 instead of 𝐀. While an R-IDT’s

inner layers learn to combine object features, they cannot learn to combine state features.

Simply taking the features based on the concepts 𝒞 as defined above also is not sufficient, as

there is no pair of weights𝑤1, 𝑤2 ∈ ℝ such that𝑤1𝑏1+𝑤2𝑏2 = 𝑏1∧𝑏2 or𝑤1𝑏1+𝑤2𝑏2 = 𝑏1∨𝑏2

for all value combinations of the Boolean variables 𝑏1, 𝑏2 ∈ 𝔹. Therefore, a function that is

linear in 𝛼 and 𝐻 alone cannot truly equal the optimal value function. As we want to learn a

linear regression on 𝑉∗, it is guaranteed that it will not be able to learn the function based on

the types of state features derived so far. To overcome this limitation, such combined features

need to be made explicitly available to the regression.

Recall that R-GNNs (Algorithm 1) pool the object embeddings by applying an MLP on a final

state-level aggregation, namely

𝑣 ← 𝖬𝖫𝖯R(⨁
𝑜∈𝑂

x
(𝐿)
𝑜

⏟⎵⏟⎵⏟
e𝑠

), (4.12)

where the considered options for⨁ are summation and taking the component-wise maximum.

The inner part of the formula can thus be interpreted as a state level embedding 𝐞𝑠.

To learn the combination of features that are needed to compose the value function, an R-IDT

learns a final layer, again consisting of decision tree regressor and clustering. This layer is

fitted on state-level data to predict the state embeddings 𝐞𝑠. As the input data, it uses either

the computed numerical state features 𝐹n or the simple Boolean state features 𝐹b, resembling

sum and max pooling, respectively. This option is included as a hyperparameter. Like the

inner R-IDT layers, it clusters the resulting decision tree leaf nodes with numerically close

prediction values to create meaningful disjunctions of splitting decisions in a heuristic manner.

The splitting decisions that the final layer’s tree learns are of the form 𝑓n/b𝑗 (𝑠) < 𝑡, that is,

comparing numerical or simple Boolean features to thresholds. Then, a leaf node corresponds

to a conjunction of such splits. Finally, the clustering learns to build disjunctions of leaf nodes,

resulting again in a set of disjunctions of conjunctions.

The resulting clusters of leaf nodes can directly be interpreted as Boolean state features, as

unlike 𝒞, they are not statements about single objects, that is, concepts, but about whole states.
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As such, Boolean combinations like 𝛼∧𝐻 can be learned. We call features of this type combined

(Boolean) state features as to distinguish them from the simple Boolean state features. In the

following, let 𝐹c denote the set of learned combined state features.

Similar to the inner layers, of which there are multiple parallel layers at each layer depth,

we find that learning multiple parallel final layers is very helpful for learning the relevant

combined state features. One reason for this could be that for some problems like 𝒬clear, many

individual combined features can be required, for example the 𝐵𝑘s (see Equation (2.6)). When

using only a single final layer, it may be less likely, or in some cases, even impossible, to learn all

the required features. When parallel final layers are learned on random subsets of the training

state graphs instead, there is a higher chance that more of these features are learned.

In summary, an R-IDT learns three types of state features:

• Simple Boolean features 𝐹b, that give information about whether any object satisfies a

property in the state,

• numerical features 𝐹n, that evaluate to the exact number of objects that satisfy a property

in the state, and

• combined features 𝐹c, that consist of Boolean combinations based on numerical or simple

Boolean state features.

To refer to all learned state features, let ℱ ≔ 𝐹n ∪ 𝐹b ∪ 𝐹c.

At this point, the core of the approach, that is, R-IDTs, have been introduced. An overview

of its composition is displayed in Figure 4.3. The following section introduces the regression

component of our approach.

4.5 Learning the Regression

So far, it has been discussed how state features are derived directly based on the instance’s

objects as well as Boolean combinations of these state features. To finally predict the optimal

value function in a linear form based on these features, a linear regression is fitted. On the

training set of states 𝒮, the regression learns a weight 𝑤𝑓 for each feature 𝑓 and a bias 𝑤𝑏 such

that for all 𝑠 ∈ 𝒮,

𝑉∗(𝑠) ≈ 𝑉𝐰(𝑠) ≔ ∑
𝑓∈ℱ

𝑤𝑓𝑓(𝑠) + 𝑤𝑏. (4.13)

Including the bias is optional, and the choice is left as a hyperparameter. Instead of using all

features, the option to restrict the features to certain types only is available as a hyperparameter.

To understand why this option is useful, consider the following cases:

• For some problems, the optimal value function can be written without using numerical

features, but in the training set, some numerical features only take the values 0 or 1.

Then, these numerical features equal their respective Boolean features in the training
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Figure 4.3: Schematic overview of the whole R-IDT architecture to compute state features.

Preprune relations denotes the prepruning step as described in Section 4.2, and

Parallel Layer is a single parallel layer as shown in Figure 4.2. The ParallelFi-

nal Layer is learned as explained in Section 4.4.2. The displayed feature matrices

show illustrative values for two states with four and five objects, respectively.
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data, and the regression learning algorithm cannot distinguish them. When the learned

regression is applied to data outside the training dataset, where these numerical features

take values greater than 1, the learned value function would not generalize well.

• The optimal value function for some problems, for example𝒬clear, can be written without

numerical features, but with a variable number of Boolean features, such as the 𝐵𝑘s (see

Equation (2.3)). When an R-IDT is learned, there is no reason for it to learn such Boolean

features for any 𝑘 that is larger than what is required for the training data. In contrast, a

numerical feature would be able to scale up to higher numbers of objects. Thus, it may

be beneficial to not use (simple) Boolean features in the regression.

Onemethod to fit linear regressions is ordinary least squares (OLS) [10], which chooses weights

that minimize the sum of squared errors SSE(𝐰), as defined in Equation (2.12). A desirable

property of OLS is that it provably computes an optimal solution𝐰∗ with respect to the error

on the training data, that is, there is no solution𝐰′ with SSE(𝐰′) < SSE(𝐰∗).

Minimizing the sum of squared errors is especially suited under the assumption that the

observed target has additive normally distributed noise. However, this is not the case for 𝑉∗, as

it is not a measurement, but an exactly computed value itself. Therefore, it is also considered

choosing weights that minimize the sum of absolute errors SAE(𝐰) (see Equation (2.11)).

Further, this is the loss which the base GNNs were trained to minimize. To learn weights that

minimize the sum of absolute errors, SGD can be used.

As ℱmay contain unnecessary features or features that cancel each other out, we want their

learned weights to be (close to) 0. To encourage sparse weights, we also consider the option of

constraining the weights to non-negative values only. As many optimal value functions can

be written using positive weights only [45], we expect this to not limit the prediction quality.

An exception can be made for the bias 𝑤𝑏, as there may be cases where the optimal value

function can be written with positive feature weights, but needs a negative offset. Solving for

non-negative weights that minimize the sum of squared errors can also be done optimally, see

for example [49].

The regression type and options are subject to configuration, and can be set as hyperparameters.

4.6 Hyperparameter Overview

Throughout this chapter, some hyperparameters of R-IDTs and the linear regression have been

introduced. This section completes the list by introducing the remaining, not yet mentioned

hyperparameters. Table 4.1 provides an overview of all hyperparameters and their value ranges.

The original IDT experiments were performed with the depth of the decision trees bounded

by two as to enhance the readability of the resulting formulas [40]. In our experiments, we

observe that for the logical distillation of R-GNNs, higher depths are required (see Section 5.5).
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Therefore, the depth of all intermediate layers and the last layer are included as hyperparame-

ters.

Further, the IDT’s clustering of leaf nodes was implemented using Ward’s method (see Equa-

tion (2.20)). Recall that the leaf nodes are trained to predict the GNN embeddings, which are

generally not interpretable, and there may be better ways to cluster the leaf nodes thanWard’s

method. Therefore, we also consider other distance measures and linkage strategies that were

introduced in Section 2.9.

Table 4.1: The available hyperparameters with their respective value range.

Hyperparameter Value Range

R-IDT

Maximal intermediate layer depth positive integers

Maximal final layer depth positive integers

Inner and final layer width positive integers

Inner and final layer sample size positive integers

Pooling type max, sum

Clustering distance or similarity Euclidean, Manhattan, cosine

Clustering linkage Ward, average, complete, single

Feature types subsets of {Boolean,numerical, combined}

Regression

Regression type OLS (squared error), SGD (absolute error)

Fit intercept yes, no

Non-negative weights yes, no
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This chapter presents the experimental evaluation of the proposed method. Through our

experiments, we seek to answer the following main research questions.

Q1 Can R-IDTs learn the respective optimal value function correctly? Does the learned

function generalize to instances that are larger than the ones included in the train

dataset?

Q2 What do R-IDTs learn? Are the learned value functions interpretable, that is, can the

learned combinations of weights and features be represented in an understandable and

readable way?

The experimental evaluation is conducted on five generalized planning problems, which will

be introduced shortly in Section 5.1. Afterward, Section 5.2 provides information on the

implementation of the method and the experiments. In Section 5.3 and Section 5.4, we detail

how R-GNN and R-IDT were trained for the experiments, respectively. Section 5.5 presents the

results of the experiments, which are then discussed in Section 5.6.

5.1 Generalized Planning Benchmark Problems

As benchmark problems, we consider five generalized planning problems where each optimal

value function can be expressed by features in 𝖢2 [16, 29, 45]. All the problem classes we

consider are atomic in the sense that the goal is defined by a single atom. A problem class is

called bounded, if for all states, the optimal value function is bounded by a constant independent

of the problem instance. We test R-IDTs both on bounded and unbounded problem classes.

In the following, each problem class is introduced. For each, we show how the respective

optimal value function can be composed linearly using state features. The respective features

are displayed both in 𝖢2 and in ℰℳℒ𝒞 so that it becomes evident that R-IDTs have in fact the

theoretical capability of learning the required features. Afterward, we provide details about

the data we used to fit the R-GNN and R-IDT models in Section 5.1.7.

5.1.1 Gripper

In the planning domain Gripper, there are rooms in which balls may be located. Further, there

is a robot with two grippers, with which it can take and drop balls. The robot can move in

between the rooms. The number of both rooms and balls is not fixed and is determined by the

problem instances. In the generalized problem class𝒬gripper we consider, the goal is to transport
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a single ball 𝑏 to a certain room 𝑟, that is, the goal is at(𝑏, 𝑟). For convenience, we refer to these

as the relevant ball and room, respectively. This problem is bounded, as the number of steps

under an optimal policy is at most 5 for any state. The optimal value function can be composed

as

𝑉∗(𝑠) = (𝛼 ∧ 𝐸)(𝑠) + 4(𝛼 ∧ 𝑂)(𝑠) + 3(𝛼 ∧ 𝑃)(𝑠) + 2𝐷(𝑠) + 𝐹(𝑠), (5.1)

using the following Boolean features:

𝛼 ≔ ∃𝑥, 𝑦 (atG(𝑥, 𝑦) ∧ ¬at(𝑥, 𝑦)) (5.2)

𝐸 ≔ ∃𝑥, 𝑦 (atG(𝑥, 𝑦) ∧ ¬∃𝑦 free(𝑦) ∧ ¬∃𝑦 carry(𝑥, 𝑦)) (5.3)

𝑂 ≔ ∃𝑥, 𝑦 (atG(𝑥, 𝑦) ∧ ∃𝑦 (at(𝑥, 𝑦) ∧ ¬at-robby(𝑦))) (5.4)

𝑃 ≔ ∃𝑥, 𝑦 (atG(𝑥, 𝑦) ∧ ∃𝑦 (at(𝑥, 𝑦) ∧ at-robby(𝑦))) (5.5)

𝐷 ≔ ∃𝑥, 𝑦 (atG(𝑥, 𝑦) ∧ ¬at-robby(𝑦) ∧ ∃𝑦 carry(𝑥, 𝑦)) (5.6)

𝐹 ≔ ∃𝑥, 𝑦 (atG(𝑥, 𝑦) ∧ at-robby(𝑦) ∧ ∃𝑦 carry(𝑥, 𝑦)) (5.7)

The feature 𝛼 is true if the goal is not reached yet, 𝐸 is true, if a ball needs to be dropped to

free a gripper, 𝑂 is true, if the robot needs to move to the relevant ball’s location, 𝑃 if it is at

the relevant ball’s location and the ball needs to be picked up, 𝐷 if the robot has the relevant

ball and needs to go to the target location, and 𝐹 is true if the relevant ball only needs to be

dropped. These ℰℳℒ𝒞 formulas are equivalent to the 𝖢2 formulas, where 𝑏 and 𝑟 are helper

formulas that are only satisfied by the relevant ball and room, respectively.

𝑏 ≔ 𝐀atG
⊤ > 0 (5.8)

𝑟 ≔ 𝐀T
atG

⊤ > 0 (5.9)

𝛼 ≔ ¬(𝟏(𝑏 ∧ 𝐀at𝑟 > 0) > 0) (5.10)

𝐸 ≔ ¬(𝟏free > 0) ∧ ¬(𝟏(𝐀T
carry𝑏 > 0) > 0) (5.11)

𝑂 ≔ 𝟏(𝑏 ∧ 𝐀at(¬at-robby) > 0) > 0 (5.12)

𝑃 ≔ 𝟏(𝑏 ∧ 𝐀atat-robby > 0) > 0 (5.13)

𝐷 ≔ 𝟏(𝑏 ∧ ¬(𝐀atG
at-robby > 0) ∧ 𝐀T

carry⊤ > 0) > 0 (5.14)

𝐹 ≔ 𝟏(𝑏 ∧ 𝐀atG
at-robby > 0 ∧ 𝐀T

carry⊤ > 0) > 0 (5.15)

5.1.2 Miconic

In theMiconic domain, there is a multi-story building with an escalator. At each floor, there

may be people, each with their own destination floor. The escalator can move freely in between

floors, and manages when people enter and leave the escalator. The number of people and

floors is defined by the instance. When a person 𝑝 has reached its goal, the atom served(𝑝)

holds. In the class 𝒬miconic, the goal is to move a single specified person to its destination, that

44



5 Experimental Evaluation

is, the goal is an atom served(𝑝). Let this person be called the relevant person. Every problem

is bounded by requiring at most 4 steps under an optimal policy. The optimal value function

can be written as

𝑉∗(𝑠) = 4(𝛼 ∧ ¬𝑂 ∧ ¬𝐵)(𝑠) + 3(𝛼 ∧ 𝑂 ∧ ¬𝐵)(𝑠) + (𝛼 ∧ 𝐵)(𝑠) + (𝛼 ∧ 𝐵 ∧ ¬𝐷)(𝑠). (5.16)

The Boolean features are defined in 𝖢2 and ℰℳℒ𝒞, respectively, as shown below.

𝛼 ≔ ∃𝑥 (servedG(𝑥) ∧ ¬served(𝑥)) (5.17)

𝐵 ≔ ∃𝑥 (servedG(𝑥) ∧ boarded(𝑥)) (5.18)

𝐷 ≔ ∃𝑥 (servedG(𝑥) ∧ ∃𝑦 (destin(𝑥, 𝑦) ∧ lift-at(𝑦))) (5.19)

𝑂 ≔ ∃𝑥 (servedG(𝑥) ∧ ∃𝑦 (origin(𝑥, 𝑦) ∧ lift-at(𝑦))) (5.20)

Here, 𝛼 is true if the relevant person is not served yet, 𝑏 is true if the relevant person is in the

lift, 𝑑 is true if the lift is at the relevant person’s destination, and 𝑜 if the lift is at the relevant

person’s destination. Equivalently, these can be written in ℰℳℒ𝒞 as

𝛼 ≔ 𝟏(servedG ∧ ¬served) > 0 (5.21)

𝐵 ≔ 𝟏(servedG ∧ boarded) > 0 (5.22)

𝐷 ≔ 𝟏(servedG ∧ 𝐀destin(lift-at) > 0) > 0 (5.23)

𝑂 ≔ 𝟏(servedG ∧ 𝐀origin(lift-at) > 0) > 0. (5.24)

5.1.3 Blocks-Clear

This problem class was already introduced earlier in this work as a running example: The

Blocksworld domain was introduced in Section 2.2.1, and the problem class 𝒬clear of the

Blocksworld domain was presented in Section 2.2.2, with its optimal value function and

necessary features in 𝖢2 shown by Equations (2.3) to (2.8). This problem class is not bounded,

as with more blocks, one can always create states with a higher optimal value. Equivalently,

these features presented in 𝖢2 before can be expressed in ℰℳℒ𝒞 as shown below.

𝛼 ≔ 𝟏(clearG ∧ ¬clear) > 0 (5.25)

𝐻 ≔ 𝟏holding > 0 (5.26)

𝐵𝑘 ≔ 𝟏(clearG ∧ 𝜂𝑘) > 0 (5.27)

𝜂0 ≔ clear (5.28)

𝜂𝑘 ≔ 𝟏(𝐀T
on𝜂𝑘−1 > 0) > 0 (5.29)
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5.1.4 Blocks-On

This problem class is also set in the Blocksworld domain. The goal is to stack two specified

blocks 𝑥, 𝑦 onto each other, that is, to achieve a state where on(𝑥, 𝑦) holds. For convenience, let

these blocks be called the first and second goal block, respectively. Like𝒬clear, the problem class

𝒬on is not bounded, as adding more blocks can increase the length of optimal plans indefinitely.

The value function and features presented below are adapted from Ståhlberg et al. [45]. For

any number of blocks 𝑛 ≥ 1, they can be written as

𝑉∗(𝑠) = (𝛼 ∧ 𝐻)(𝑠) + 2(𝛼 ∧ 𝐿)(𝑠) + 2

𝑛−1

∑
𝑘=1

𝑘𝑋𝑘(𝑠) + 𝑘𝑌𝑘(𝑠), (5.30)

where the features are defined by the following formulas, using the same 𝜂 and 𝐻 as 𝒬clear.

𝛼 ≔ ∃𝑥, 𝑦 (onG(𝑥, 𝑦) ∧ ¬on(𝑥, 𝑦)) (5.31)

𝐿 ≔ ∃𝑥, 𝑦 (onG(𝑥, 𝑦) ∧ (¬clear(𝑦) ∨ ¬holding(𝑥))) (5.32)

𝑋𝑘 ≔ ∃𝑥, 𝑦 (onG(𝑥, 𝑦) ∧ 𝜂𝑘(𝑥) ∧ ¬

𝑛−1

⋁
𝑖=1

𝐹𝑖(𝑥)) (5.33)

𝐹1(𝑥) ≔ ∃𝑦 (on(𝑥, 𝑦) ∧ ∃𝑥 onG(𝑥, 𝑦)) (5.34)

𝐹𝑖(𝑥) ≔ ∃𝑦 (on(𝑥, 𝑦) ∧ 𝐹𝑖−1(𝑦)) (5.35)

𝑌𝑘 ≔ ∃𝑥, 𝑦 (onG(𝑥, 𝑦) ∧ 𝜂𝑘(𝑦) ∧ ¬

𝑛−1

⋁
𝑖=1

𝑆𝑖(𝑦)) (5.36)

𝑆1(𝑥) ≔ ∃𝑦 (on(𝑥, 𝑦) ∧ ∃𝑥 onG(𝑦, 𝑥)) (5.37)

𝑆𝑖(𝑥) ≔ ∃𝑦 (on(𝑥, 𝑦) ∧ 𝑆𝑖−1(𝑦)) (5.38)

Again, 𝛼 is true if the goal is not reached yet, and 𝐿 if the first goal block cannot be stacked

onto the second goal block next. For all 𝑘 ≤ 𝑛 − 1, 𝑋𝑘 is true if there are 𝑘 blocks above the

first goal block, and it is not above the second goal block. This is expressed using the formulas

𝐹𝑖, which are satisfied by a block if there is a path of length 𝑖 from the block to the second goal

block. Combining them to ¬⋁
𝑛−1

𝑖=1
𝐹𝑖(𝑥) expresses that there is no such path of any length. For

all 𝑘 ≤ 𝑛 − 1, 𝑌𝑘 is similar to 𝑋𝑘, but with the roles of the first and second goal block switched,

that is, it is true if there are 𝑘 blocks above the second goal block, and it is not above the first

goal block. Again, helper formulas 𝑆𝑖 similar to 𝐹𝑖 are used. The following ℰℳℒ𝒞 formulas

are equivalent, with the addition of 𝐺𝑓 and 𝐺𝑠, which are satisfied only by the first and second
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goal block, respectively.

𝐺𝑓 ≔ 𝐀T
onG

⊤ > 0 (5.39)

𝐺𝑠 ≔ 𝐀onG
⊤ > 0 (5.40)

𝛼 ≔ 𝟏(𝐺𝑓 ∧ ¬(𝐀on𝐺𝑠 > 0)) > 0 (5.41)

𝐿 ≔ ¬((𝟏(𝐺𝑠 ∧ clear) > 0) ∧ (𝟏(𝐺𝑓 ∧ holding) > 0)) (5.42)

𝑋𝑘 ≔ 𝟏(𝐺𝑓 ∧ 𝜂𝑘 ∧ ¬

𝑛−1

⋁
𝑖=1

𝐹𝑖) > 0 (5.43)

𝐹1 ≔ 𝐀on𝐺𝑠 > 0 (5.44)

𝐹𝑖 ≔ 𝐀on𝐹𝑖−1 > 0 (5.45)

𝑌𝑘 ≔ 𝟏(𝐺𝑠 ∧ 𝜂𝑘 ∧ ¬

𝑛−1

⋁
𝑖=1

𝑆𝑖) > 0 (5.46)

𝑆1 ≔ 𝐀on𝐺𝑓 > 0 (5.47)

𝑆𝑖 ≔ 𝐀on𝑆𝑖−1 > 0 (5.48)

5.1.5 Visitall

In the Visitall domain, the environment is a graph of connected nodes. Here, the setting is

simplified to a discrete square grid of 𝑛 = 𝑐 × 𝑐 cells, where each cell is connected only to

its direct neighbors. In this domain, the agent’s usual goal is to visit all cells. Here, we only

consider the simpler goal of visiting a single specified goal cell, that is, visited(𝑥). Because of

the atomic goal, the problem effectively reduces to a simple grid navigation task. As the grid

size 𝑛 is unbounded, so is the optimal value function

𝑉∗(𝑠) =

2(𝑐−1)

∑
𝑘=1

𝑘(𝛼 ∧ 𝑆𝑘)(𝑠), (5.49)

adapted from [45]. It uses the following features and helper formulas.

𝛼 ≔ ∃𝑥 (visitedG(𝑥) ∧ ¬visited(𝑥)) (5.50)

𝑆𝑘 ≔ ∃𝑥 (at-robot(𝑥) ∧ 𝑃𝑘(𝑥) ∧ ¬

𝑘−1

⋁
𝑖=1

𝑃𝑖(𝑥)) (5.51)

𝑃1(𝑥) ≔ ∃𝑦 (connected(𝑥, 𝑦) ∧ visitedG(𝑦)) (5.52)

𝑃𝑘(𝑥) ≔ ∃𝑦 (connected(𝑥, 𝑦) ∧ 𝑃𝑘−1(𝑦)) (5.53)

Here, 𝛼 is true if the goal is not reached yet, and for every distance 𝑘 ≥ 1, 𝑆𝑘 is true if the

shortest path to the goal cell has length 𝑘. Each object feature 𝑃𝑘 for 𝑘 ≥ 1 is satisfied by a cell

if a path of length 𝑘 from that cell to the goal cell exists. Corresponding ℰℳℒ𝒞 formulas are
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displayed below.

𝛼 ≔ 𝟏(visitedG ∧ ¬visited) > 0 (5.54)

𝑆𝑘 ≔ 𝟏(at-robot ∧ 𝑃𝑘 ∧ ¬

𝑘−1

⋁
𝑖=1

𝑃𝑖) (5.55)

𝑃1 ≔ 𝐀connectedvisitedG > 0 (5.56)

𝑃𝑘 ≔ 𝐀connected𝑃𝑘−1 > 0 (5.57)

5.1.6 Concluding Remarks

For all the considered problems, the respective optimal value functions were described using

Boolean features only. In case of the unbounded problems, that is, Blocks-Clear, Blocks-On,

and Visitall, the number of required features is not fixed, but depends on the number of objects

𝑛. The reason for this is that the features 𝐵𝑘, 𝑋𝑘, 𝑌𝑘, and 𝑆𝑘 need to be defined for each 𝑘, and

that the highest required value of 𝑘 is dependent on 𝑛. Introducing numerical features can

mitigate the need for a variable number of features. Consider 𝒬clear, where one can define the

object feature 𝐴 to be satisfied by all blocks that are above the block to be cleared. Let 𝑛𝐴 and

𝑝𝐴 denote the numerical and Boolean state feature of 𝐴, respectively. Then, the optimal value

function can be expressed without 𝐵𝑘 by only four features as

𝑉∗(𝑠) = (𝛼 ∧ 𝐻)(𝑠) + 2𝑛𝐴(𝑠) − 𝑝𝐴(𝑠). (5.58)

However, for 𝑛𝐴 to scale up to any number of blocks, 𝐴 would need to be defined on the

transitive closure of the On relation, which is defined as

On+(𝑥, 𝑦) ≡ ∃𝑚 ≥ 1 On𝑚(𝑥, 𝑦), where (5.59)

On1(𝑥, 𝑦) ≡ On(𝑥, 𝑦), and (5.60)

On𝑖+1(𝑥, 𝑦) ≡ ∃𝑧 (On(𝑥, 𝑧) ∧ On𝑖(𝑧, 𝑦)). (5.61)

Then, one could define 𝐴(𝑥) ≔ ∃𝑦 (clearG(𝑦) ∧ on+(𝑥, 𝑦)). As the R-GNNs do not have access

to transitive closures, but can only compute one ”step” along a relation in each layer, their

ability to learn such closures is limited by the number of layers 𝐿. The same applies to R-IDTs,

as they can only learn to nest one more modal at each layer, e.g., 𝐀on. In this regard, these

approaches differ from previous symbolic approaches [11, 12, 19, 20, 36], which make transitive

closures explicitly available when creating formulas.
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5.1.7 States Data

The datawe use, that is, planning states labeledwith their optimal value, is taken from Ståhlberg

et al. [45]. It is available online1 along with the PDDL files of the domains and instances. The

states data was generated by performing a randomwalk of a given length on each initial state of

the problem instances. From each state which was visited, an optimal plan was computed using

the A∗ algorithm with the ℎmax heuristic [13]. Each state 𝑠 that was visited when following the

plan was labeled by the remaining plan length from 𝑠 and added as data.

Following best practices, the data is split up into train, validation, and test data [23]. Similar

to previous work [45], we train the models explicitly for generalization, that is, the train data

consists of states with a lower number of objects than the validation data, and vice versa for

the validation and test data. Further, if the problem class is unbounded, the maximal observed

value of 𝑉∗ also grows with the number of objects. For every problem, the R-GNNs and R-IDTs

are trained on the same data splits to allow for direct comparability. Table 5.1 shows the number

of objects and the maximal value of the optimal value function of the used states data.

Table 5.1: For each problem class and data split, the number of states (#S), the number of

objects per instance (#O), and the maximal optimal value of all states (max𝑉∗) are

shown.

Problem Train Data Validation Data Test Data

#S #O max𝑉∗ #S #O max𝑉∗ #S #O max𝑉∗

Gripper 46 714 8 – 16 5 37 655 18 – 20 5 200 292 22 – 46 5

Miconic 42 599 3 – 24 4 30 730 27 – 33 4 103 834 36 – 90 4

Blocks-Clear 108 503 2 – 9 15 47 541 10 – 11 15 40 930 12 – 17 21

Blocks-On 122 464 2 – 9 18 41 176 10 – 18 22 22 290 12 – 17 20

Visitall 62 488 25 – 49 14 41 737 64 18 88 350 81 – 100 23

5.2 Implementation Details

We implemented our experiments in Python and make use of several libraries and frameworks.

As states data, we use that provided by Ståhlberg et al. [45] and read it using their parser. To

work with and create graph data from states data, we use the library NetworkX [25]. To convert

graphs to inputs for the R-GNNs as well as working with graph datasets, we leverage PyTorch

Geometric [18]. As basis for our R-GNN implementation, we rely on Plangolin [4], which

implements the network architecture using PyTorch [5] and PyTorch Geometric. To simplify

model training, we make use of the PyTorch Lightning library [17]. The implementations of

fitting decision trees, hierarchical agglomerative clustering, ordinary least squares as well as

non-negative least squares are provided by Scikit-learn [39]. Various mathematical operations

1https://doi.org/10.5281/zenodo.6353140 (visited on March 3, 2026)
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are performed with NumPy [26]. Plots are created with Matplotlib [32] and seaborn [51]. To

log and organize experiments for GNNs and R-IDTs, Weights & Biases [9] was used.

The datasets of encoded states for R-GNNs and R-IDTs are created only once, and then saved

so that they can be reused. Also, when an R-IDT is learned based on an R-GNN, the object

embeddings 𝐱 are only computed once and then saved. This allows training many R-IDTs for

the same GNN without repeatedly requiring GPUs for a faster computation of the embeddings.

5.3 Training of R-GNNModels

Following the approach of Ståhlberg et al. [45], the R-GNNmodels are trained using supervised

learning, where data is given as pairs ⟨𝐺(𝑠), 𝑉∗(𝑠)⟩ of state graphs and each state’s optimal

values. For technical reasons, the state encoding method for the GNN input 𝐺(⋅) provided by

Aichmüller and Krude [4] differs from ours (see Section 4.1), but not in a substantial way. The

states are sampled randomly, where the probability of each state 𝑠 being sampled is proportional

to the inverse frequency of its value, as defined in Equation (2.19). The loss is measured by the

absolute error (see Equation (2.11)). As training optimizer, Adam [33] is used with a learning

rate of 10−3, and a weight decay weighting of 5 ⋅ 10−4. The batch size is set to 64 samples, and

each epoch, 300 minibatches are sampled. Each GNN is trained for up to 22 hours or 1000

epochs. However, early stopping is employed to stop the training process if the loss on the

validation set has not improved for 20 epochs.

For each of the selected problems (see Section 5.1), multiple R-GNNs are trained. As choices

for the aggregation function, we test summation, taking the maximum (Equation (2.13)), and

a taking a smooth maximum (Equation (2.14)). For the pooling function, summation and

taking the maximum are tested. The choice for the number of layers 𝐿 is dictated by the lowest

number such that for all graphs in the train, validation, or test set, a message by any object can

reach any other object over the state graph’s edges (in case the graph is connected) regardless

of the respective relation. For example, in the Blocksworld domain with instances that have

up to ten blocks, the maximal distance a message may travel is nine objects, and thus, at least

𝐿 ≥ 9 is required. It is in our interest to keep 𝐿 as small as possible, as the time and memory

required to fit an R-IDT is highly dependent on the number of layers. The embedding size 𝑘 is

mostly fixed to 32, as experiments by Ståhlberg et al. [45] indicate that this is sufficient for the

considered problems, and we obtain satisfying results with this option.

After the training of a model has completed, it is evaluated on each data split. As models to

train R-IDTs on, we consider those that have successfully learned to predict the optimal values

on the training set. Among all such models, we prefer those that show good generalization on

the test data.
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5.4 Training of R-IDTModels

From an R-GNN,many R-IDTs are distilled for our experiments using different hyperparameter

configurations (see Section 4.6). Further, once an R-IDT is learned, multiple regressions using

different hyperparameters can be learned on the features. For convenience, in the following

we often refer to an R-IDT with a regression simply as an R-IDT. The reason for this is that for

predicting the value function, such pairs are always required.

Additionally to the hyperparameter configurations, the R-IDTs are also given a seed to initialize

the random components, which are twofold: One is the state graph sampling step for each

inner and final layer (see Sections 3.1.2 and 4.4.2). The second is how each decision tree selects

splits. There may be multiple splits that yield different partitions with the same weighted

heterogeneitymeasure 𝑞𝑚 (Equation (2.16)), but only one can be chosen. In the implementation

used in our experiments [39], the split is selected randomly. For each selected hyperparameter

configuration, four R-IDTs with different seeds are learned.

Recall that when fitting decision trees, it is common to weight samples to counter unbalanced

datasets, for example by using the inverse frequency of the target value as defined in Equa-

tion (2.19). The decision tree of an R-IDT’s inner layer works do not work on states, but on

objects from a number of states. Each object is weighted dependent on the state it belongs to,

that is, if a state has the weight 𝑤⟨𝑠,𝑉∗(𝑠)⟩ dependent on 𝑉
∗(𝑠), every object of 𝑠 gets the state’s

weight.

Similar to how the R-GNNs are evaluated, each R-IDT is evaluated on each data split of the

respective problem. Note that the respective validation sets are not used in any way during

R-IDT model training, as the models are not fitted and validated incrementally like neural

networks, but fitted in one consecutive procedure.

5.5 Experimental Results

This section presents the results of applying R-IDTs to learn general optimal value functions

guided by R-GNNs, and provides answers to the overarching research questions posed at the

beginning of Chapter 5.

QuestionQ1, that is, whether R-IDTs learn the value function well and whether they generalize,

can be answered in a quantitative way. We measured the mean absolute error (MAE) of the

trained models, and visualized the respective predictions. As the respective validation and

test datasets contain planning states with more objects than the training dataset, and in the

unbounded cases, also higher optimal values, they were used to testing for generalization.

Question Q2, that is, whether the resulting models are interpretable, and what they learn, can

only be answered qualitatively. To answer it, it was required to extract the learned weights and
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features and try to bring them into a readable format, similar to the readable value functions

presented shortly in Section 5.1.

In the following, the results are presented grouped by problem class. The R-IDT models

that are presented in the respective sections are chosen as example models to elucidate our

findings. To visualize the findings, we often use box plots, which show the distributions of

the predicted optimal state values grouped by the true optimal state values. This is analogous

to confusion matrices for classification models. Boxes represent the range between the first

and third quartiles, and the median is shown by a horizontal line within the boxes. Outlier

values are marked by circles. When only a horizontal line is visible, it means that all values are

extremely close to each other and thus, the distribution collapses to a single point.

5.5.1 Gripper

As basis for Gripper, we take an R-GNN that has 5 layers, an embedding size of 16, uses

logsumexp for aggregation, and summation for pooling. The 5 layers are sufficient so that a

message from any object in a state graph can reach any other object over the relational edges.

From this model, we distill many R-IDTs, using different hyperparameter configurations (see

Section 4.6).

Two of the distilled R-IDT models are presented as an example, called ”good” and ”bad” in

the following. Table 5.2 displays the error values of the three R-GNN and R-IDT models. For

a visual representation of the models’ predictions, see Figure 5.2. The good R-IDT learns to

predict the optimal value function perfectly for all data splits. On the other hand, the bad

R-IDT does not perform well on any data split. In fact, both of these R-IDTs used the same

hyperparameter configuration, and their configurations differed only in their random seed. As

seen during the experiments’ analysis, this is not an isolated incident, but the random seed has

a high influence. This indicates that R-IDTs are highly susceptible to changes in the train data

distribution, and that multiple models should be fitted before drawing conclusions.

In the predictions’ visualization, it is clearly visible that the good R-IDT generalizes perfectly,

while the R-GNN seems to become less accurate when more irrelevant objects, that is, balls,

are present. The bad R-IDT seemingly hardly learns anything about the problem. While it

predicts the values one and two perfectly, it fails to correctly predict any other values.

For Gripper, there are many distilled models that are perfect on the train set. We find that every

such model is also perfect on the validation and test sets, that is, the models do not seem to

overfit in any way, and always generalize well.

The substantial impact of the random seed makes it hard to determine which hyperparameters

are good, and which are not suitable to learn the required features and weights. Indeed, as we

will see in the experiments for the other problems, this is not an isolated incident, but happens

regularly. However, a conclusion that can be drawn from extensive testing is that the lowest
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Table 5.2: Comparison of the MAE of the three models on the three data splits. The zero-error

R-IDT performs best.

Model Train Data Validation Data Test Data

Base R-GNN 0.0073 0.0069 0.0754

Good R-IDT 0.0000 0.0000 0.0000

Bad R-IDT 1.4020 1.3297 1.2855

1.0 1.5 2.0 2.5 3.0
w

0
1
2
3
4
5

N
um

be
ro

fw
ei
gh

ts
≤w

(a) The five non-zero weights of the good R-IDT.
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(b) The 16 non-zero weights of the bad R-IDT.

Figure 5.1: The distributions of weights learned by the good R-IDT (left) and the bad R-IDT

(right).

values for the hyperparameters ”maximal intermediate layer depth” and ”maximal final layer

depth” such that perfect R-IDTs can be learned to be four and three, respectively. This contrasts

the insights from Section 5.1.5, which shows that there are features that could be learned by

decision trees of lower depth, but can still express the optimal value function. When R-IDTs

were fitted with higher layer depths, comparably more models that are perfect emerged. This

can likely be attributed to the fact that with higher depths, more features are learned and thus,

it becomes more likely that good features are learned. Also, recall that the original IDT method

successfully learned logical classifiers with the depth bounded by two (see Section 3.1.2). It is

unclear why our setting requires so much higher depths, especially when considering that the

number of features that are generated by a tree grows exponentially with the depth.

For Gripper, perfect models were learned with widths of 𝑤 = 5, 10, and sample sizes for each

layer 𝑠 = 10 000, 20 000. The type of pooling by which the R-IDTs derive state features does

not show any impact, meaning that the exact number of objects having a certain feature is

not important, but only whether there are any objects having the feature. This fits well to the

observation, that all the optimal value function can be written without counting quantifiers, or

modal parameter comparisons with thresholds larger than zero (see Section 5.1.6). Further,

the cosine clustering similarity with either complete, single, or average linking resulted in

the best R-IDTs. There are also perfect models that use the Manhattan distance and single

linkage. Additionally, the regression worked best using OLS with non-negative weights, and
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(b) The base R-GNN on test data.
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(c) The good R-IDT on train data.
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(d) The good R-IDT on test data.
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(e) The bad R-IDT on train data.
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(f) The bad R-IDT on test data.

Figure 5.2: Box plots of the optimal state values for Gripper as predicted by the trained models,

grouped by the true value. The predictions are shown for the training (left) and test

(right) data sets. The top row shows the base R-GNN, the middle shows the good

R-IDT, and the bottom row shows the bad R-IDT.

only requires combined state features to learn perfect models. A single final R-IDT layer proved

to be sufficient.
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Analyzing the R-IDTs’ formulas turns out to be challenging, as they are too complex and too

deeply nested to be understandable. However, the weights learned by the regression, shown

in Figure 5.1, can be analyzed to some degree. In total, the good R-IDT provided 184 state

features to the regression. However, only five of those are actually used by the regression, that

is, they have a non-zero weight. These five features are all combined Boolean features, and the

regression has learned integer weights only. Their weights are 1, 1, 1, 1, and 3, respectively. This

is a strong indication that the learned features could indeed be expressed by simpler, readable

formulas. In contrast, the bad R-IDT regression uses 16 features, with their weights being less

meaningful.

5.5.2 Miconic

The R-GNNs for Miconic were created with 𝐿 = 5 layers and an embedding size of 𝑘 = 32. As

for Gripper, this number of layers is sufficient to operate on any state graph of the problem

class. For this problem, we present two R-GNNs, for reasons that will become clear later. Both

models use max pooling. Let the first model be called model A. As aggregation function, it uses

logsumexp. The other model, which we will call model B, uses max aggregation. Both R-GNN

models show good error values, as displayed in Table 5.3. Figure 5.3 provides a visualization of

the predicted values. It is evident that both models have learned the optimal value function

very well.

Table 5.3: Comparison of the MAE of the four models on the data splits. The zero-error R-IDT

A performed best on all splits, and R-IDT B outperformed both R-GNNs.

Model Train Data Validation Data Test Data

R-GNN A 0.0045 0.0031 0.0063

R-GNN B 0.0024 0.0018 0.0043

R-IDT A 0.0000 0.0000 0.0000

R-IDT B 0.0000 0.0006 0.0053

When learning IDTs on the models, an interesting phenomenon can be observed. On model A,

multiple R-IDT that are perfect on all data splits were learned. On the other hand, we could not

learn a single R-IDT that generalizes perfectly on model B. However, on model B, many R-IDTs

that are perfect only on the training set were learned. Specifically, all of these R-IDTs struggle

to predict the value three correctly, and confuse it with the value four. In the Miconic problem

class (see Section 5.1.2), states with an optimal value of four are those, where the elevator must

still go to the origin floor of the relevant person, while in a state with value three, the lift is at

the origin floor, and must now pick up the person. Distinguishing such states seems to pose a

challenge to R-IDTs distilled from model B, but it is not clear why.

For illustration, let us pick two good R-IDTs A and B which are learned on model A and B,

respectively. Figure 5.4 displays the predictions of both R-IDTs, and their error values are
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(a) R-GNN A on train data.
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(b) R-GNN A on test data.
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(c) R-GNN B on train data.
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(d) R-GNN B on test data.

Figure 5.3: Box plots of the predictions for Miconic by the trained R-GNNs. The predictions are

shown for the training (left) and test (right) data sets. The top row shows R-GNN

A, and the bottom row shows R-GNN B.

reported in Table 5.3. Interestingly, although R-IDT B has lower error values than R-GNN

A on every data split, R-GNN A is better at distinguishing the states. From the prediction

visualization, it is evident that the policy that is greedy in the function of the GNN is optimal

(on all tested states). In contrast, the greedy policy defined on the function of the R-IDT may

not be optimal, as states with values three and four may be confused.

As for Gripper, the R-IDTs require high layer depths. The experiments show that the lowest

value for the depth of the inner R-IDT layers and for the final state level layer such that perfect

models can be learned is five. Unfortunately, the learned features are again not understandable

due to their complexity. Similar to Gripper, the perfect models learned to assign non-zero

weights to combined features only. For instance, the weights of both R-IDTs are displayed in

Figure 5.5. For R-IDT A, we can write the learned value function in the form

𝑉∗(𝑠) = 𝐹1(𝑠) + 𝐹2(𝑠) + 3𝐹3(𝑠) + 3𝐹4(𝑠) + 3𝐹5(𝑠) + 4𝐹6(𝑠) (5.62)
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(a) R-IDT A on train data.
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(b) R-IDT A on test data.
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(c) R-IDT B on train data.
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(d) R-IDT B on test data.

Figure 5.4: Box plots of the predictions by the R-IDTs A and B for Miconic. The predictions are

shown for the training (left) and test (right) data sets. The top row shows R-IDT A,

and the bottom row shows R-IDT B.

for combined state features 𝐹𝑖. Further, we can deduce that in all states of value one, always

exactly one of the features 𝐹1, 𝐹2 must evaluate to 1. For all states with value 2, both 𝐹1 and 𝐹2

must evaluate to one, as there is no feature with weight 2. In states with a value of 3, exactly

one of the features 𝐹3, 𝐹4, 𝐹5 is true, and in states with value 4, it is most likely that only 𝐹6 is

true. Analyzing what R-IDT B has learned is harder, as it has learned ten noninteger weights.

Further insights about the influence of the hyperparameters are limited, but one can conclude

that again, the pooling type does not matter. The models were configured to use widths of

𝑤 = 10, 20, and an inner layer sample size of 𝑠 = 10 000. Here, any clustering configuration

that used the Euclidean distance or the cosine similarity, together with any linkage strategy,

worked best. Again, OLS with non-negative weights yielded the best regressions. Similar to

Gripper, a single final R-IDT layer was sufficient to learn good models. While there are no

examples where the random seed has an impact comparable to the presented models from

Gripper, it is noteworthy that some seeds consistently result in worse models than other seeds.
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(a) The six non-zero weights of R-IDT A.
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(b) The ten non-zero weights of R-IDT B.

Figure 5.5: The distributions of weights learned onMiconic by the R-IDTs A (left) and B (right).

5.5.3 Blocks-Clear

The problem class Blocks-Clear is the first unbounded class for which results are presented.

The R-GNNs we consider for Blocks-Clear have 𝐿 = 17 layers and an embedding size of

𝑘 = 32. This number of layers is enough for our instances, as they have up to 17 objects

(see Table 5.1), and in any Blocksworld state graph with 𝑛 blocks, the distance between any

two connected blocks is at most 𝑛 − 1. One model we train uses logsumexp aggregation and

pools by summation. Let this model be called the base model from now on, as the presented

R-IDTs were learned on this model. The error values of the R-GNN and the R-IDTs that will

be introduced are shown in Table 5.4. From the visualization in Figure 5.6, it becomes clear

that it has learned the optimal value function well for the train set. However, when blocks

are added that do not influence a state’s value, it predicts some wrong values, which seem to

be still well-ordered. As these wrong predictions are rare outliers, they do not have a large

negative impact on the model’s error value. Interestingly, it does generalize very well for all

states with a value of at least 6.

Table 5.4: Comparison of the MAE values of the three models on the data splits for Blocks-

Clear.

Model Train Data Validation Data Test Data

Base R-GNN 0.0020 0.0029 0.0170

R-IDT A 0.0000 0.0344 0.1754

R-IDT B 0.0000 0.0213 0.1312

Learning good R-IDTs for Blocks-Clear turned out to be difficult. We find that R-IDTs that

fit the training data very well can be learned when using numerical and combined features

and allowing non-negative feature weights only, but an unbounded bias. In the following, let

R-IDT A be such a model. On the training data, it predicts the true values perfectly, as seen in

Table 5.4 and Figure 5.7. Its prediction on the validation (not shown here) and test sets show

that interestingly, high values are predicted more accurately than low values, although states
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(a) Predictions of the base R-GNN on the train set.
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(b) Predictions of the base R-GNN on the test set.

Figure 5.6: Predictions of the base R-GNN for Blocks-Clear on the train set (first figure) and

test set (second figure). Note the different axis scales.
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with such low values are more present in the train data. In this regard, the R-IDT is similar to

the base R-GNN. It seems that for the lower values, it overfitted to instances with fewer blocks

of the train data, while for higher values, it has indeed learned to scale with the number of

blocks. Unfortunately, the learned features and weights do not allow any insights into how

the R-IDT does so. Again, the features are too complex to understand, and the weights are not

sparse and not integer, as shown in Figure 5.9. Specifically, this R-IDT uses 210 weights, and

learns the value −7.1126 for the bias. It is not clear, what has been learned.

On the other hand, let us consider an R-IDT that can use numerical and combined features

with non-negative weights only and no bias. Further, it uses ten final layers in parallel. R-IDT

B is such a model, with its MAE values displayed in Table 5.4. Like R-IDT A, it fits the training

data perfectly. On the test data, it shows a similar behavior, that is, higher values are predicted

better than low values. However, the weights and features learned by these two models differ

significantly. Figure 5.9 provides a visualization. There are only eleven non-zero weights. The

ten features with a weight of 1 are all combined Boolean features, and the feature with weight

2 is a numerical feature. This numerical feature allows the model’s predictions to scale up

to high values. However, it seems that it has partially overfitted to the train states, as many

predictions for low values are outliers. For this problem class, we observe that using parallel

final layers helps to learn sparse weights, as this model shows exemplary.

Similar to the experiments on other problems, we observe that the type of the R-IDTs’ pooling

is not important when deriving combined features. Further, regressions learned with OLS

generally were better than regressions with SGD. The models were created with layer depths of

5 for both the inner and final layers. The values for the width was set to𝑤 = 5, and the number

of sample state graphs each inner layer was fitted on is 𝑠 = 40 000.

5.5.4 Blocks-On

Similar to Blocks-Clear, this problem class is unbounded, and the number of objects in the

used states is at most 17. Therefore, the considered R-GNNs were created with 𝐿 = 17 layers

and used an embedding size of 𝑘 = 32. The base model detailed in the following uses max

aggregation and pools by summation. Its error values are depicted in Table 5.5.

Table 5.5: Comparison of the MAE values of the presented models on the data splits for Blocks-

On.

Model Train Data Validation Data Test Data

Base R-GNN 0.0053 0.0063 0.0196

R-IDT 0.0000 0.0221 0.2314

On this model, many R-IDTs with different hyperparameters and seeds are fitted. The R-IDT

model we consider in the following works with a layer width of 𝑤 = 10 and a sample size of
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(a) Predictions of R-IDT A on the train set.
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(b) Predictions of R-IDT A on the test set.

Figure 5.7: Predictions of R-IDT A for Blocks-Clear on the train set (first figure) and test set

(second figure). Note the different axis scales.
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(a) Predictions of R-IDT B on the train set.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
True value

01
23
45
67
89
1011
1213
1415
1617
1819
2021

Pr
ed
ic
tio

n

R-IDT | Test

(b) Predictions of R-IDT B on the test set.

Figure 5.8: Predictions of R-IDT B for Blocks-Clear on the train set (first figure) and test set

(second figure). Note the different axis scales.
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(a) The 210 non-zero weights of R-IDT A.
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(b) The 11 non-negative weights of R-IDT B.

Figure 5.9: The distributions of feature weights learned by the R-IDTs A (left) and B (right).

𝑠 = 10 000 for each layer. Its feature types are set to combined and numerical state features.

The error values of one such model are shown in Table 5.5.

For brevity, plots about prediction details are omitted. To at least fit the training data perfectly,

we found that layer depths of at least seven were required. Further, it can be observed that

complete, single, andWard’s clustering work best with the Euclidean distance or the cosine

similarity measures. The random seed again shows a high impact on the resulting models.

Similar to Blocks-Clear, the use of parallel final layers seems to have a positive influence on

the prediction quality, and mitigates the influence of the random seed to some degree.

For this problem, no single regression with sparse (integer) weights was learned, that is, all

regressions learned to use hundreds of features, mostly with weights with absolute values less

than 1. Thus, no learned model can be considered as interpretable.

5.5.5 Visitall

The R-GNNs for Visitall have 𝐿 = 20 layers and an embedding size of 𝑘 = 32. The considered

problem instances of Visitall have discrete square grids of up to 𝑛 = 𝑐2 = 100 cells, where each

cell is connected to its direct neighbors. Thus, there is a path with a length of at most 2(𝑐 − 1)

from any object to any other object in every state graph. Therefore, 20 layers are sufficient

for objects to send messages to any other objects. The base R-GNN we detail in the following

takes the maximum both for aggregation and pooling. Its predictions are shown in Figure 5.10.

While it learned the optimal value function very well on the training states, its generalization

on the test states is limited. In the predictions’ visualization, its visible that the model works

well for values up to 12, that is, on states which have shortest paths of length that are also

present in the train states. Therefore, it has learned to ignore irrelevant cells. For the values 13

– 15, the predictions flatten out.

Many R-IDTs are distilled on the introduced base R-GNN (and other models not shown here).

We found that the required depths for the inner and final R-IDT layers to obtain the presented
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(a) Predictions of the base R-GNN on the train set.
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(b) Predictions of the base R-GNN on the test set.

Figure 5.10: Predictions of the base R-GNN for Visitall on the train set (first figure) and test set

(second figure). Note the different axis scales.
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Table 5.6: Comparison of the MAE values of models presented for Visitall.

Model Train Data Validation Data Test Data

Base R-GNN 0.0068 0.0232 0.0390

R-IDT A 0.0000 0.3168 0.5757

R-IDT B 0.0000 0.3540 0.7657

results is at least five. The experiments were conducted with the inner layer’s sample size set to

𝑠 = 10 000, and the width to 𝑤 = 10. Since the Visitall problem class is unbounded, one could

expect models using numerical features to generalize better. However, this does not turn out to

be the case.

While some models that fit the train data perfectly have been distilled, they do not generalize

well. Consider R-IDTA,which uses combined features only, andR-IDTB,which uses combined

and numerical features. Their MAEs are shown in Table 5.6, and their predictions are displayed

in Figures 5.11 and 5.12, respectively. Both models fail to generalize to states with a higher

value than present in the train states. Further, some of their predictions for values that are

included in the train states, that is values up to 12, are wrong.

As with any R-IDT presented so far, the learned features are not understandable due to their

complexity. As the number of layers of the base R-GNN is 20, nested formulas of up to a depth

of 20 may be created. While R-IDT A has learned twelve non-zero integer weights in the range

of 1 – 6, their meaning is unclear.

When analyzing hyperparameter relevance, we can draw only limited conclusions. We find that

the cosine similarity and the Euclidean distance worked better for this problem. The type of

pooling of the R-IDTs does not seem to be relevant. However, the random seed is of importance.

This is highlighted especially by the fact that similar to experiments on other problem classes,

fitting two models with the same hyperparameter configuration, but a different seed, can result

in very different models. Interestingly, using parallel final layers did not seem to have an impact

on this, as opposed to the other unbounded problems Blocks-Clear and Blocks-On.

5.6 Discussion

In this section, we summarize the findings from the experimental evaluation, highlight good

results, and address the apparent limitations of the current approach. Further, we introduce

some ideas that may help to mitigate the limitations in future work.

The experiments showed that for the bounded problems Gripper and Miconic, R-IDTs are

indeed able to learn linear optimal value functions that generalize to larger instances. The

resulting value functions can be written in a compact form, using only a few combined Boolean

features and integer weights. However, the learned features are not readable and thus, not
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(a) Predictions of R-IDT A on the train set.
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(b) Predictions of R-IDT A on the test set.

Figure 5.11: Predictions of R-IDT A for Visitall on the train set (first figure) and test set (second

figure). Note the different axis scales.
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(a) Predictions of R-IDT B on the train set.
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(b) Predictions of R-IDT B on the test set.

Figure 5.12: Predictions of R-IDT B for Visitall on the train set (first figure) and test set (second

figure). Note the different axis scales.
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interpretable. This is because of the high layer depths (four and five) required to successfully

learn models, combined with the R-GNNs using 𝐿 = 5 layers. The resulting state-level features

are defined by formulas of disjunctions of conjunctions, where each conjunction combines up

to four or five object features, respectively. Each object feature itself is equally complex and

further, is built up from formulas with a depth of up to 𝐿, that is, up to 5 modal parameters

may be nested. This results in a massive amount of formulas, which is simply too large to

comprehend.

For the unbounded problems Blocks-Clear, Blocks-On, and Visitall, R-IDTs can learn value

functions that predict the optimal value function perfectly on the train states, but fail to

generalize to larger instances. The failure to generalize is twofold, as for some problems, higher

values are not predicted correctly, see for example the presented models for Visitall. On the

other hand, for Blocks-Clear and Blocks-On, the predictions can scale up well to higher values

when including numerical features, but show errors on low values. Model interpretability is

even more limited for the unbounded problems, as in some cases, the regressions learn many

noninteger weights, which prohibits interpreting the learned value function regardless of the

learned features’ interpretability. However, as for these problems, even higher layer depths and

R-GNNs with more layers were required, understanding the learned features is even harder as

for the bounded problems.

While many R-IDT model details can be configured using hyperparameters, our experiments

only allow limited conclusions about good configurations and hyperparameter influences.

We conclude that for all considered problems, max pooling, that is, learning the combined

features based on Boolean object features, is sufficient. The layer depths have a huge influence

on the resulting models, as across all problems, we find that the models require a certain

layer depth to learn useful features. Why the respective layer depths are required remains

unknown, especially as Section 5.1 shows that required features can also bewrittenwith smaller

conjunctions. Mostly, the best results were achieved when using the Euclidean distance or

cosine similarity as clustering metrics. The clustering linkage did not seem to have a huge

influence. Across all problems, OLS provided solutions with better MAE values than SGD, and

sometimes learned sparse integer weights where SGD did not.

Lastly, the random seed had a much larger influence than anticipated. This can likely be

attributed to the decision trees being sensitive to the subsets of objects they are fitted on, which

is sampled using the seed.

5.6.1 Directions for FutureWork

In the following, we present some untested ideas that may be able to overcome the present

limitations. However, implementing and testing them is beyond the scope of this thesis. They

could serve as directions for future work.
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To achieve better generalization for unbounded problems, it may be beneficial to detect patterns

in the learned state features. For example, consider 𝒬clear, where a variable number of features

𝐵𝑘 can be used to compose the optimal value function (Equation (2.6)). When an R-IDT

has learned some of these features and their weights {⟨𝑤1, 𝐵1⟩,… , ⟨𝑤𝑛, 𝐵𝑛⟩}, it is a reasonable

assumption that for all 𝑖 > 𝑛, the pair ⟨𝑤𝑖, 𝐵𝑖⟩ is required for the model to generalize. However,

how such patterns may be detected automatically and how weights and features for 𝑖 > 𝑛may

be predicted falls outside the scope of this thesis. Further, the impact of this extension is hard

to judge, as it is unclear, whether many such sequences are learnt at all.

Another idea to help with generalization issues is to make the transitive closure of relations

explicitly available to R-IDTs. As shown in Section 5.1.6, this allows expressing generalizing

numerical features easier. However, R-GNN cannot directly access transitive closures, but

have to compute them layer by layer, as is the case with the currently implemented R-IDTs.

Whether it is beneficial to give an R-IDT information that the distilled R-GNN does not have,

is currently unclear.

As explained above, the formulas that R-IDTs learn are complex. Simplifying them automati-

cally could make them interpretable, but whether or how they can be simplified automatically

is currently not clear.

The following suggestion extends beyond the R-IDT approach, as it is also concerned with the

types of R-GNN that get distilled. To obtain an optimal policy, it is not strictly necessary to

predict the exact value of a state, but predicting whether a successor state has a lower value then

the current state, that is, predicting whether 𝑉∗(𝑠′) < 𝑉∗(𝑠), is sufficient. Pairs of states 𝑠, 𝑠′,

where 𝑠′ is a successor of 𝑠, can be combined into a single state graph 𝐺(𝑠, 𝑠′). Such combined

graphs can both capture the state graphs individually and connect each object to its counterpart

in the other state, allowing the R-GNNs and R-IDTs to work on relative changes of object

properties instead of absolute properties. Further, the prediction problem reduces from an

unbounded regression to a binary classification. This may allow R-GNNs to generalize even

better, and simplifies the task of distilling them enormously, as R-IDTs would no longer need

to fit a regression.

Finally, changing how the random subset of training data is sampled for each R-IDT layer could

mitigate the high influence of the random seed. Instead of sampling data uniformly at random,

it could be sampled in a way such that each layer gets states that allow for meaningful splits to

be found. How to exactly define meaningful splits and an appropriate sampling mechanism,

however, is not clear and remains outside the scope of this thesis.
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6 Conclusion

This thesis has addressed the gap between symbolic and GNN-based methods for learning

optimal policies for generalized planning problems. While existing symbolic approaches for

generalized planning make use of large given feature pools, R-GNN-based approaches do not

need feature pools, but work directly on state graphs. However, the resulting neural models

are not interpretable.

To bridge the gap between the symbolic and neural approaches, this thesis introduced the

R-IDT as a predictive model for learning symbolic formulas independently a predefined feature

pool, instead leveraging the embeddings computed by a fitted R-GNN. R-IDTs are both a

generalization and modification of the original IDTs model proposed by Pluska et al. [40],

adapted to the framework of generalized planning.

To apply R-IDTs to planning states, the states are first encoded as multi-relational graphs with

Boolean object features. To fit a model guided by an R-GNN, a set of state graphs and the

embeddings provided by the R-GNN are required. The model learning process is designed

to reflect the layerwise neural computations of R-GNNs, and is guided by the respective

embeddings. To learn the required state-level features, R-IDTs derive them from the learned

object-level features. Additionally, Boolean combinations of state-level features are learned

explicitly, leveraging the state-level embeddings computed by the R-GNN. The derived state-

level features are used to learn a linear regression, that predicts the respective optimal value

function.

R-IDTs are experimentally evaluated on five generalized planning problems. The experiments

revealed that R-IDTs are indeed able to learn features and weights that can compose linear

value functions. For bounded problems, R-IDTs were able to generalize perfectly to bigger

instances, while generalizing in unbounded problems remains a challenge. Regarding the

interpretability of the learned value functions, the experiments showed that the formulas that

describe the learned features are too complex to be understandable. While in some cases, the

learned weights are sparse and allow expressing the learned value function in a compact way,

this is not always the case, posing an additional challenge to interpreting the learned function.

The previous section addresses the revealed limitations of interpretability and generalization. It

proposes several modifications and additions to the current state of implementation, providing

directions for future work to extend the proposed R-IDTmethod. Further, an altered framework

to apply R-IDT to generalized planning is proposed.
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A Appendix

Listing A.1: Complete PDDL definition of the Blocksworld domain.

1 (define (domain BLOCKS)

2 (:requirements :strips)

3 (:predicates (on ?x ?y) (ontable ?x)

4 (clear ?x) (handempty) (holding ?x))

5

6 (:action pickup

7 :parameters (?x)

8 :precondition (and (clear ?x) (ontable ?x) (handempty))

9 :effect (and

10 (not (ontable ?x))

11 (not (clear ?x))

12 (not (handempty))

13 (holding ?x)

14 )

15 )

16 (:action putdown

17 :parameters (?x)

18 :precondition (holding ?x)

19 :effect (and

20 (not (holding ?x))

21 (clear ?x)

22 (handempty)

23 (ontable ?x)

24 )

25 )

26 (:action stack

27 :parameters (?x ?y)

28 :precondition (and (holding ?x) (clear ?y))

29 :effect (and

30 (not (holding ?x))

31 (not (clear ?y))

32 (clear ?x)

33 (handempty)

34 (on ?x ?y)

35 )

36 )

37 (:action unstack

38 :parameters (?x ?y)

39 :precondition (and (on ?x ?y) (clear ?x) (handempty))
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40 :effect (and

41 (holding ?x)

42 (clear ?y)

43 (not (clear ?x))

44 (not (handempty))

45 (not (on ?x ?y))

46 )

47 )

48 )
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